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PREFACE 



preparing this edition the authors, after careful consideratioD 
I consultation with many who have used the work in the past, have 
adopt the octavo size and to issue the new edition in parts. 
I believed that this arrangement will make the work much more 
kenient as a text-book, and that it will also be acceptable to those 
1 may use it only as a reference book. From the authors' sland- 
Lt it greatly facilitates the work of revision. 

s expected to issue the work in three parts. The present volume, 
i I, treats of Simple Structures, including beams and trusses; Part 
1 treat of structures requiring higher methods of analysis, such as 
Itg bridges, arches, suspension bridges and cantilever bridges, and 
I include a comprehensive treatment of secondary stresses; Part III 
I be devoted to the subject of design. Parts I and II correspond, 
(efore, in a general way with Part I of the old edition, and Part HI 
i Part II. 
"he present volume covers essentially the same ground as Chapters 
to VII and Chapter XV of the old edition. This material has, bow- 
er, been largely rcwTilten and considerably expanded. The plan 
ijjinally adopted of carrying the graphical and algebraic methods 

B together has been adhered to, with an increased amount of attcn- 
pven to the graphical processes. 
[laptcr I, relating mainly to the Historical Development of the 
russ, has been left practically as written in 1893 ^>' 'he lamented 
rofessor Johnson, Chapter II, on the Elements of Analysis, has been 
aderably enlarged so as to serve more satisfactorily, in connection 
1 Chapter III, as a course in graphic statics. Chapter III has also 
1 much enlarged and includes the complete analysis of the more 
1 types of roof irusses. The revision of Chapters 11 and m has 
:;en almost wholly the work of Mr. W. S. Kinne. Assistant Professor 
L Structural Engineering in the University of Wisconsin, to whom the 
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thanks of the authors are due for this work and for many valid 
gestions relative to other parts of the revision. 

Chapter IV, dealing with Uniform Loads, remains essentiail} 
rewritten in 1904, with somL- additions to the introductory matter 1 
to the graphical analysis al various points. Chapter V on Concentn 
Loads has been entirely rewritten. The use of influence lines, i 
brought to the attention of American engineers by Professor Swail 
1887, and introduced in the first edition of this work in 1893, has p 
to be a valuable aid in the calculation of stresses, especially few s 
structures as swing bridges, arches, etc., where the conditions are a 
what complex. While their use in the study of beams or the t 
single- intersection trusses is of minor importance, it has been thot 
best to treat the general subject at the outset and to make such l 
them in the various classes of problems as seemed expedient. The 
cussion of equivalent uniform loads is included in tliis chapter. 
use of the influence line in the selection of such loads is explained s 
a diagram gi\'en of a system of equivalent loads for Cooper's E-50 Ic 
ing for moments for all s[»ans and panel points. 

Chapter VI on Lateral Trusses includes new material on Tre 
and Towers. In Chapter VII the subject of Deflections and I 
in Redundant Members has been revised and amplified by the addll 
of the graphical meihods applied to both these problems. 

In the new edition the f^us sign is used for tension and the I 
sign for compression, this being contrary to former usage. For 
usual stress analysis it is quite immaterial which rule is employed,' 
in problems invoh-ing distortions it is more logical and convenieni 
use the plus sign for tension and the minus sign for compresaoo 
order to correspond with the signs of the resulting deformations, 
usage appears to be rapidly extending and will doubtless prevail. 

Many valuable suggestions have been received from engineers 
teachers relative to this revision, and the thanks of the authors ai 
them for the interest they have taken in this work. 

F. E. TURS-EAUBE. 

C. W. Bry.\n. 
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In preparing this edition the authors, after careful consideration 



and consultation with many who have used the work in the past, have 
decided lo adopt the octavo size and to issue the new edition in parts. 
It is believed that this arrangement will make the work much more 
convenient as a text-book, and that il will also be acceptable to those 
who may use it only as a reference book. From the authors' stand- 
point it greatly facilitates the work of revision. 

It is expected to issue the work in three parts. The present volume, 
Part I, treats of Simple Structures, including beams and trusses; Part 
II will ireat of structures reqmring higher methods of analysis, such as 
swing bridges, arches, suspension bridges and cantilever bridges, and 
will include a comprehensi\'e treatment of secondary stresses; Part III 
rill be devoted to the subject of design. Parts I and II correspond, 
iherefore, in a general way with Pari I of the old edition, and Part III 
wLih Pan II. 

The present volume covers essentially the same ground as Chapti 
I to VII and Chapter XV' of the old edition. This material has, how- 
ever, been largely rewritten and considerably expanded. The pi; 
ori^nally adopted of carrying the graphical and algebraic methods 
together has been adhered to, with an increased amount of atten- 
given to the graphical processes. 

Chapter I, relating mainly to the Historical Development 
Truss, has been left practically as written in 1893 by the lamented 
Professor Johnson, Chapter II. on the Elements of .\nalysis, has been 
considerably enbrged so as to serve more satisfactorily, in coimection 
«-ith Chapter III, as a course in graphic statics. Chapter III has also 
been much enlarged and includes the complete analysis of the more 
common types of roof trusses. The revision of Chapters 11 and III has 
bt-en almost wholly the work of Mr. W. S. Kinne, .Assistant Professor 
of Structural Engineering in the University of Wisconsin, to whom the 
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thanks of the authors are due for this work and for many ^-aluable sug- 
gestions relative to other parts of the revision. 

Chapter I\', dealing with Uniform Loads, remains essentially a 
rewTittcn in 1904, with some additions to the introductory matter a 
to the graphical analysis at various points. Chapter V on Concentrated 
Loads has been entirely rcwTitten. The use of influence luics, firsl 
brought to the attention of American engineers by Professor Swain is 
1887, and introduced in the first edition of this work in 1893, has provm 
to be a valuable aid in the calculation of stresses, especially for suci 
structures as swing bridges, arches, etc., where the conditions are some- 
what complc-t. While iheir use in the study of beams or the ordinary 
angle- intersect ion trusses is of minor importance, it has been thou^ 
best to treat the general subject at the outset and to make such use 
them in the various classes of problems as seemed expedient. The dis 
cussion of equivalent uniform loads is included in this chapter. The 
use of the influence line in the selection of such loads is explained and 
a diagram given of a system of equivalent loads for Cooper's E-50 load- 
ing for moments for all spans and panel |Jomls, 

Chapter VI on Lateral Trusses includes new material on Trestkl 
and Towers. In Chapter VII the subject of Deflections and Stresstt 
in Redundant Members has been revised and amplified by the additiOQ 
of the graphical methods applied to both these problems. 

In the new edition the plus sign is used for tension and the mitn 
sign for compression, this being contrary to former usage. For thi 
usual stress analysis it is quite immaterial which rule is employed, ba 
in problems involving distortions it is more logical and convenient ft 
use the plus sign for tension and the minus sign for compression in 
order to correspond with the signs of the resulting deformations, 
usage appears to be rapidly extending and will doubtless prevail. 

Many valuable suggestions have been received from engineers ott 
teachers relative to this revision, and the thanks of the authors are d 
them for the interest they have taken in this work. 

F. E. TOBNEAITRE, 

C. W. Bryan. 
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THEORY AND PRACTICE 

IN THE DESIGNING OF 

ODERN FRAMED STRUCTURES' 



PART I 

STRESSES IN SIMPLE STRUCTURES 



CHAPTER 



DEFINITIONS AND HISTORICAL DEVELOPMENT 
SsoTiOH I. — Forces and Stresses 
Forces.— A Force is (hat which lonil.s lo change the slate of motion 
body. It becomes evident cither as a push or a pull applied at 
point of the body, 

i exerted upon a given body by another body arc called 

tal jorces with respect to the one under consideration. Forces 

[ in the interior of a body are called inlcrnal forces or stresses. - 

)dy may exert a force upon another without contacl, as by gravity 

tgnctic action, or by direct contact producing a direct push or pull. 

1 the structures to be considered in this work the external forces 

de all the loads and foundation reactions, including the weight of 

■ ?ttnicture itself, which act ufion and which tend lo distort it. These 

■i-.i are always replaced by their equivalent forces applied at the 

>ini.'i before the direct stresses in the members can be computed. 

K Smia is the distortion of a body caused by the application of one 

e external forces.* It is measured in imits of length, as inches, 

>r languagr "strain" and "stress" are often confused and used indiscrimi- 
Some Authors of repute have also folloivcd the popular usage, but the de&nitions 
n conform to the practice of the leading authorities. 
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and not in pounds. The proportional, or relative, strain is usuaitf 
meant, this being ihe distortion per unit of original length, or in other 
words, the actual distortion divided by the original length of ihc membn. 

3. Stress is the resistance of a body to distortion, and can only cMst 
in uncontined bodies when these are solid or plastic. It is mcasurwi 
in pounds or tons the same as Ihe external forces. The stresses resist 
or hold in equilibrium, the external forces, but the immediate cause 
of tlie stress is the distortion of the body. The external force-s 
a framed structure distort the members until the resisting slressej 
developed in them are sufficient to hold in equilibrium these external 
or distorting forces. For bodies in equilibrium the external forces and 
the internal stresses stand in the relation to each other of action and 
reaction in mechanics. Furthermore, when the stress in one mcmbo 
is resisted by or transmitted to another member or part of a structure 
it acts upon the latter as an external force. 

Sign oj the Stress. — In this work ten^sion is called plus and com- 
pression minus. In ordinary stress calculations the opposite conven- 
tion is quite as convenient, bul in problems involving distortions itii 
more con\enient to use plus for tension and minus for compression 
because the accompanying changes of length are respectively plus and 
minus. 

4. Relation between Stress and Strain.— In all solid bodies then 
is a definite relation between the intensity of the stress and the amouil 
of the accompanying strain. No body is .so rigid as to remain un- 
strained, or undislorted, under the application o( any finite cxtertul 
force, however smalL Within a certain limit for any particular matciu 
a given increase in the external force is always accompanied by a pi 
portionate increase in the strain, or distortion, and this develops a H 
increase in the stress, or resistance. Thus if any bar of rolled iron 
steel be distorted by an external force (pull or thrust) of 28 lbs. ( 
square inch, it will stretch or shorten, as the case may be, an 
equal to one one-millionth part of its length, the internal stress, 
resistance to distortion, then coming to be just equal to the <^tenu 
force of zS lbs. per square inch. An external force of 28,000 lbs. pC 
square inch distorts or strains the bar one one -thousandth part o( 
length and then develops in the bar a resistance or stress of 28^ 
lbs. per square inch. It is evident, however, that this resistance 
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continue to increase indelinitely in proportion to the distortion. 
There always comes a time, if the external force continues to in- 
crease, when a greater increment of distortion is re<iuisite to develop 
a given increment of resistance. This point is caUed 

5. The Elastic Limit.— Below this limit the stress and the strain are 
]»roportional, equal increments of one always producing equal incre- 
ments of the other.* Also, below this limit, when the distorting force 
ceases to act the body returns to its original shape and dimensions and 
the stress is relieved. If the body be distorted beyond the elastic limit. 
the strain increases more rapidly than the stress, or than the external 
force, these two always of necessity being equal to each other, and some 
of the distortion becomes permanent. That is, when the external force 
is removed the body does not fully return to its original dimensions, but 
remains permanently distorted somewhat, or it is said to have "taken 
1 set." 

6. The Modulus of Elasticity is the ratio of the stress per unit of area 
to ihc relative strain, or distortion, which accompanies it. In other 
words, it is anil stress divided by unit strain, or 

un it stress _ _/ _ /^. 
unit strain n a ' 
T 
a = distortion or strain (either elongation or compression); 
t = original length of part under stress; 

/ = stiessperunil area (poundspcrsquareinchin English units). 
[ Since pounds and inches arc the standards used in English, the 
idulus of elasticity as given and used in all English works must be' 
tderstood to represent pounds per square inch, the denominator of 
r fraction in eq. (i) being an abstract numbcr.t 
\ This modulus or ratio is constant within the elastic limit. Beyond 
t it steadily decreases until it reduces to zero in the case of solid 
metals where the material becomes plastic and draws out or compresses 
under a constant load. ;\11 working stresses are, or should be, well 

* Tliis is knaTrn as Hooke's Law iind ivas oiiginalt}' txprtiiwd by the Latin phrase 
(I Itntie tic vis." 

is denominalor could become unity, which il never can in solids, <<"■" llie fraction, 
I, Hruutd repTcsent the number n! pounds per square inth required (o stretch b t>ody ta 
X its originjil knglh, and the modulus <jf elaslicily ia sometimes so defined, 
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within ihe elastic limit, and hence for all such stresses this ratio is 
slant for any given material. When it is known, the resisting stresai 
can be found for a known distortion, or the distortion may be compuid 
for a known stress. The determination of this ratio requires verj 
delicate measuring apparatus with ihe most careful and expert hand- 
ling. Tabular values given for these moduli for different materials in 
standard works are not very reliable. Thus, for all ihe roUed iron* 
and steels this modulus is remarkably constant, being perhaps alwayi 
between 26,000,000 and 31,000,000 lbs. per square inch for the ordinarr 
temperatures, while the tensile strength of these metals will vary from 
45,000 lbs. per square inch for wroughl-iron and soft steel to < 
200,000 lbs. per square inch for hard-drawn steel wire. It is an 
tremely valuable property of engineering materials, and is used to grul 
advantage by the scientific designer. 

ExAUPLBS. — The following examples a.re given to illustrate some of the tucs to b 
of the moduliu ot elasticity. In solving these problems, take the modulus of wn>ught4m 

05 77,000.000, and of steel as 39,000,000; of cast-iron as 11, 000,000; and of timfact: 
1,500,000 lbs. per square inch. 

I. A steel-nirc cable 5 miles long and one square inch in solid section is pulled «i 
an aveiagf: force of 15,000 lbs. What is the strain, or stretch? 

a. The rim of a cast-iron fiy wheel ro feet in diameter is subjected to a tensile itrea' 
5,000 lbs. per square inch from the centrifu^l force. How much is its diameter incrcBSR 

3, If an iron or Steel rail 30 feel long is prevented from expanding, what will be t 
stress in it per square inch resulting [mm a ri.ie of lempcraturc of 80° F,, the tu^ffidcnl 
expanaon being taken al 0.0000065 '' 

4. A series of wooden posts superposed upon each other in a building lo a tot«| }t^ 
of 60 feel are subjected to an average compressive stress of 1,000 lbs. per sqiuue iac 
How much will be the seltlemcnl nl the lii|i from this cause? 



Seotiom II.— The Truss amd Its Elements 

7. A Truss is a framed or jointed structure designed to act a 
beam while each member is usually subjected to longitudinal so 
only, either ten.sion or compression. 

8. The Struts are those members which are compressed endwi 
and which therefore have de\eloped in them compressive rcstsU 
or stresses. Struts are sometimes called Posts, or Columns. 

9. The Ties are those members which are extended, and which j 
have developed in ihem tensile resistances or stresses. 
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THE TRUSS AND ITS ELEMENTS 5 

10. The Upper and Lower Chords arc composed of ihe upper and 
lower longitudinal members respcclivcly. When the loads are down- 
ivard and the truas Is supported at its ends, the upjier chord is always 
in compression and the lower chord always in tension. The spaces 
between the chord joints are called panels. 

11. The Web Members arc those which join the two chords. They 
are alternately in tension and compression, or the stmts and ties alter- 
nate in the web system. 

12. A Counterbrace is a member which is designed to resist both 
tensile and compressive strains. That is, for one position of the load 
I he member may be elongated, while for another it may be compressed, 
and hence at different times it must resist both extension and com- 
pression. When two or more external forces act upon it, some of which 
tend to compress the member and others to extend it, it is evident that 
only the algebraic sura of these forces really acts upon the member. 
It is subjected lo a stress, therefore, cfjual to and of the same kind as 

_ the algebraic sum of all the external forces acting upon it. 

H Hence, also, a tension member or lie may resist a compressive ex- 

^Bemal force without becoming a counterbrace. so long as this com- 

^Bres^vc force is smaller than another extending force which also acts. 

^■iinilarly with struts, they can resist tensile externa] forces without 

^necoming lies, so long as these are less than other compressi\'e forces 

which continue active. The residual stress is tension in the one case 

Liid compression in the other, for which only the member is designed, 

and therefore we may say that both struts and ties may resist the con- 

1 Irary external forces without becoming counterbraces, the slresses in 

Ihc member always being of one sign or kind. 

. Mains and Counters. — A main member, whether strut or tie, is 
; which acts when the entire structure is loaded. A counter is one 
pich acts only for particular partial loads. 

. Dlustrstion. — In Fig. i, which represents a Pratt truss, the 
onpression members, or struts, are shown by double lines, and the 
sion members, or ties, by ^ngle lines. When the end posts are 
Eficlined as in the figure, they would seem to belong about as much to 
ihe upper chord as lo the web .system. They are usually spoken of 
■ seijaralely as the "inclined end-posts" or the "batter-braces." 

The members eF, jG, F g, and G It are counters, or counter-lies. 
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There arc no countcrbraccs in this truss; that is, no memben hi 
resist both tension and compression. 

The tension members B c, Cd, D e, E f, g H, h /, f J, and ;. 
main tie-rods. The members B b and K k arc not elements of the 
pro])er, since they ser^■c only to carry the loads at b and at it to the 
joints. 

> E F a H I J 
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15. The Action of a Truss.— Since a truss is a jointed sti 
ri>ni|iiised of rii^iil but elastic members so arranged as to fen's! 
yii-litiiif^ (Dmliinalion, it must be composed of an assemblage of 
|ii>]yt',>>ns. hul the only ripid polygonal figure is a triangle. A 
iiiiiT.l thi-iifiirc Ih- cnm|K>si'(l of an assemblage of trian^es. 
tr.M'tiiMa^V' "f in;in};U-s fastened together at their apices, 
hr'.iiii-'. liiiviiif. Mili-s in t-ommon, i.s a truss, and will act as a beam 
I'll'. 1 llii' liiiiiij'.li's are all right-angled. A load placed at jointi 
ill .1,1111 1', i'> ( ;iiri('i1 liy llic iru.-M as a beam to the abutments at a 1 
'I'll! 1 1.1 1 1 III lliis Inail \\\w\\ goes to the left abutment may be cone 

II'. I '. ( at I in I u|> III />, down tu (/, up to C, down to c, up toA 

lliiii iliirtii iloHit til K. where it |uibses to the ground. The part w 
yf»: 1.1 Ihi- iij;l.l |.;i-.m-s omt llie path, <■, F. j.G, g. H, h, I, i, J, 
iiifl / I'liii. Ii.i villi a loail the ties cF and /Care put under SI 



«hil.-/':/. /'i;. .111. 
/</':iii.l h I.: II ; 

M.iMil nil. In till'. 
.r.-.,-inl.b,;.- ol Mi, 

/./-;;, ,11.1 /<;«.. 11 

It III.- iM.nii.l.lli' 
l,M.lal/,,'im-. ■>• 
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d' A :ii(' iiilf, as well as the |)Ost Ee and the hai 
II lliiM- iilK- ininilxTs were removed, the truss 
I'.nlii iilar Inailin);, since it would still remain 
ii",li>. |irii|>iily joined. If ihe load were place 
1,1 Ik'Iim.I.t stress, while.' /■ and F g would bei 
joinl-. / anil .1,' were loaded equ.illy, the part rf 
iiini', li- till- ii):lii is just lialaneed by the part of the! 
11;', 111 the lell. aii.l lienee there is no stress in thcintermedfl 
ll1l.l■l■^ /(.'. r^. /■■/. li II. The counter-tics e F andC»" 
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HISTORICAL DEVELOPMENT OF THE TRUSS IDEA 

In Fig, 3 we have generalized conceptions of a truss. They are I 
assemblages of triangles, adjacent figures having a common side, and 
exemplify ihe generic idea of a truss. 

A truss is not weakened from its want of symmetry or from its ] 
sagging in the middle, provided all the members are properly pro- 
iprtioncd to carry their loads. 




A Through-bridge is one in which the roadway is carried directly 
it the bottom-chord joints, with lateral bracing overhead between the , 
[op-chord joints, thus inclosing a space through which the load passes, i 

A Deck-bridge is one in which the roadway is carried directly at the > 
top-chord joints, or on the upper chords themselves. The trusses are ' 
usually placed closer together than on through-bridges, the roadway 
extending over them. 

A Pony Truss is a low truss of short span, with the roadway carried 
at the botlom joints, but not of sufficient height to allow of the upper 
lateral bracing. The trusses are stayed, or held in place, by bracing, 
connected with ihe floor system. I 

Section m, —Historical Detzlofhznt of the TatTss Idea 



16. Primitive Systems. — The earliest forms of (russ were built of 
iimber, the progressive development of the forms used for bridge pur- 
>oscs being showTi in the following figures. 

Figs. 3a, 36, ^c are tliree forms of truss construction employed by 

' iHadio, a famous Ilalian architect, 1560-80. These trusses were 

:ll entirely of timber, and are believed to be the earliest examples 

^ scientific use of the truss element, the ri^d triangle. Palladio 

.-■'ic an elaborate illustrated treatise on architecture in which thea: 

1 other forms of truss have been preserved. 
I The mastery of the principles of truss construction did not follow 
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the practice of Palladio, and so fine an example of the use of the tnjs 
element is not found again for nearly three hundred years. 

Fig. 4 represents one span, 170 feet bng, of a bridge over the Rhia 
at Schaffhausen, built in 1758 by Uhic Grubenmann, a carpwntet bi 
trade but really a great engineer. He afterwards built a wooden bridgi 




of similar design, 366 feet long, near Baden. Both these bridges sentJ 
their purpose till destroyed by Napoleon in 1 799. 

Fig. 5 represents the "Permanent Bridge" over the Schu^laD 
River at Philadelphia, built by Mr. Timothy Palmer of Newburyp«l. 
Mass., in 1804.* The middle span was 195 feet and the side spaw 

• -See Paper on Amtrican R. R. Bridges, by Theodore Cooper, Trant. Am. Sac (.'• 

Engts-. Vol. .X.XI, p. 1. 
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were 150 feet each. It was coverL-d in and coniinucd in service till 
1850, when it was replaced by a bridge for railroad purposes. 

In 1804 Mr. Theodore Burr built a bridge over the Hudson River 
at Waterford, in four spans of 154, 161, 176, and 180 feet clear span, 
respectively, after the pattern shown in Fig. 6. All members were of 
timber, and counlcr-struts were inserted the entire length, thus giving 




-rial rigdily. This is probably the most scientific design for an all- 

1 joden bridge ever invented, and for a half-century it stood unrivalled 

ir cheapness and efficiency for highway purposes in this country. 

[ hfse bridges were always covered in, the covering extending many 

Uci beyond the end of ihe truss proper. 

In Fig. 7 is shown a view of the Colossus Bridge over the Schuylkill 
River at Philadelphia, built in 1812 by Mr. Lewis Wernwag, It was 
J feci clear span, and marked a great advance on pre\ious practice 
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in America in the length of span. It was destroyed by fire in 
These three gentlemen. Palmer, Burr, and Wernwag, were, up to 1840, 
ihe leading bridge engineers of America. 

All the above types of bridges, Figs. 4-7, are composite forms aai 
not simple trusses. The last three arc really trussed arches, the arcli 
carrying the greater part of the load, while the truss prevented imduc 
distortions in it. The Burr truss would have had considerable strcngib 
alone if the bottom chord had been more efficiently spliced. 




17. Early Forms of Simple Trusses. — It is believed that the Ho«t 
truss. Fig. 8, is the earliest form of simple truss for long spans ever built 
for bridge purposes, except those of Palladio.* It was patented in lit 
United Slates in 1840 by William Howe. Although but a modification 
of the Burr truss, it was designed to carry the entire load as a trussi 
without any aid from arches or from auxiliary struts projecting out from 
the abutments. It is constructed of timber except the vertical tie-rods^ 
which are of iron. It has been repeated thousands of times in lhl» 




country on both railroads and highways, and will long continue l 
favorite form of bridge for new lines of railroad, and for wagon-roads 
in places where timber is cheap and the site distant from a rsUwsf 
station. It will be fidly treated in the second part of this work. 

The earliest tyjie of iron truss construction in the United States 
the invention of Mr. Wendell BoUman, Fig. 9. It is really a 
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IS braced out from the abulmenl* uad beocc did lu 
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beam, each joint-load being carried direclly to the ends of the upper 
chord by two inclined tension members. There is no stress in the lower 
chord. It is therefore a kind of muhiple suspension system and not 
properly a Iruss at all. It was largely used from 1840 lo 1850 on the 
Baltimore and Ohio Railroad. 

An improvement on the BoUman truss, as shown in Figs, to and 
100, was made about 1851 by Mr. Albert Fink, then assistant engineer 




on I he B. & O. R. R. These arc called "Fink trusses," the loads being 
carried at the lower and upper joints respectively. This design has 
been more often used for deck-bridges, though many through-spans 
I have been built on this plan. 

In both the Bollman and the Fink trusses the compression members 
ere usually made of cast-iron, and in neither case was there any stress 




in the lower chord for static loads, Bollman trusses were very soon 
abandoned, but Fink trusses were built for some twenty-five years, or 
down to about 1876. the compression members being made finally of 
wroughi-iron. Hns and eye-bars were freely but not exclusively used 
for joints in the Bollman and Fink trusses. 

The first near approach to ihc modern siyle of iron truss-bridges 
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was made by Stjuire Whipple* in 1852, in a bridge of 146 feet spu^ 
which he built 7 miles north of Troy, N, Y., on the Rensselaer awl 
Saratoga Railway (Fig. 11). The lies in the web system extend o\tt 
two panels, and it is therefore called a "double-intersection" truss 
The lower chord was composed of wrought-iron links passing c 
wrought-iron trunnions in the bottoms of the posts. ,\11 the ci 
pression members were of cast-iron, and it was pin-connected in boA 
upper and lower chords 
This form of arran^ 
ment of members is sai 
known as the Whippl 
truss. 

In 1863 Mr. John W, 
Murphy first 
wrought-iron for all Ihi 
compression members in truss construction, but still used cast-iron ii 
joinl-blocks and pedestals. On account of ihis improvement by IIti 
Murphy in the Whipple truss, the modern wrought-iron or steel double 




• Mr. Siiiiirc Whipple, C,E., a philosophical instnl mem -maker of Ctica, N. Y... 
10 have ihe distinguished honor of being ihe first man who ever correclly and 
analyzed the stresses in a truss, that ts. in a framework by which loads are carriol 
i«)ntaUy from joint to joint by means of chord and web systems and finally 
vertically upon the abutments. This is the true function of a truss; and although 
Long. Howe, and Pralt had already designed and buill such structures, Ihey had . 
known what stresses the members were subjected to, and did as all engineers >nd bo 
did in those days — dimensioned their parts in accordance with such expctience and 
ment as they could bring to bear upon the problem. For instance, the vertical Tii nnfc 
the Howe truss were al first made oF the same size fiom end lo end. Mr. Whipjde^ H 
is preserved in a small book of uo pp. entitled "A Work on Bridge Building, cuiuutnlj 
Two Essay's, the one elementary and general, the other giving Origina! Plans and PiaOl 
DetaiU for Iron and Wooden Bridges. By S. Whipple, C.E., Utica, N. \., 1847." 

This book had lieen published three or four years when Hermann Haupt wiole 
work on bridges. Apparently. Mr. Haupt had never seen a copy of it, since her daios 
work as origina] also, and there is no internal evidence that he had seen Whipplc'tbo 
His methods of analysis are much cruder than Mr, Whipple's and far less mniplfle. 

The theory of the stone arch, and of arch and suspension-bridges under Axed aruinfa 
loads, was early developed, but the true theory of truss action seems 10 have originaud « 
Mr. Whippk. His manuscript was written in 1846. See Dtvtlopment of Ihe {ran Bhi 
by S. Whipple in R. R. Gaulle, April 19, i88g; and Discussion by A. P. Boiler in Tf* 
actions Am, Sac. Civ. Engrs., Vol. XXV, p. 363, Also American R, R, Bridpi, 
Theodore Cooper, Trans. Am. Soc. Civ. Engrs., Vol. XXI, p. 1. 
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HISTORICAL DEVELOPMENT OF THE TRUSS IDEA I3 

intersection, horizontal-chord truss is sometimes called the Murphy- 
Whipple truss. 

In 1861 Mr. J. H. Linville first used wide-forged eye-bars and 

lught-iron posts in the web system. He still retiuned the cast-iron 
iper chord. 

To Messrs. Whipple, Murphy, and Linville, therefore, is largely 
due the credit for establishing in this country the distinctive pracdce 
of eye-bar and pin connections which are still used here on all long-span 
iron bridges. 

From 1865 to 1880 a great many railroad and highway bridges were 
built under patents granted to Mr, S, S. Post, all being of the style 
shown in Fig. i a. This truss is known as the Post truss, its distinctive 
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Fig. t 



feature being that the web struts, instead of standing vertically, have 
a horizontal run of one-half a panel length, while the ties have a 
horizontal run of one and one-half panel lengths. The theoretical 
economy from this arrangement is now thought to be offset by corre- 
londing practical disadvantages and the truss is no longer built. 
' Since this historical account treats only of truss forms, no mention 
made of the early cast-iron arch-bridges, and of iron-link and wire 
Suspension- bridges, many kinds of which, of long spans, preceded the 
introduction of the truss proper. In fact, in England and on the Con- 
tinent the truss developed out of a combination of the arch and sus- 
pension systems, casl-iron being used in the arched upper chord, and 
wTOUght-iron links in the curved lower chord, the two being rigidly 
held with vertical struts and diagonal tie-rods. 

I Since about 1870 cast-iron has been entirely abandoned in America 
the construction of railroad bridges, and since about 1880 in highway 
idgcs as well. 
The favorite style of truss now for moderate spans for all purposes 
the Pratt truss (Fig. 1). It was patented ini844 by Thomas W. and 
deb Pratt as a combination wood and iron bridge. It was a variation 
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14 DEFINITIONS AND HISTORICAL DEVELOPMENT 

from the Howe truss in that the diagonals were of iron and used in 
tension, while the verticals were struts and were made of timber. It 
never became a popular style until wrought-iron came to be used ex- 
clusively in bridge construction, when it was found to have advantage 
over all other forms. It will be fully developed in the body of this 
work.* 

In closing this short account of the development of the idea of the 
simple truss, it should be said that only \vithin the last forty or forty- 
five years have the mathematical principles governing the distribution 
of stresses in a truss been generally understood, and for a still shorter 
period has the actual strength of full-sized members and joints been 
even approximately known. All the earlier examples of bridge con- 
struction were designed and executed by carpenters and mechanics 
wholly ignorant either of the values of the stresses or of the strength of 
the parts, except as experience had educated their judgments of what 
would probably serve the purpose. They are deserving, therefore, of 
high honor for the great works they were able to build without any of 
those scientific aids now offered to every student in our numerous , 
engineering schools. 

• No historical accouni of American iron bridges would be romplcic iiiihout some 
notice of Ihe efforts of Thomas Paine to introduce long cast-iror ardi .ridRi-s of low rise. 
As early as 1786 he advocated the use of cast-iron for long arch-bridges, with a rise of about 
one-twentieth of the span; and he had such arches made and tested at his own cipense 
90 fKt in length, as models for a 4Cio-foot span which he urged Congress in build as an 
example to educate the public. The Academy of Sciences of Paris reiioncd favorably on 
his design tor this length of span, but his model was sold for debt and afterwards used in 
England. He never took out a patent, his object being purely benevolent. 
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CHAPTER II 



Seotioh I,— Definitions 



ELEMENTS OF THE ANALYSIS OF FRAMED STRUCTURES 

Ii8. Forces arc concurrent when ihcir lines of aclion meet in a poinl; 
rt-concurrent when their lines of aclion do not so meet. 
Forces may also be coplanar, that is, lying in the same plane; or 
n-coplanar, lying in different planes. Coplanar forces only will be 
here considered, 

A force is fully defined when its amourU, its direciitm, and its 
position are known. 

19. The Moment of a Force about a point is its tendency to produce 
rotation about that point. It is measured by the product of the mag- 
nitude of the force into the perpendicular dropped from the point upon 
the line of aclion of the force. 

20. A Couple is a pair of equal and opposite forces having different 
lines of action. 

2t. The Resultant of a system of forces is a single force which will 
replace that system as regards its tlTcct upon the state of motion of the 
body acted upon. A force equal and opposite to the resultant will j 
balance the resultant and therefore ihc original system. In the single ' 
case where the system reduces to a couple no one force will replace the 
system. 

22. Equilibrium. —A system of forces acting upon a body is in 
equilibrium, or balanced, when the staie of motion of the body is not 
thereby changed; e.g., a body at rest or moving at a uniform velocity 
is being acted upon by a balanced system of forces. The body also is 
said to be in equilibrium. 

.\s we distinguish two kinds of motion, translation and rotation, so 
we may disringuish two kinds of equilibrium, equilibrium of translation 
1 equilibrium of rotation. A body to be in complete equilibrium 

t be so in both these senses, and one does not imply the other. 
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ELEMENTS OF THE ANALYSIS OF FRAMED STRUCTLTIES 



For equilibrium of translation the resultant must equal zero. For 
equilibrium of rotation the sum of the moments of the forces about any 
point must equal zero. 

Sbotioh II. — BuuLTAirr ahd Equiubritju or Oohoukbkiit Tomaa 

33. Algebraic Hettaod. — Leti*,, . . . P,, Fig. i, be a system of con- 
current forces applied at O. Resolve each force into horizontal and 
vertical components (any two directions at right angles will do as 
well), or along the axis of X and the axis 
of Y, respectively. These compx>nents form 
a system equivalent to the given system. 

Let X ff be the algebraic sum of the 
horizontal components, H, in the figure, and 
2' V that of the vertical components, V, in 
the figure. The resultant R, of the forces 
P, — P4, is evidently equal in amount to 
{£ H' + Tv')*- The tangent of the angle 
a, between R and the axis of X, is given by 
i" V/I H. Thus R is determined in amount 




and direction, 
fully known. 

For equilibrii 
requires that 

and 



Its point of application is at O, whence it becomes 
um, R must be zero, or, {TH^ + FT*)* = o, which 



^H ^c 



£ V =0. 



(I) 



(2) 

These two equations express the conditions which must exist in 
order to have equilibrium in any concurrent system of forces. 

The equilibrarU, E, is a force equal in magnitude to the resultant 
R, but acting in the opposite direction, as shown in Fig. i. It is a 
angle force which will hold in equilibrium the given system. 

24. Graphical Method.— ruw Forces.— Li:l P, and P., Fig. 2 (a), 
be two forces applied at point O. By the principle of the paraUelogram 
o£ forces. R is their resultant in amount and direction. The same 
R-^ult is obtained by the use of the force triangle, Figs, (b) and (c). 
VtL' order in which the forces arc laifi off in the figures is immaterial, 
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as each force will evidently have the same effect upon the final position 
of a point in following around the figure, in whatever part of the path 
ihe force occurs. It is necessary, however, to draw each force in its 
true direction. 

The force E, necessary to hold the system in equilibrium, will be 
equal in amount but opposite in direction to R, as shown in Fig. 2 {d). 




The operation of combining two forces, P, and Fj, into a ^ngle 
force R, is called the composition 0} forces. The reverse operation, that 
of diWding a force into two equivalent forces, is called the resolution of 
forces. 

2$. Any Number of Forces.~~Lct P, — P,, Fig, 3, be a system of 
concurrent forces applied at point 0. The resultant R of the system 
may be found by successive applications of the triangle of force as 




given in Art. 24. The process is as follows: Lay off A B, Fig. (b), 
equal by scale to Pi and having the same direction, then from B lay off 
BC, equal and parallel 10 P^. By the principle of the triangle of the 
forces, v4 C is the resultant of P, and P, in amount and direction. 
Similarly by laying off C i? and D E equal and parallel to Pj and P^, 
> respectively, we have A D equal to the resultant of P„ P, and Pj, and 
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finally. A E equal lo the resullant of the given system. Its point of 
application is at O. As in the triangle of forces, the order in which the 
forces are taken is immaterial so long as the proj^r direction is used, 

A figure such as Fig. 3 (&) is called a Force Polygon, and Fig, 3 (a) 
is called a Force or Space Diagram. In a force diagram, a force ia 
represented by a line parallel to the action line of the force in question. 
The arrow shows the direction in which the force acts. In the force 
polygon, a force is represented to a certain scale by a line parallel to 
the action line of the force. 

The force notation used in the graphical work to follow will be as 
shown in Fig. 3. Forces are designated in the force diagram by small 
letters placed on each side of the action line of the force. In the force. 
polygon corresponding capital letters are placed at each end of the line. 
representing the magnitude of the force. By taking consecutive letters 
for adjacent forces, only one letter need be placed at each apex of the 
force polygon. 

Since R is the resultant of P^-Pt, if a force E is applied ai O, equalj 
and opposite to R, the forces Pi-F,, E, will form a balanced system.; 
This is seen to be true from the force polygon also, for since £^ is 
equal and parallel to E, the resultant of the system P,-Pt, E, is zero, 
and therefore we have equilibrium of translation. Equilibrium of 
rotation is not in question, the forces being concurrent. Expressed' 
graphically, the only condition necessary for equilibrium of a system 
of concurrent forces is that their force polygon must close. 

To sum up, we may slate that the resultant of a system of concurrent 
forces is given in amount and direction by the closing line of the force 
polygon, this closing line being drawn from the origin to the end 
the lait force; and the force necessary to balance the given system 
given by this same closing line drawn in the opposite direction. 

.\ny system of concurrent forces, with the force polygon bej 
at A and ending at E, would be equivalent to the given system, and 
beginning at E and ending at A, would balance the system. 
over, each of the forces in a closed polygon is equal and oppoate to 
resultant of all the other forces. 

26. Solution of Problems in Equilibrium of Concurrent Forces.- 
General Method of Procedure. — Problems in the equilibrium of con- 
current forces, part of which are unknown, may in certain 



^ooqI 



i 



RESULTANT AND EQUILIBRIUM OF CONCURRENT FORCES ig, | 

solved by the principles given in the preceding articles. The number 
of unknowns which can be determined is limited to two, for the algebraic 
method of Art. 23 furnishes only two independent equations, and the 
graphical method of Arts. 34 and 35, makes possible the determination 
of only two unknowns by the closure of a force polygon, the length and 
direction of the closing line. If more than two unknowns are in ques- 
tion the problem is indeterminate and a solution is not possible. The 
two unknowns which can be determined are the amount and direction 
of one force, the amounts or directions of two forces, or the amount of 
one and the direction of the other. . 

In general the first thing to be done ui the solution of problems in 
equilibrium is to draw a sketch showing all that is known of the forces 
and Unesof action. Fromthesketchhnd which forccsorlinesof action are 
unknown, from which decide whether the problem is determinate or not. 

In applying the algebraic method, substitute the known and un- 
known forces, etc.. in eqs. (1) and (2) of Art, 33. The solution of the 
resulting equations will give the values of the unknowns in terms of 
known forces. In applying the graphical method, complete the force 1 
[tolygon as far as the known data will allow. Then, subject to the ■ 
condition that for equilibrium, the force polygon must close, complete 
the polygon with lines parallel to known action lines of unknown forces. 
The desired values are then given by the polygon. 

Problems in equilibrium of concurrent forces capable of solution 
by the methods given in ihe preceding articles and which are of sufficient \ 
importance to require special consideration, may be classed luider two 
heads as follows: 

Given a system of concurrent forces, in equilibrium, (a) all known 
except one, which is wholly unknown, (6) all known in line of action, 
but two are unknown in amount. In the following articles, a general 
solution of these problems will be given, 

27. Algebraic Soiiiiion — (a) Given a system of concurrent forces 
in equilibrium, all known but one which is wholly imknown. 

Let P,-Pi, Fig. 4, be the given system, /", being wholly unknown. 
Two unknowns are to be determined, the amount and positioti off,. 
Assume P, to act as shown. Required P, and «,. 

Substituting known values in eqs. (1) and [2), of Art. 23, consider- 
ing forces acting upward and to the right as positive we have 
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Frum S H =o 

■f P, COS a, + />, cos a, - P, cos a, - P^ cos a,-o. 
Whence Hor. comp. Pj = + P, cos a, 

= + P, cos a, + P, cos a, — P, cos a, . . (3) 

From S V = o 

+ P, an «, - P, an a, - Pj sin a, + P, sin a, — o. 
Whence Vert. comp. P, = + Pi sin a, 

= — P, sin oti + P, an Oj + P, sin a, . {4) 

If the correct direction was assumed for P, in Fig. 4, the dgn of the 
results in eqs. (3) and (4) will be positive. A negative result shows 





Fic. 4. Fic, s. 

that the direction should be reversed. Then, having the directionsof the 
components of P„ it is easy to find the direction of the required force. 

The amount of P, is given by the equation 

P, = [(Hor. comp. P,Y + (Vert. comp. PJ"]' . . (5) 

The angle which P, makes with the axis of A' is 

_, Vert, comp. P. 

a, - tan — ^—-^. . . 

Hor. comp, P^ 

P, and n^ are thus known and the required force is completely deter- 
mined. 

(6) Given a system of concurrent forces in equilibrium, all known 
in line of action, but two unknown in amount. 

Let P,-P., Fig. 5, be the fj^ivcn system, P, and Pj completely known, 
P, and P^ known only in line of action. Two unknowns are to be 
determined, the amounts of P, and P,. 



(6) 
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Assume P, and P, to act in the direction shown by the arrows. 
Substituting in eqs. (i) and (2) of Art. 23, considering forces acting 
upward and to the right as positive gjves 

From I H -o 

— Pt cos a, - P, COS a, + Pj COS a, + i*, cos a, = o (7) 

From SV = 

- /*, an a, + P, an a, + P, sin «, - P, sin a, = o . (8) 

We have here two independent equations involving the unknowns Pj 
and P4. Solving eqs. (7} and (8) simultsuieousiy gives 

+ P. sin («, - g.) + P, sin (a, + a,) 

sin(a, + «J . . - 19J 

p + P, sin (g, + «.) + P, sin (a, - a,) . ^ 

^' sin {«, + «,) ■ ■ ■ <'°^ 

As before, the sign of the result will show whether the correct directions 
are assumed for Pj and P,. 

38. Graphical Solution. — {a) Given a system of concurrent forces 
in equilibrium, all known except one which is wholly unknown. 

Let Pi-P(, Fig. 6 (a), be the given system, Pi unknown. Two 
wiknowns are to be determined, the amount and direction of P,. This 





is the same problem as given in Art. 25, and consists in finding the 
cquilibrant of a set of forces. 

To find the unknowns, construct the force [xtiygon as far as the 
known data will allow. This gives the load-line ABC D oi Fig. (4). 
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For equilibrium the force polygon musl close. A lioe drawn from D 
to A will give in magnitude and direction the required force. A Km 
drawn through O, Fig. (a), parallel to U ^4, will ^ve the position of ?, 
in the force diagram. The force acts as shown by the arrow, P, ii 
thus completely determined. 

(b) Given a system of forces, all known in line of action, but 
unknown in amount. 

Let P^-P,, Fig. 7 {a), be the given system, P, and P, known only 
in lines of action, as shown. Two unknowns arc to be determined, ihe 
amounts of P, and P,. 





^^^^^" Draw the force polygon, Fig. (i), as far as the known dala vciE 
^r allow. This gives Ihe load-line ABC. For equilibrium ihe forte 

V jmlygon must close. From the conditions of ihe problem, the closing 

forces have action lines parallel toe d and a doi Fig. (a). To complea 
the force polygon, draw from C a line parallel to c d, and from .4 a line 
parallel lo a d. The [X)ini D at which these lines meet will dctermiM 
the magnitude of the required forces. Thus D A acting from D to.l, 
gives the magnitude and direction of P„ and C D, acting from C \o D 
gives the magnitude and direction of P,. The forces are thus com- 

Ipleiely determined. 
It is immaterial in what order the forces are drawn, but the arr 
ment shown conforms to the system of notation adopted. The 
result could be obtained by taking A C, the resultant of P, and P„ and 
resolving this force into components parallel lo cd and adhy means 
a force triangle as explained in Art. 24. 
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Section III.— Ebsultaxt akd Equilibbidm or Non- 

COItOURRENT FoaOES 



29. Algebraic Method. — Let P,~^s- of Fig- 8, be a system of non- 
concurreni forces. Required ihcir resultant and conditions of equi- 
librium. 

Resolve the forces into vertical and horizontal components, as in 
the case of concurrent forces. The amount of the resultant is given by 

Its line of action is found by placing its moment about O equal to the 
sum of the moments of the pven forces, or 

Ra - P,a, +P,a, -P.flj = ^ M. 
To cause equilibrium requires the application of a force E (the equi- 
librant), equal and opposite to R, and having the same line of action. 



i 




The resultant of the system P,, P„ Pj, E, will be zero and the sum i 
of the moments of these forces about O will be zero. The former 
ndilion gives equilibrium of translation and requires that 



I H . 



J K - o 

and the latter gives equilibrium of rotation and requires that 

I M - o 



(I) J 
(2)' 



(3) 



Equations (1), (2), and (3) are the three equations of cquihbrium of | 
n on -concurrent forces. These three equations hold true for any 1 
^stem of non- concurrent forces in equilibrium. In problems pertain- 
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ing to such a system we can therefore in general determine three ua 
knowns. As the forces are, as a rule, known in position and directia 
from other considerations, the unknowns are usually the amounts fl 
three forces. If, however, the three forces themselves meet in a poia 
they are indeterminate; for, since the system is by supix>siliori il 
equilibrium, the resuhani of the known forces must pass through ll 
same point, and the system is essentially a concurrent system. Asl 
have then but two independent equations, a solution of three unkoon 
is not possible. 

In many cases it is convenient to use three moment equations takinj 
a new moment centre each lime instead of two resolution equations lai 
one moment equation. Eqs. (i) and (2) are then no longer indepcwt 
ent. In the case of parallel forces the number of independent equ* 
tions reduces to two, since the assumption of parallel forces is equivalcnl 
to eqs. (1) or {2) {either - H or - V will be zero). In this case we tha 
have 

. . . . (4l 



S H OT SV = o . . . . 

.!■ .1/ = o [ 

from which two unknowns may be determined. 

30. Graphical Method. ^Let Pi-P,, Fig. 9, be a system of ooi 
concurrent forces. Rcfjuired their resultant and conditions of cqi 
librium. 

By means of the principleof the triangle of forces as given in Ait l< 
c^mbine P, and P^, gelling their resultant R„ then this resultant^' 




Pj getting Rj, and finally R. and P,, getting R, the resuhant ollh 
f-ntire system in amount, direction and position. 

To save drawing the separate force triangles we may draw tb 
polygon as in Fig. 10 (b). The lines AC, A D and A E \ 
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resultants R„ i2„ and R, respectively, of Fig. 9, in amount and direction. 
Their position in Fig. (u) can be found by drawing from point 1, the 
intersection /*, and P3, a line 1-2 parallel to R„ Then from the inter- 
section of 1^2 and P^, draw 2-3 parallel to R^,. Finally from the inter- 
section of 2-3 and P„ draw a line parallel to R. This will lie the line 
of action of R, whose amount and direction are gi\'en in the force 
polygon. Thus R will be completely determined. 




The figure 1-2-3 is called an equilibrium polygon, and i-j, 2-3 are 
its segments. The point A is called the pole; R„ R,. and R are rays of 
ihe force polygon; and A BC D E is called the load-line. 

To cause equilibrium there must be applied a force E, equal and 
opposite to R, and applied along the same line. Graphically, then, 
for equilibrium of non-concurrent forces, the force polygon must close, 
^\ing equilibrium of translation, and the last force must coincide with 
the last segmfnl of the equilibrium polygon, giving equilibrium of 
rotation. It is important to remember that each segment of an 
equilibrium polygon is the line of action of the resultant of all the 
forces to the left of that segment, and if the system is in equilibrium, 
it is as well the line of action of the resultant of all the forces to the 
right of that segment. 

The notation used for the equilibriimi polygon is shown in Fig, 
10 (a). As the segments of the equilibrium polygon are the resultants 
of the forces at the left, we can use the same notation as used for forces. 
Thus in Fig, (a) the small letters a-c, a-i/.etc, are placed on each side 
of the line of action of the various resultants, and in Fig, (b) the 
corresponding capital letters are placed at the ends of the magnitudes 
of the resultants. 
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- ^ Since the resultant of all the forces up to any segment applied along 

Kat segment will balance the remaining forces, it follows that the inter- 
ciion of any two segments of an equilibrium polygon is a \ximi on the 
sultant of the intermediate forces. Thus the point -V is a point on 
f resultant of P, and /*,; the line ,4 C in the force polygon gives the 
■^amount and direction of this resultant. 
^^ 32. Parallel Forces.—The method is the same as for forces nearly 
parallel. 

Let P,-P,y Fig. 12, be a system of parallel forces. Required the 
resultant and conditions of equilibrium. Figs, (a) and {b) show all 
h.K necessary construction. 




33. Solution of Problems in the Equilibrium of Non-Concurrent 
P Torc«s.— Cfwero/ Method oj Procedure— Prahitms in the equilibrium 
of non-concurrent forces invoK-ing not more than three unknowns may 
be solved by means of the principles given in ."Vrts. 29-32. The 
number of unknowns which can be determined is limited to three, for 
the algebraic meth<Kl of Art. 29 furnishes only three independent 
equations. Also the closing of the forces and equilibrium [Milygons 
in ihe graphical method of Arts, 30 and 31 makes possible the deter- 
mination of three unknowns, represented by the length, position, and 
dire<-lion of the cloang line. If more than three unknowns are in 
question the problem is indeterminate. 

The three unknowns usually desired in problems relating to framed 
siructure* may be classed under a few general cases. Only those 
cases will be considered which are likely to arise in practice. These 
cases are the following: 
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Given a system of non -concurrent forces in equilibrium: 

(a) All known but one, which is wholly unknown. 

(i) All known but two, one of these known only in line of action, 
the other known only in point of application. A special case is whrt 
both are known in line of action only. 

(c) All known in line of action, but three unknown in amount. 

When the forces involved are parallel, the number of independeni 
equations reduces to two, as given in eqs. (4) and (5) of Art, 29. Il 
is therefore possible to determine but two unknowns. The problems 
to be solved involving parallel forces can be classed imder the following 
cases: 

(a) All known but one, which is completely unknown. 

(6) All known in line of action, but two unknown in amount. 

In applying the algebraic method to the solution of a given problem, 
it is possible to apply the three independent equilibrium equadonsia 
several ways. We can use two resolutions and one moment cquatian 
or one resolution and two moment equations, or three moment cqu*- 
tions. In solving a given problem a sketch should first be dran-a 
showing all known forces and lines of action, and then the unknowM 
indicated whose values are required. From a study of this sketch 
is usually possible to determine by inspection which independci 
equations will give a solution with the least amount of work. Thi 
substitute known values in the equations selected and solve for th 
unknowns, which can thus be obtained in terms of known quantitic 

In applying the graphical method it will be necessary 10 drav 
force and equilibrium jDolygon, for equilibrium of rotation as well i 
translation is to be obtained. Then, by closing the force and cqia 
librium polygon, subject to the conditions of the given problem, tl 
unknowns can be determined. In the following articles a genet 
solution, both algebraical and graphical, \vill be ^ven for the ots 
mentioni'd above. 

34. Algfbrak SobUion.-~{d) Given a system of non-concuire 
forces in equilibrium, all known but one, which is completely tmknow 
Required the unknown force. 

Let Pi~P„ Fig. 13, be the ^ven system, P, wholly unknown. Sia 
the system is in equilibrium, P, must balance the remaining tone 
Choo.sc any convenient axes, -Y and V at right angles. Let forces 
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ing upward and to the right be taken as positive. Assume P, to be 
divided into its components parallel to X and Y, taken as acting in 
positive directions. For equUibriuin of translation X H and X V 
must be zero. 

Therefore from I H ^o 

+ Pi cos a, + P, cos a, — P, cos o, — Hor. comp. P, = o 
Hor. comp. P^= + F, cos a, + P, cos a, - Pj cos or, (6) 

from i" V = o 

- P, sin a, - P, sin a, - P, sin a, + Vert. comp. P, = o 
Vert. comp. P^= -^^ P^ sin a, + P, sin a, + P, an a,. . (7) 




Frc. t^. 



The agn of the result in eqs. (6) and (7) will show whether the correct 
direction was assumed. 

The amount of the force P, will be 

P, = [ (Hor. comp. P.)' + (Vert. comp. PJ = ]*. . . (8) 
The angle which the line of action of P, makes with the axis of A' is 

_, Vert, comp. P. 

rt. = tan ^ i— ^. . . . 

Hor. comp, P, 

The signs of the vertical and horizontal components of P, will show 
how this line slopes. If both are positive or negative, the line of action 
of P, slopes upward and to the right; if one is positive and the other 
negative, the line slopes downward and to the right. 

The poation of P, can be determined from the condition that 



(9) 
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£ M = o. Considering moments clockwise as positive, the origin 
being taken at O, gives 

Z*, a, + F, a, + P, 0, - P, a, = o, . . . . (lo) 
from which 

^, f,a.^y + /.,^ („, 

The direction of P^ can be determined from eq. (lo), for it must be 

such as to balance the moments of the other forces. 

The position of i*, can also be determined by finding the point at 

which the line of action cuts the X or Y axis. Suppose it cuts the A' 

axis, a distance x from the origin. Resolve the force into its vertical 

and horizontal components, considered as applied at the point where 

the action line cuts the axis of X. Taking moments about the 

origin we have 

+ Pi q 1 + Fj <J, + Pj a, - Hor. comp. P, X o - Vert. comp. P, X a: = o 

P.fl, +P^a, + P^at , . 

... (12) 



Vert. comp. F, ' ' ' " 

The sign of x shows whether it lies to right or left of the origin, 
and, as before, the direction of the line of action is given in eq. (10). 

(A) Given a system of non-concurrent forces in equilibrium, all 
known but two, one known only in Une of action, the other only in point 
of application. Required the unknown forces. 




Fig. 14- 



Let F|-F,, Fig. 14, be the given system. P, is known only in point 
of application, which is at point O. anil P ^ is known only in line of 
action, which is given by the dottai hne. Since the system is in 
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equilibrium, the unknown forces must balance the known forces. 
Assume the direction of P^ to be as shown by the arrow. Choose a 
pair of axes, ,Y and ¥, with the origin at the known point of application 
of P,. A moment equation about point O will eliminate P^, and the 
amount of P, wiU then be the only unknown. 

From £ M = o 

+ P, a, + P, a, - P, a, - o 
„ P,a,-\-P,a, 



(13) 



The sign of the result will show whether the correct direction was 
assumed. 

The force, P„ can now be determined by resolution equations. 
Assume P, to be divided into components parallel to the A' and Y axes 
and assume that they act in positive directions. For equilibrium of 
translation £ H and I V must be zero. 

Therefore {2 H = o) 

+ P, cos a, — P, cos ftj — P, cos n, + Hor. comp. P, = o 
Hot. comp. P^-- ~ Pt cos «, + Pa cos a, + P, cos «„ . (14) 

also {IV = 0) 
- P, sin a, - Pj sin ttj + P^ sin «, + Vert. comp. P, = o 
Vert. comp. P, = + P, sin «i + Pj sin n, - P, sin «,. . (15) 

The ;dgns of the results will show whether the correct directions were 
assumed. 

The amount of P, will be 

P, = [{Hor. comp. P,)' + (Vert. comp. P,)'l'. . . (16) 
The angle which P, makes with the axis of X is 

_, Vert, comp, P, , , 

"■-'" Ho,, comp. P, <"'' 

The slope of the line of action is' determined as in the preceding case. 
The ptnnt of application is at the origin. The unknowQ forces are 
hence completely determined. 

(c) Given a system of non-concurrent forces in equilibrium, all 
known in line of action, but three unknown in amount. Required the 
amounts of the unknown forces. 
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Let P,-Pt, Fig. IS, be the given system, P„ P, and i*, known ooi; 
in lines of action, which are shown in position by the dotted lines. 

The problem can be solved by taking moment equations abon 
points so chosen as to eliminate all but one of the unknowns. Tbii 




can be done by taking the moment centre at the intersection of iviOfi 
the unknowns. Taking moments about O, the intersection of P, ubi 
P„ assuming the unknowns to act as shown by the arrows, we have 
- P,a + P,b = o, 



from which 



P.a 



Taking moments about M, the intersection of Pj and P, gives 

+ P,c - P^d = o, 
from which 

'.- + ^ (■♦ 



Again, taking moments about N, the intersection of P^ and P^ ff\s 
+ P,e -Pi/- o 
from which 



M 



In some cases, where two of the unknowns are parallel or nearly sa 
this method can be modified by taking two moment and one resolutioi 
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equations. The method is then a combination of the above case and 
ihe previous cases. 

35. Graphical Solution. — (a) Given a system of non-concurrent 
forces in equilibrium, all known but one, which is completely unknown. 
Required the unknown force. 

Let Pi-P„ Fig. 16. be the given system, P, being unknown. Since 
the system is in equihbrium the force and equilibrium polygons must 
close. Drawing the force polygon of Fig. (b) gives the amount and 
direction of Ft as given by DA. To determine the position of P, 
in Fig. (a), draw an equilibrium polygon with as pole. The point 
of intersection of segments o a and o d will give a point on the line of 




.f 

I 



-Oil 



action of P, which can be drawn parallel to £> ^ of Fig. (6) and in the 
direction shown by the arrow. P, is thus completely known. The 
above case is exactly the same as treated in Art. 52. 

(6) Given a system of non-concurrent forces in equilibrium, all 
known but two, one of these known only in line of action, the other only 
in point of application. 

Let PrP\< FiR- i7t be the given system. P, is known only in point 
of application, which is at Oi P, is knovra only in line of action, which 
is shown by the dotted line. The unknown forces can be completely 
determined by the condition that for equilibrium the force and 
equilibrium polygons must close. 

With the known forces draw the force polygon of Fig, (6) as far as 
possible, which gives B. C, D of the polygon. Also, draw from D a 
line parallel to F,. With O as pole draw Ihe rays O B.OC, and O D. 
Draw an equihbrium polygon as far as the known data will allow. 
Since C/is the only known point on i',, it will be necessary to start the 
equilibrium polygon at this point. This gives O' 2 ^ ^, of Fig. (a) 



i 
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The condition for equilibrium of rotation requires that the equilibrium 
polygon must close. O'^ of Fig. (a) is, therefore, the required cloang 
line. At point 4 the segments 3 4 and 0*4, and the unknown force P„ 
form a system of forces in equilibrium. The force 3-4 is given in 
amount and direction by O D of Fig. (i). The line 0-4, drawn parallel 
to 0-4, closes the force triangle A D and determines the amount and 
direction of P,. 

Again, at O'of Fig. (o), force Pi with segment 0'2 and 04 form a 
system of forces in equilibrium. 0'2 is ^ven in amount and direction 
by O B, and 0*4 by O ^, as found above. Thus by completing the 
force'triangle OAB, P, is deternuned in amount and direction hyAB. 
Then through O'of Fig. (a) draw a line parallel to j4 B of Fig. (6) , which 




will ^ve the line of action of P,. P, and P, must have directions such 
that the arrows in the force polygon will follow continuously from the 
point of beginning to closing point. P, and P, are thus completely 
determined. 

The case where the two unknowns are both known in line of action 
but unknown in amoimt often occurs. Here it is unnecessary to draw 
an equilibrium polygon (except where the unknowns are parallel, which 
will be treated in another article). It is only necessary to draw a force 
|H»lygon and satisfy the condition that the force polygon closes. Let 
F,-P„ Fig. 18, be such a system, P, and P, are known only in line 
of aclion. Fig. (a) shows the [«)sition of the forces in space. Draw 
the force jMalygon, Fig. (b), as far as the known forces will allow. This 
gives the load-line BCD. Then from B and D draw lines parallel 
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respectively to the known action lines of J*, and i*„ whicii will give 
A B and D A. These lines meet at D, thus determining the amounts 
of the unknowns. Their directions will be as shown by the arrows. 
The order in which the unknowns are taken will not affect the result. 




(c) Given a system of non-concurrent forces in equilibrium, all 
known in line of action but three unknown in amount. Required the 
amotmts of the unknown forces. 

Let P,-Pi, Fig. 19, be the given system, P„ P, and P^ known only 
in line of action. By producing two of the imknowns to an intersection 
and considering the two forces replaced by their resultant, this case 




becomes a special case of case (b) above. The construction is as shown 
in Kg. 19. Pi and P, intersect at O, at which point the equilibrium 
polygon is started as before. P; is given in amount and direction by 
EA, of Fig. (6). A C gives in amount and direction, the resuhant of 
P, and P,. By drawing the force triangle ABC, with A B and B C 
parallel respectively to Pj and P,, the amounts and directions of these 
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forces can be obtained and their directions shown in Fig. (a). 
unknowns are thus completely determined. 

36. Parallel Forces.— {a) Given a system of parallel fore 
equilibrium, all knomi but one which is completely unknown, 
quired the amount and position of the unknown force. 

Algebraically. — Let Py-Pf, Fig, 20, be the given system, i*, n 
unknown. Since the system is in equilibrium, the unknovrn 
must balance the remaining forces. Choose any convenient 



C 






I 



X and V at right angles and so taken as to have one of the axes pa) 
to the givi'n forces. The amount of the unknown force, P^, 

determined by a resolution equation. Assume P, to 1 



From . 



+ P. - 
P. = 



P. - P, - P, = o 

+ P,+ Pt + P,. . 



ce, P„ ml 
> acMi 



The position of P, can be determined by a moment equation. 1 
O, the origin, as the moment centre, and let a, be the distance I 
O to the line of action of P.. 



From J M ^ 



, + P, a, + P.d, - P. a, = o 
+ P, a, + P,a, + P^a, 



The amount and position of P, are thus given and as its line of actk 
parallel to the other forces, the unknown is completely delcnni 

Graphically. — The graphical solution of this problem is UkJ 
as ^ven in An. 32. 

;/)) Given a system of non -concurrent j)arallcl forces a 



1 forces aU^m 
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Required the amounts 



■ action, but two unknown in amount 
i unknown forces. 
fgebraically. ~hct P,-P„ Fig. 21, be the given system, P, and P, 
B only in line of action as shown by the doited lines. Choose any 
pienl axes as .V and V. Here the axis V is assumed so as to co- 
I with the line of action of P,, The unknowns can be determined 
tthe condition that for equilibrium of rotation i" A/ = o. The 
mt equations cjn be written so as to involve but one unknown. 



C 



;'" r r r- 

2. 1 ] l o' 

■•- -a, « 6, ' 



done by taking the moment centre on the known line of 
of one of the unknown forces. Thus a moment equation about 
jin O, assuming P, to act upward, gives 

+ /*, flj + /*, (I, - Pt -1^ = o 

p + P,a, + P, a , , ^ 

P> = ^ (23} 

same way, a moment equation about O', a point in the line of 
of /•. wiU give, 

- P,b^ - P,b^ + P,b, ^ a 

^' = b, f^^' 

e value of Pt could have been obtained by use of a resolution 
, since for equilibrium of translation, 1' V ^ o. Since P, is 
\ cq. (34), i*, is the unknown, and we have 

- P, - P, + P, + -P, - o 

-P. = P, + P.-P, (25) 

be unknowns in such a case mav be obrained by the use of nvo 



38 ELEMENTS OF THE ANALYSIS OF FRAMED STRUCTURES 

independent moment equations, or by the use of one moment and one 
resolution equation. 

Graphically. — As above, let P,-P, be the given system, P, and P, 
fully known, P, and P, known only in line of action. Required the 
amounts of the unknown forces. This is a special case of the problem 





g^ven in section (6), of Art. 35. The method is exactly the same. The 
necessary construction is shown in Fig. 22. 

37. Problem. To Pass an Equilibrium Polygon through Three Given 
PoirUs.—'LeX Pi-P^ ^ig- 23. ^ the given forces and R, S and T the 
given points. Select any pole O' and draw an equilibrium polygon 
through one of the given points, as S. Consider the given system 
divided into two parts and find the resultants of each part. In Fig. (ft), 
A D\s the resultant of Pi, P, and P, and DF is the resultant of P^ and 
P^. Through R and T draw R R' and T T' parallel to these resultants. 
Draw R' S and S T', the closing lines of the equilibrium polygons for 
the two parts of the given system. In Fig. (6), draw O* »i and O' «, 
parallel respectively to R' S and 5 T'. O' n, and O" », will divide 
the resultants into components which are equivalent to the two systems 
Pi-Pj and P,-Pi when applied through points i! and S, and S and T 
respectively. The same results would evidently be obtained from 
any other equilibrium polygon drawn through S. The line R S will be 
the closing line of an equilibrium jjolygon for P,~P„ passing through 
R and S. Its pole will c\-idcnlly lie somewhere on a line M, O, drawn 
parallel to RS. Likewi.'-t: ihe line >i.,0 drjwn parallel to 5 Twill 
contain the pole of the equilibrium polygon for F, and P, pasang 
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through 5 and T. Hence the pole of the equilibrium polygon of the 
whole system passing through R, S and T will he at point O, the inter- 
section of »i O and ff J O. 




Fig. 23, 

For parallel forces the same method can be used. For this case a 
somewhat shorter solution is given in Fig. 24. This solution depends 
upon the fact that the pole distances of any two equilibrium polygons, 
for the same system of parallel forces, arc inversely proportional to the 
intercepts on a line parallel to the forces. In Fig. {a), Ri 234T' 
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is an equilibrium polygon drawn for any selected pole distance, H 
passing through one of the points, R. y is the intercept on ^ 
drawn through S parallel to the forces. Since R T is the d 
line for the required polygon, / will be the intercept for th 




quired polygon. Then the required pole distance H' is found 
the proportion H' : H = y : y' ; or by the construction of Fig 
To find the new pole N, Fig. (b), draw O F parallel io R T 
F N parallel to R T. The pole N is located on F N at a dis 
H' from the load line. 
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» 



jteOTioH IV. — Centre or Gravity. Moments, and 
OP Inertia 



38. Centre of Gravity. — The centre of gravity of a body is the point 
hrough which the resultant of all the gravity forces acting on a body 
vi\] pass. The problem of determining centres of gravity is therefore 
)nc in parallel forces, since ihe attraction of gravity, or of one body on 
uiolhcr acts in parallel lines. 

Since the sum of the moments of the gravity forces acting on the 
^articles of a body, referred to any plane, is equal to the moment of the 
resultant gravity force of the whole body about the same plane, wc can 
ATile (considering gravity as acting parallel to the plane in question). 



y J- « = J- (oy (I) 

s i" W = .J' to E ] 

where x, y and z are the distances of the various particles of the body 
for the -Y. Y and Z planes respectively, x, y and z the distances of the 
centre of gravity of ihc entire body from the same planes. <•> is the weight 
of each particle and £"> the total weight of the body, 

To find the coordinate of the centre of gra\'ity wc have from (i) 



k 



39. Crntrr 0} Gravity of Areas and Lines. — It is frequently con- 
venient to speak of the centre of gravity of bodies which have no weight, 
Such as areas or lines. Here a portion of the area of the surface or of^ 
Ihe length of the Hne can be used as a unit, in place of oi. In the work' 
to follow particular attention will be given to areas. 

.■Vny area whose centre of gravity is desired, can be divided into 
tingle areas whose gravity centres are easily obtained, as squares, 
rectangles, or triangles. Then by applying at their centres, forces in 
lortion to the partial areas, a system of paralleJ forces is obtained 
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whose resultant will give the portion of the centre of gravity with 
respect to one axis of coordinates. Then by repeating the process 
with respect to another coordinate axis a centre of gravity is obtained 
with respect to the second axis. The intersection of these two gravity 
lines will give the centre of gravity of the area for all axes. It is usual 
^ to choose axes at right angles to 

each other. The axes here chosen 
will be the axes of X and Y. 

Algebraic Application. — Re- 
quired the centre of gravity of the 
area of Fig. 25. Divide the area 
into rectangles as shown. The 
centre of gravity of each rectangle 
is evidently at the intersection of 
the diagonals. Apply at each cen- 
tre thus obtuned, a force in pro- 
portion to the area of the rectangle. 
Choose as the axis of reference O X 
The coordinates of 









...^,.sr-r' 1 


V '■ 


*^i. 


^: 


rrli 


' 1 '' •!•', 






*'. 


"" 






gi«ng forces P^, P, and P, 
and O Y common to two sides of the area, 
each force are given by x and y with proper subscripts. 
From eq. (2) we have 

,+ PtX, + P, X, 



P, + Pi + Pi 



^ " p, + p, + p. ■ 



(3) 
(4) 



The centre of gravity (C. G.) is thus definitely located with reference 
to the coordinate axis. 

Graphical Application. — Required the centre of gravity of the area 
of Fig. 26. Divide the area into rectangles as before. Find the re- 
sultants of the vertical and of the horizontal forces by the methods of 
Sec. III. The point of intersection of these resultants will give the cen- 
tre of gravity of the area. The construction is shown in Fig, 26. 

40. Moments of Forces. — Graphical Method.— The moment of a 
force has been defined in Art. ig, as its tendency to produce rotation 
about a ])oint. It is measured by the product of the magnitude of the 
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force and the length of the perpendicular dropped from the point upon 
the line of action of the force. When the direction of the rotation is 
clockwise it will be called a positive moment. Counter clockwise 
moments will be called negative. 

Given a system of forces, required ihe moment of the forces about 
a given point. 

Let Pi-P„ Fig. a?, be the given system of forces. Let P be the 
point about which the moment is required. Draw the force and 




equilibrium polygons for the given syslcra and determine the resultant 
R. Since the sum of the moments of aU of the forces about point P is 
- equal to the moment of ihe resultant about the same point, we have 

K A/ = /*, r, + . . . + P. r, = ie r. . . . (5) 

r 



through P a hne parallel to R, intersecting the segments o a and 
« at X and Z. In Fig. (6) drop the perpendicular O F whose length 
H. Then triangle .4 £ is similar to triangle Y X Z, and we have 
iy =■ H : RyOt R r = H y; hence also 



M = H y. 



(6) 



The distance H is called the pok distance of the resultant R. H is 
measured in pounds to the scale of the force diagram, and y is measured 
I units of length to the scale of the space diagram. 
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In the same way the moment about the same point of only a part 
of the forces can be found. For example, required the moment of 
P, and P.„ of Fig. (a), about P. The resultant of P, and P, acts as 
shown in Fig. (a), and parallel to A C. Through P draw a line parallel 
to A C. The distance y„ intercepted between the segments o a and o c, 
adjacent to the forces P, and P„ is the required intercept. The pole 
distance will be i?y the perpendicular distance from O to ^ C. Then 



M = H,y, 



(7) 



If the given system of forces is in equilibrium, as is often the ca.se, 
the value of R is zero and the moment of the entire system about any 
point is zero. The moment of a part of the forces is found as before. 




Therefore, in general, Ike moment 0} any system of forces, about a 
point, is equal la Ike pole distance of the resultant oj the forces, multiplied 
by ike distance intercepted between adjacent segments of the equilibrium 
polygon on a line drawn through the given point parallel to the restdtant. 

For parallel forces the method is the same as given above. The 
problem, which usually arises in practice is to determine the moment 
about a point of a part of a system of forces which is equilibrium, as, 
for example, the loads and reactions acting upon a beam or framed 
structure. To illustrate, let P, -/*,., Fig. 28, be a system of forces in 
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'equilibrium; required the momenl of P, and P, about point P. The 
figure sliows the equilibrium and force polygons already conslrucled. 
Draw a vertical through P giving the intercept y. Then, as in eq, (6), 
the desired moment = H y. 

For parallel forces the pole distance, H, is constant, so that the 
equilibrium polygon becomes a moment diagram for moments of all 
forces to the left or right of any given point. The moments of any 
other combination of adjacent forces, taken about P, can be found by 
gelling the intercept between the corresponding segments of the 
equilibrium polygon (produced if neccessary). Thus the moment of 
forces /*„ P, and P, is equal to H times', the intercept on the vertical 

I through P measured between o b and p, produced. 





^P 41. Moments of Inertia. — The moment of inertia of a force with 1 
Tespect to any axis is the product of its magnitude into the square of 
its distance from the aiis. The total moment of inertia for any system 
of parallel forces wiU be the sum of such products for each force. 
Thus 

/ = P, a,' + P„a\ = IP a*. . . (8) ■] 



ice P a is the moment of the force in question about the given axis, 
(8) can be written thus 

/ = M, a . + M„a„ = IM a. - (9) 



f 

^H Eq. (9) furnishes a method by which moments of inertia may be 

^^Iculatcd grapliically. Consider the moment of the given force to be 

replaced by a force equal in magnitude to the amount of the momenl 

acting in the line of action of the original force, and in the direction 

indicated by ihcsignof the moment. Multiply this new force, 



^jndicatcd by ihc 



I 
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[a) and (/j). From ihe previous article, the moments of P„ P„ P, and 
J* I about P arc equal lo H y„ H y-^, H y^ and H y^ respectively. If 
these moments be applied as forces in the lines of action of the forces 
producing ihcm, a new set of forces is obtained. Again take moments 
about P. Since H is constant, the new force polygon can be con- 
structed by using y^ y„ y, and y, as the forces, and with O' as pole. 
< "'instructing the corresjTOnding equilibrium polygon gives 123456. 
The intercept now is y', and the second moment is H' y'. Since the 
second force polygon was constructed for the intercepts Vi-y, instead 
<jf the moments H y,-H y„ it is necessary to multiply the second 
moment H' y' by H which gives H H' y as the required moment of 
inertia of the system. 

It is possible to find the moment of inertia of the forces without 
constructing the second equilibrium polygon. This can be done as 
follows: We have as before 

I = IPa'^IMa = SHya. 

This may be written, for the same case as before, 

/ = J? ( y, a, + y, fflj + y, flj + y, aj. . . . (ro) 

From Fig. 29, y, a, is equal to twice the area of the triangle m de, 
bounded by the intercept yi and the segments of the equihbrium poly- 
gon a a and o b for force i*,. In the same way y, a„, y, a, and y, a< 
rtjircsent similar areas. The sum of these areas is equal to twice the 
:irca of the figure enclosed by the equilibrium polygon and a vertical 
through P; it may be called the area of the equilibrium polygon. If 
this area is denoted by A we have 

I = 2HA (11) 

s the pole distance, H, can be chosen at will it may be. taken equal 
} one-half the sum of the forces Pj~Pi, or I P/2. Eq. (11) then 
8 the convenient form 

/ = .4 2' P (12) 

; moment of inertia of an area may be found by dividing the 
I into smaller areas. At the centre of gravity of each small area, 
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a force is applied which is in proportion to the area. Then hy 
proceeding as before, the moment of inertia may be found. In such 
a case Z P, in eq. (12), may be replaced by the area of the figure 
in question. 

42. Radios of Gyration.— The radius of gyration of a system of 
forces is the distance from the axis at which a force equal to the re- 
sultant of the system must act in order to gjve the same moment of 
inertia as the forces themselves. That is, 

I-,' IP o, r-.-lp (13) 

The radius of gyration, r, may be found from eq. (13) or graphical 
methods may be used directly. From the first method given in the 
preceding article we have 

I " HH'y, 



If the pole distance, H, had been chosen equal lo Z P we would have 



T P 
from which 

-• -(»'/)' ('S) 

This may be constructed graphically as shown in Fig. 29 (rf)- Lay 

off vl B = / and BC = 77'. On ^4 C as a diameter construct the 

semicircle ADC. From B erect a perpendicular B D. Then B D' -= 

AB X BC, hence r = B D. 

The same result is obtained by the second method, eq. (12). Here 

I ^ A I P where -P is the resultant of the system of forces and A is 

/ ASP 
the area of the equilibrium polyj;on. .\s before H = -^ = ^ = A. 

Here the diameter of the semicircle .4 C will be made up of 4 B = i, 
and BC = .4. Then, as before, r = B D. Fig. 29 {e) shows the 

necessary construction. 
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SECTION v.— Application op ths Laws or EquiLiBRiUM 

43. General Methods.— The external forces acling on a structure 
arc due 10 the weight of the structure itself, to the loads carried, and to 
the forces occurring at the points of support, called reactions. Of 
these external forces the loads are usually known while the reactions 
are unknown. The unknown reacdons may be determined by the 
principles of equilibrium, since the forces acting on a structure at rest 
form a balanced system to which may be applied the three equations 
of .\rt, 29, Wc can therefore in general fully determine these external 
forces, provided there are not more than three unknowns. 

Since all parts of a structure at rest are in equilibrium, we may 
c\idently apply the laws of equilibrium to the forces acling upon any 
portion of that structure in order to obtain the stresses in the members. 
The jK>rtion considered may be a single joint, or it may include several 
joints and members. The forces acting upon the portion may be part 
external forces, pari internal forces or stresses, or they may be whoUy 
stresses. It may be said, therefore, that there are two general methods 
of applying the equations of equilibrium to framed structures: 

1. To the structure as a whole to determine reactions, and 

2. To a part of the structure to determine stresses. Under (2) we 
have : 

(fl) Application to any single joint, the forces being concurrent. 
This method is called the method of successive joints. 

{b) Application to a portion of the structure including several joints, 
V. hich are considered as separated from the remaining part by passing 
a section through the structure. The forces in this case are generally 
non-concurreni. This method is called the ttKlhod 0/ sections. 

In the following articles a few examples will be given to illustrate 
ihe application of the laws of equilibrium in finding reactions and 
>iresses by both algebraic and graphical methods. 

44. First. — To the Structure as a Whole to Determine Reactions. — 
Algrbraic Method. — Example 1. Suppose the roof truss of Fig. 30 to 
be acted upon by the wind pressure W, acting normally to the roof; 
the weight, C. of the roof and truss applied at their centre of gravity 
and acting downward; and the abutment reactions, as yet unknown in 
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amount or direction. These comprise all the external forces. Fig. (M 
shows the truss free from the abutments, with the reactions R' and R' 
indicated. The left end of the truss is supposed to rest on rollers, the 
abutment at B taking all the horizontal thrust due to wind. This being 



V 




.:CX3: 



Fic. 30. 

the case, R' will be vertical and R' inclined at an angle 6 viih 
the vertical. Let R" be replaced by its vertical and horizontal com- 
ponents. The unknowns are R', R''„, R'y. 

Applying the three equations of equilibrium, chooang two momeni 
and one resolution equations gives: 



From 1' H 


= 




W sin « - R"„ - 


from which 






R",^ = W sin « 


From .i" M^ 


=■ 




2 ^ 


from which 






.",. = .'1^. 


From J .!/„ 


- 




-Wb-^ + R'l. 


from which* 






-"M- 
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From (a) and (ft) we have 

R" = HR"„r + (R'\)'\^, id) 



= tan~' 7 



{«) 



The unknowns are therefore completely determined. 

Example 2. Given the bridge truss of Fig. 31; loads as shown; 
oilers at A. Required the abutment reactions. Fig. (6) shows the 
russ free of the abutments. Since there are rollers at A,R' will be 




/w/ 


/\ 


.: 




1 i 

. p. p. 


^ 




.; 



Fro. 31. 

ertical. R' will have vertical and horizontal components, dnce any 
orizontal force must be reasted here. Our unknowns are thus 
", R''„ and R'\. 

Applying the three equilibrium equations to Fig. (b) we have: 



From £ H -0 
rom which 


- K^', - 0. 

X", - 0. 


From i 11,-0 




-R",L+P,d + P, 


id + P,3d + P,id-t-P,sd-o, 


•cm which 



■ ■ m 
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From 2 M,= o 

+ R'L - P,d ~P,2d-P,i,d -P,nd - P,id -a 

from which 

_, (f , + J /■. + 3 P, + 4 A + S P^) d 

R - ^ ^ . . . . 

The fact thai R"„ = o as given in equalion (a) might have read 
been dcfcrminccl by inspection, there being no other horizontal fon 
In arriving at conclusions by inspection we must, however, be vtt 
careful to see that ihey are based upon some one of the three conditioi 
of equilibrium, and where the result is doubtful we should always n 
to the rigid method: Consider the structure by itself, put in alZ force 
and write out in detail the equations of equilibrium. 

Example 3. Given the bridge truss of Fig. 33; loads as shon 
rollers at A. Required the abutment reactions. 



IniLBd + y ■!■ ' ' 



Fig. (&) shows the structure removed from the abutments and d 
unknown reactions R', R'\ and R'\ indicated in portion. ProcmfiB 
as in Exa.r.ple 2, we have; 
From ^ H = o 

+ R"„ - P, = o, 
from which 

R"„ - + P, 

From I M^ = o 

- P,h -{^ P,d + P^2d -i- P,^d - R'\ L - 
from which 

■J,, ^ - Pih+ (P, + 2f. + 3f.)«/ 
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From I M^ = o 

from which 

R L ■ ■ ■ (^) 

The unknowns are thus completely determined. 

Example 4. Given the three hinged arch of Fig. 33; hinges at 
A, B, and C; loads as shown. Required reactions at the hinges. 

Conader first the structure as a whole removed from the abutments, 
and the unknown reaction R\, R\, R"^, R"y placed in position. 
As before, moment equations about A and C will give the values of R\ 
and R'\ respectively. 

From I M^ = o 

- R"y ih + /^ + P, A, + i*, ih + a^ = o, 
from which 

From I M^=o 

+ R', (', + y - p, (I. + «,) -/",».- o, 

from which 

P,ft + .,)+f.i, 

"■ ftT« "' 

A resolution equation involving horizontal forces gives 
IH -o 

R\ - R"„ - o, 
from which 

K'.-X" W 

Eq,(c) ^vesonly an equality between R'„, and i?"„. In order to obtain 
the value of R^^ and R"„, we must have another independent equation. 
Since the structure is hinged at B it can be separated at that point 
and the action of one part on the other will be fully represented by a 
single inclined force, or the two components of such a force. Figs, (c) 
and (d) show the structure separated and the external forces placed iit 
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{>)sition, the horizontal and vertical componeDts of the forces being 
indicated. At B we have a simple case of action and reaction; the 
forces acting upon the two parts are equal and oppodte. Since the 
values of R\ and R'\ are known from eqs. (a) and (A) above, we have 
now only three unknowns for each part of the structure — R'„, R"\ 
and R"%, for the left half, and R"„, R"'„ and R"\ for the right half. 
Applying the three equilibrium equations to the left half, we have: 

From XV = 

+ R\ - R"\ - P, - o, 
from which 

/?"', = R\-P^ (d) 

From IM^'- o 

+ R"\l^ - R"\ A, + P. 6, = o, 
from which j;-W. + f.&. 

^ « " K ^^^ 

From i" H - o 

+ R'^ - R"\ = o, 
from which 

li'.-K'". (/) 

In the same way for the right half, we have: 

From IV - o 

+ R"\ + R'\ - P, = o, 
from which 

R"'y = + P, - R"^ (£) 

From 2 H — o 

+ K"„ - R'"^ - o, 
from which 

R"„ = + R"\ (jk) 

From S M^ — o 

+ R"'„ A, - P, ft, + R"\ /, = o, 

from which ^P,K-R'%1, 

^ « " h. ■ ^^ 
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force polygon BCD of Fig. (b). Choose a convenient pole O and 
draw the rays O B,OC and O D. Draw the portion of the equilibrium 
polygon, 1-2-3-4, corresponding to these rays. Since point i is known 
to be on the line of action of R^, the equilibrium polygon must be 
started here. Draw the cloang line 1-4. In the force polygon draw 
from point O the ray O A corresponding to the closing line. The point 




Fic. 35- 

of intersection,^, ofO^ with a line drawn from S parallel to the known 
direction of Ry will give the amount of the left reaction. Thus ii, is 
represented in magnitude by the line A B. R^ is given in amount and 
direction by D A. R, and R^ arc then completely determined. 

Example 2. Given the roof truss of Fig. 36 with loads P,~Pi and 
wind pressures W1-W3. Required the abutment reactions R, and ^j; 
(a), when a part of the horizontal thrust due to wind is taken up by 
each abutment, the truss being fixed at each end; (b), when one end 
is on rollers, and the horizontal component of the pressure is all resisted 
at the other end. 

Construct the force polygon, Fig. (b), laying off the forces in any 
convenient order. The order chosen here is P-P„, IVi-IKj. Consider 
first case (a). Both ends being fixed the exact direction of the reac- 
tions is indeterminate, but it will answer present purposes to assume 
them parallel and having a direction parallel to th^ resultant load. 
(Another assumption often made is that their horizontal components 
are equal.) Choose any poIeO, and draw the rays O^-OA^. Draw 
the equilibrium polygon i, 2, 3,-10, starting at any point i on the line 
of action Jf, and ending at 10, a point on R^; i-io is the closing line. 
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Draw the corresponding ray O L. KL and LA are then lespeciivel? 

equal lo the required reactions R, and fij acting as shown by the arrows. 

Case (6) is similar lo Example i. The construction is shown bj 

dotted lines. The right end is assumed to be on rollers, thus giving 




Fic. 36, 

a vertical reaction. The equilibrium polygon should be started af 
/.„, the left abutment, as this is the only point known on the line oi 
action of R'. 

Example 3. Given the bridge truss of Fig. 37, acted upon by liit 
vertical loads Pr^i. Required the reactions /i, and Rj. 




This is a case of vertical loads as in Art. 36. The construction if 
shown in Figs. 37 (a) and (i). 
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Example 4. Given the bridge truss of Fig. 38, acted upon by 
ertical loads P„ P^ and P^ and by a horizontal load P,. The truss is 
ssumed as fixed at the left end. This is ^milar to Example i, above, 
i'be construction is shown in Figs. 38 (a) and {b). 




Example 5. Given the three hinged arch of Fig. 39; hinges at 
1, B, and C; loads as shown. Required the abutment reactions at 
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A and C. Here four unknowns are in question, the amounts ml 
directions of two forces /?, and fij, which arc known only in ;x>inl3 
application, the hinges .4 and C. 

The closure of the force and equilibrium polygons [jermiu 1 
determination of three unknowns. To determine the fourth we cu 
make use of the fact that the hinges at ^, B and C can resist only fort 
which pass through their centres. As the lines of action of these fortt 
constitute the corresponding segments of the equilibrium polygon. 
follows that the equilibriuir. polygon of the given forces must pa 
through the hinges. Therefore, as a fourth condition the cquilibrit 
polygon must pass through ihe points A, B and C. Proceed, as 
Art. 37, to pass an equilibrium polygon for the forces P, and P^ ihrou^ 
the required points. .4-1-2-3 shows the trial polygon, pole chosen 
O; and ■4-4-S-5-C shows the required equilibrium polygon with ir 
pole found to be at A^. The amount and direction of R, and V?, a 
given respectively hy N A, acting from N to A, and C N, acting in 
C to A^. 

46. Second. —To Single Joints to find Stresses. — Algrbrak Metha 
This method consists in taking single joints at which not more thi 
two unknowns exist. We then have a system of concurrent fom 
which can be solved by means of the principles of Art. 23. 

Example i. Given the roof truss of Fig. 40; loads as shon 
required the stresses in all members. 

First find the abutment reactions at A and B, treating the strucin 
as a whole. 

From - M^ = o 

+ RJ -—l-W^l - iK - - IF - = o, 
2424 

from which 

R, = + 2W. 

Since the loads are symmetrical about the centre, the reaction at B 
equal to that at A ; hence R^ = 2 W. As there are but two mcmbef! 
meeting at joint A the determination of the stresses in the membcfl 
will be started at this point. Fig, (i) shows the joint at A rcmowl 
and the known forces applied, together with the unknowns S, 
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f» assumed to act as shown. Applying the two equations of 
xiuilibrium to the joint we have: 



+ 2W S,sia0 = 0, 



S, - +^ Wo 



(o) 



" 


/ 




w 




>< 






"^ 




^.. 








^ 




"t 


(' 


) 




..1 



.U:. 

w 






i±. 



From 2 H •= o 

4- 5, — 5, cos 6 = 
om which 

Sj= + S, cos e 



St = ^W coscc cos = i W cot 0, . . . (b) 
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The sign of the results will show whether the correct directions were 
assumed. 

Passing now to the next joint at which only two unknowns enst, 
we select joint C, shown in Fig. (c). Here 5, is known from the calculi- 
tions for joint A and is given in eq. (6). 5, and S, are the unknowns, 
assumed to act as shown. Applying the equations of equilibritim pwi 

From J i? = o 

+ 5, - .?, = o, 




5 = + 5 = + i B- cot fl. 

2 

From i" F = o 

S, = o [Hi 

Next pass to joint D, which is shown in Fig, (d). 5,, S^ and W 
are known forces. The two unknowns are S^ and J,. Applyin) 
the two equations of equilibrium gives 

From 1 H ^ o 

+ 5i cos e - 5, cos I? - 5s cos fi = o. 

From J F = o 

+ 5, sin fl - S, sin fl + 5^ sin tf ^ IF = o. 

We have here two independent equations invohing the unknowns 5, 
and 5g. Solving these simultaneously gives 

5. = + IF cosec 9 {e} 

IF 
5j = + — cosec e (/) 

The stresses at D are thus completely determined. In the same wij 
pass to the other joints, selecting in each case a joint at which but 
unknowns exist. 

Example 2. Bridge truss of Fig, 41 ; loads as shown. Deternuu 
first the reactions if, and R,. Then, as in Example i, start at jtanti. 
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taking the joinls in succession in the order shown in the figure. In this 
problem it will be found in each case that, by writing the equations in 
the proper order, only one unknown will appear at a lime, thus making 
Iht- solution simple. 



/ 


\ 


\ 




/ 


\ 




; 1; ■ 1: ' . 


r 




» u 







Example 3. Roof truss of Fig. 42; loads as shown. At first sight 
this truss appears to be indeterminate, due to the fact that three un- 
knowns exist at joint A. However, by taking first joint B, resolnng 
forces parallel and perpendicular to member .4 B D, the stress in BC 
can be found. Then pass to joint C and determine the stress in A C. 
The stress in A C, once known, reduces the unknowns at joint A to 

»two, allowing a solution for stresses in i4 B and A G. The methods 
employed are the same as used in Example i, above. 




47. Graphical Method. — As in the algebraic method, joints are 
taken at which only two unknowns exist. The system is then solved 
grai>hically as explained in .\rt. 30. 
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Example i. Roof truss of Fig. 43 ; loads as shown. Required the 
stresses in all members. First determine the reactions iE, and R, \sj 
the methods of Art, 35, Then as joint L^ is the only one at which n 






t 


- 



" c^ 



Joint Lg 

I.,-. 



"^W^ 




U) 



have two unknowns we must start there. Fig. (c) shows this joint re- 
moved, and all the forces applied. The unknowns are represented by 

5, and 5,. First lay off the known forces, — acting downward and 
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acting upward. From B draw a line parallel to the line of action 
S, and from L draw a line parallel to the line of action of 5,. The 
int of intersection, i, of these two lines will determine the magnitudes 
S, and Si- The direction in which these forces act can be found by 
ssing around the force polygon in the direction of the arrows. 5, is 
and to act toward the joint, indicating compression, while 5j acts 
ay from the joint, indicating tendon. 




v> 



*a 



(0 



0) 

Joint Lt 



- B 

w 



Fio. 43 ('. 7. *. '> "id "")• 

The joint at L, is the next one at which only two unknowns exist. 
;, (e) shows this joint with the forces indicated. The stress S2 is 
own from Joint i„ and S3 and 5, are unknown. Lay off 5j, Fig. 
*). as determined from i, on a line parallel to the member, with the 
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force acting from /, to i. Wc must now close the force polygon wifh 
lines parallel to S, and S,. But since 5, has the same line of action 
as 5;, the line in the force diagram representing the magnitude of 5, 
will be a point, thus having no length. The stress in Si is therefore 
zero. This might have been seen by inspection, as there is no load at 
L, acting so as to cause stress in S,. 

Next pass to joint V, shown in Fig. (g). Here 5, and 5, 
are known from Joints L„ and /.,. In the same way pass to joiflls 
U„ L„ L„ fj and i,j in the order named. The force diagrams 
for joints Lj and f , are given in Figs, (f), (j), (k), and (I). As 
the stresses in the two halves of the truss are symmetrical the 
stress diagrams in the right half are not given. When the loads 
are not symmetrical, the diagrams would have been drawn for 
all joints. 

Instead of drawing a separate figure for each joint, we may combine 
the force polygons, using each line twice as being common to two poly- 
gons. The combined figure may be called a stress diagram, A 
convenient notation to accompany this method is to letter each triangle 
of the truss, and also each space between the external forces, as in Fig. 
(a). Each piece and each external force is then known by the two 
lellers in the adjacent spaces, as the piece B i and the load BC, etc. 
Let us apply this method to the truss in Fig. 43 (a). Lay off the 
loads and determine the reactions as in Fig. {b). Beginning as before, 
at joint La, the force polygon for that joint will he L A B i L, Fig. (m]; 
B lis the stress in B i and L i is the stress in L i. In treating a joint 
the forces are always taken in the order in which the loads were plotted 
in the load-line. In this case the loads were laid off from left to right; 
that is, in a cIockwi.se direction. Therefore, we must pass around 
each joint in the same direction, beginning with the piece farthest to 

W 
the left whose stress Js known. At joint L„ the order will be R„ — , 

then piece B i and finally piece L i. The circular arrow at the lefl 
of Fig. (fl) is intended to indicate the dirccdon to be used, which should 
be noted at the time the load-line is laid off. _ 

The next step is to determine the nature of the stresses in t 
members. This can be done by following around the polygon, 
ginning as before with R„ Fig. (m), wc pass from L to A, since Jf, ; 
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W 
upward. — acts downward, from A to B. Continuing around the 

polygon, B 1 acts toward joint L^, indicating compression, and L i 
acts away from /.,, indicating tension. For future reference, mark 
on the member the kind of stress existing. Thus in Fig. (a) the — 
and + signs indicate respectively compression and tension. 

Pas^g to joint L„ the known stress farthest to the left is the tendon 
in L I, acting from L to i. The next member in order is i 2 and then 
L 2. To complete the polygon we must close on point L with a line 
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^^ 




parallel to member L 2. To accomplish this the line representing 
stress in member 1 2 can have no length, therefore indicating zero stress. 
This fact is shown in the force polygon by placing letters i and 2 at 
the same point. Next pass to joint U,. The force polygon will be 
1 BC 321. The force polygon for joint /., is L6 EF L, F L being 
the abutment reaction, which indicates a check on the work. 

Example 2. Bridge truss of Fig. 44; loads as shown. Required 
the stresses in all members. First find the abutment reactions R, and 
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R,. The graphical solution is shown in the figure. The stress diagran 
is given in Fig. (6), The diagram is begun at joint L^, the renuin- 
ing joints being taken up in the following order: L„ U„ L^, I',, i, 
L.„ etc. The order in which the forces are taken around the joint 
is shown by the arrow lo the left of the figure and the kind of stress h 
indicated on the truss diagram. 

48. Third.— The Method of Sections.— .4/^efiraic Mtlhod.^Xn ihi 
method, instead of taking single joints, a section is passed through tt* 
structure cutting the mcmbirs whose stresses arc desdred, and t 
equations of etjuilibrium applied to one of ihc portions into whi 
the .structure is thus divided. A pari of the forces are thus extcmi 
forces, and a part are due to stres.ses in the members cut. The porlid 
of the structure considered usually includes several joints, and thus lh( 
forces are in general non -concurrent. This gives us three equation 
of equilibrium, and hence if we cut but three members (not meeting ii 
a point) whose stresses are unknown, these stresses may be founit 
Another way of stating the equilibrium existing between the foro 
acting upon either portion of the structure, is to say that the strcad 
in any section hold in equilibrium the external forces acting upon cvia 
side of that section. Or, more in detail, 

1 vert. comp. external forces = I vert. comp. internal forces. 
J hor. comp. external forces = J hor. £omp. internal forces. 
J mom. external forces = S mom. internal forces. 

The equality is, however, one of numerical value but not of sign, US 
seen by comparison with the fundamental equations of equilibrium. 

Example i. Roof truss of Fig. 45; loads as shown. RcqtdR^ 
the stresses in all members. 

The reactions are first found. To find ihc stresses in mcmbai 
L„ U, and i,„ /-, pass a section a-b cutting these members. We the 
have a case of concurrent forces same as joint A of Fig. 40. As ih 
solution is identical it will not be rejieatcd here. 

To determine the stresses in members U, i/„ U, L, and /.,£}, pt 
a section f-rf cutting these members and remove the portion of A 
structure to the left logelher with all external forces. Replace II 
stresses in the members by forces acting along the centre lines of the 
members, a.ssuming their directions at will. Fig. 45 (6) shows it 
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resulting system of forces; 5„ 5j, and 5, are forces representing the 
unknown stresses. We have here a system of non-concurrent forces 




Fro. 45- 

in equilibrium. Applying the three equations of equilibrium, u^ng 
one moment and two resolution equations, we have 
From S V = o 

- S,sm0 + S,s.ia9 'W -~ + 2W = 0, 



from which 



W 



- 5, an fi + 5, sin ^ + — = o. 



From I H " o 



~ S, cos fl - 5, cos * + 5, = o. 



(a) 



From I M about U, = o 



+ - W cot <'. 
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The moment equation was taken about point U, in order to eUmisilc 
5, and 5,. Eq. (c) thus gives directly the value of S^, which is founl 
to be the same as for the corresponding member of Art. 46. Eqs. |«1 
and (b) can be solved simultaneously to get the values of 5, and 5. 
Substituting the value of S^ in et). (b) and sol\ing gives 

S, = + W cosec e. 

W 
5, = H cosec 6. 



The plus sign shows that the correct direction was assumed for the 
forces. By comparison with Art. 46, these values are found to ehed 
those obtained by the other method. 

In some cases, a little study of the figure will show that the solution 
may be obtained in a simpler manner than the one here used. In ll 
case of Fig. (i) the moment and resolution equationscan be so taken tk 
only one unknown will be contained in each equation, thus shortcnisi 
the work. 

Thus, to determine the stress in U, U„ take moments about i„ tin 
intersection of U, i- and L, Z,,, thus eliminating 5, and 5, which jui 
through the moment centre. The moment equation becomes 



-S,a - W 



I W I 



2W- 



but a, the level arm of 5,, is equal to - sin ( 
eq. {e) gi\-es 



which, substituted 



S, = + W cosec 0. 



(/I 



The stress in I/, Z., can be obtained by taking moments about L,, l' 
intersection of (/, f/, and L^L^. The resulting moment equation 



fe. 



- S,b + w - . 



•S. - + TT- 
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The leVer arm, b, is equal to 
eq. U) pves 



1 6. Substituting the value of 6 in 



(« 



Example 2. Given the bridge truss of Fig. 46 (same as Fig. 44) ; 
loads as shown. Determine the stresses in members U^ U^, U^ Z., and 

Pass a section a-b cutting the members whose stresses are desired. 
Fig. (A) shows the portion to the left of the section, with all forces in- 
dicated, together with the reactions as determined by the methods of 




Fic. 46. 

Art. 45. 5„ S„ and S^ are forces replacing the unknown stresses and 
are assumed to act as shown by the arrows. The value of S^ can be 
detenmned by a resolution equation, 



From £ V — o 



- 5, cos 6 
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The Stress in 5, can be delcrmined by a moment equation about U, 
which gives 

. i 



from which 



-S,h + 3-Pd - 



SPd 
1 h' 



In the same way moments about i; gives the stress in ^, thus 
-5, *-P.(+5-PXJd-o, 



+ - 



To determine the stress in a vertical member, such as t/, Z,,. pais 
section c-d, cutting the member in question and not more than Iiv 
others. The stress in 5, can be obtained by a resolution equation, 
putting ^' V = o, which gives 



-•5. - 



■S. ■ 



(4 



Since 5, and 5, arc bolh perpendicular to ihe axis of resolution, 
they have no vertical com|)onen[s and do not enter the equation. 

From the above examples Lt can be seen that the method of sectioiw 
has many advantages over ihe methodof successive joints, for ihe former 
method allows a single member to be taken from any part of the sinit- 
turc and its stress determined without any reference to the other mem- 
bers of the truss, except those cut by the same section. The method d 
successive joints requires the determination of the stresses in all the 
truss members between the abutment and the desired member, thus 
making the work very long in the case of the members near the centre 
of the truss. 

49. Graphical Method. — ^To apply this method we must commeBd 
it one end of the structure and pass a section cutting but two mcmbos 
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e stresses can be determined by the single condition that the force 
olygon. drawn for the forces on one portion of the structure, must 
lose. Then passing another section cutting three members, one of 
'hich has already been treated, we can find the stresses in the other 
>io. and finally, by successive sections taken in the same maimer, we 
. determioe all the stresses by simple force polygons. 




Sample. Roof truss of Fig. 47 (same as Fig. 43). Same loads as 
-fore. As the reactions will be the same as given in Fig. 43 (b), this 
mstruction will not be repeated. Lay off the load-line .4 F with 
Xions F L and Z. ^ al L^, and L, respectively. Now pass a section 
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cutting two members at one end of the truss. This section is m-» 

and the members cut are/.,, U, and L„L,. Fig. 47 (c) shows the portion 

of the structure to the left of the section free. The unknowns are 5, 

and 53, the stresses in L„U, and L^Li. A simple force polygcm. 

L A B I L, oi Fig. (b) gives the unknown stresses. The kind of 

stress is found in the same way as in the method of successive joints. 

In passing around a joint the forces should be taken in the order shown 

by the circular arrow to the left of Fig. {a). 

Now pass the section p-q cutting L^U,, U,L, and Z-oZ,,. The 

portion of the structure to the left of the section, with all forces appUd 

is shown in Fig. (d). S, and S, are the unknown stresses. The value 

W 
of Si has already been determined, and, together with — and R„ 

constitute the known forces. Since the forces are in equilibrium ihe 

force polygon must close. The portion LABhL (Fig. (6)) of the 

polygon is already drawn; 1-2 and 2 L drawn parallel to their respect' 

ive membets closes the polygon and determines the stresses in thi 

pieces. The stress in V , L^ is zero and that in L, L, is equal to the 

stress in L^L,. Again pass a section r-s. Fig. (e) shows the portion 

of the .structure to be considered. The members cut are U^ U,, U,L, 

and L, Z.,. The stresses in U, Uj and U, L^, S„ and S^ respectively are 

imknown, while 5„ the stress in L, L„ the reaction R„ and the joisl 

loads at L„ and U, are known. Complete the force polygon for these 

forces. 2 LA BC 2 2 of Fig. (&). In constructing this force polygon 

start with the farthest knoftii force to the left, 5„ given by 2 Z. of Fig. 

(b). Starting at point, 2, S, passes from 2 to L. The reaction passes 

W 
from L to A, then, in order — , W, 5, and 5j pass, respectively, from 

A toB, B to C, C to 3, and 3 to 2, finally closing on point 2, the pant 
of beginning. 

In the same way pass successi\'e sections until the stresses in ^ 
members have been determined. While the above is a different method 
from I hat following in the method of successive joints of Fig, 43, yd 
the resulting diagram is precisely ihc same as obtained by that method, 
the force polygon for any joint being given directly in the figure. More- 
over, if we pass any section whatever through ihc structure, the polygctt 
of the forces acting upon cither portion will be given by the diagn 
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so. Special Applicalion. — In case it Is necessary to determine the 
stresses in but one or two members of the structure when under a given 
loading, the preceding method necessitates the finding of all ihe stresses 
up to the ones in question, and thus is a much longer process than ihe 
analytical method of sections. If there are no external forces applied 
to the structure between one of the abutments and the section cutting 
the members in question, as is often the case, the desired stresses can 
readily be found by graphics as fallows: In Fig. 48 suppose the stresses 
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are desired in the members cut by the section m-n and that there are 
no loads to the left of this section (P, is not at present considered). 
Determine R, by any convenient method. Fig. (b) shows the portion 
to the left of the section with stresses 5„ 5,, and ^3 indicated. Now 
these stresses, with R„ form a balanced system whose equilibrium is 
independent of the shape of the structure acted upon. We may there- 

E substitute the triangle /.„ U^Lj for the actual structure to the left 
', L, without changing the stresses 5„ S^, and S,. Let this be done, 
proceed to construct the force diagram for the modified structure, 
inning at L^. In Fig. (c), ^ B i .4 is the diagram for L». B-i is 
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the Stress S^. The stresses S, and 5, are then found as in Art. 49 br 
cloang the polygon A B 1 2 ^A. 2-3 — 5, and 3-^ ■= S,. 

If there be a load P, at the joint L„ adjacent to the section, the 
triangle Lo U-, i, may still be used. Fig. (d) gives the construction. 
AB 1 gjves the stresses at L^ and i 5 C 2 i gives the stresses at I, 
C-2 = 5,. Then 5, and 5, are obtained by cloang the polygon for 
RtP,St,.Sj and 5,. It is -4 SC 2 3^. 2-3 -5, and 3-^ =5,. 
Notice that ^4 i 2 3 ^ is also the diagram for joint U,. 
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CHAPTER III 

ANALYSIS OF ROOF TRUSSES 



Section I. — ?drhs or tbusses 

51. A few of the slandard forms of trusses are shown in Fig. i. 

The Howe truss of Fig, {a) is usually made of wood except the 
vertical lenaon members, which are steel rods. The diagonal web 
members are all in compression, which makes this form of truss very 
economical for construction in wood. The Pratt truss, Fig. (b), is 
usually made of steel. In this truss the verticals take compression and 
the diagonals take tension. The Fink truss of Fig. (t) is a very econom- 
ical form of roof truss. It is usually constructed of steel with riveted 
joints. In this form the compression mL-mbcrs arc the shortest mem- 
bers in the truss. It is used more than any other form of truss for 
moderate spans. The Fan lru.ss, Fig. (d), is a form of Fink truss in I 
which the top chord has been divided into shorter lengths in order to*' 
provide sup]>orls for purlins which would not come at panel points in 
the truss of Fig. (c). The French truss of Fig. (p) is al..o another form 
of Fink truss. In this truss the bottom chord is cambered for the 
sake of appearance or headroom in case of steep pitches. The 
effect of the camber in the bottom chord is to incrca,se the stresses in 
the members, but at the same lime the lengths of the web members 
are decreased. The result is thai this form of truss requires about 
the same amount of material as the truss of Fig. (c). The trusses of 
Figs. (/) and (g) are used for fiat roofs. In short spans the joints 
are riveted, and in longer spans pin-connected joints arc used. The 
truss of Fig. (g) is used where counterbracing is to be placed in the 
panels. The saw-tooth construction of Fig. (A) is used for null 
buildings. The shorter leg usually has a glass skylight, facing 
toward the north to avoid the direct light of the sun. 
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T The arch truss of Fig. (i) is used for long spans, such as railway 
shfds, auditoriums, and drili halls. In the form shown, called 
B three-hinged arch, hinges are placed at the two abutments and also 
I'the centre. The reactions can be determined by the methods of 
;. 44 and 45. If an arch has no hinges, or has but two hinges at the 
iutmenls, the stresses depend upon distortion as well as ujxin the 
«k load. These forms are treated in Part II. In some cases where 
«\7 abutments would be required to resist the horizontal thrust of 
1 reactions because of poor foundations, the thrust is taken up by 
t>rods under the door, the foundations taking only the vertical com- 
lents of the reactions. 



SEOTtOH II. — Loads and Reactiohb 

5a. Dead Load.— The dead or fixed load supported by a truss is 
made up of: the weight of the truss itself; the roof, including roof- 
coverinu, sheeting, rafters, and purlins; and sometimes the weight of 
ceilings, floors, and other loads suspended from the trusses. The roof 
being designed first, its weight can be directly computed, as can also 
be the weight of ceilings and floors. The weights of materials used for 
roofs, ceiUngs, floors, etc., can be found in tables given in Architects' 
and Builders' Pocketbook, by F, E. Kidder, 

From these tables the weights in pounds per Square foot of roof are 
given as follows: 

Shingling — tin, i pound; wooden shingles, 3 to 3 pounds; slate, 
8 to 10 pounds; tile, 8 to 20 pounds. 

Roof coverings — corrugated iron, i to 3 pounds; gravel and felt, 
5 to 6 pounds. 

Rafters— 1.5 to 5 pounds. 

Purlins— wooden. 1.5 to 3 pounds; steel, 1.5 to 4 pounds. 

Sheeting — i inch thick, 3 to 5 pounds. 

Plastered ceihngs — 10 pounds per sq. ft. of cciHng. 

Total for roof covering — 5 to 30 pounds. 

The weight of the truss can only be approximated. Various 
formulas have been densed, based on actual weights of existing trus.ses. 
The conditions vary so much that any formula can give only an ap- 
proximation of the true weight. When the structure has been designed, 
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its weight can be calculated, and if the calculated and assumed wcighu 
difTer by an unreasonable amount, the structure must be recalculatdj. 
using the weight as found from ihe design. 

From an investigation of trusses designed for the purpose, Professx 
N. Clifford Ricker has deduced the following formula: * 



/ 



6,000* 



('t 



Where ic = weight of truss in pounds per square foot of horlzoDtil 
projection, and I = span in feet. The type of truss used was thai rf 
Fig. I (a), material long-leaf yellow pine. The span lengths used 
varied from 20 to 200 feet, the height of truss was taken in all casesu 
one-quarter of the span length. 

While the above equation was derived with reference to a woodot 
truss of the form Fig. i (a), it has been found to give approximate 
values which can be used for the preliminary design of trusses of the 
type of Figs. I {b'j, (c), ((/), and (e), when constructed either of wood or 
steel. 

Other formulas which have been proposed are given below: 

■w = ^i [ I + — ) M. A. Howe. For wooden and steel tnistes. 

\ 10/ 

w = yi (i + 0.15 H. S. Jacoby. For wooden trusses. 

w = 0.06 L + 0.6 for heavy loads | Chas. E. Fowler. For Fink 

u- = 0.04 L + 0.4 for light loads J trusses. 

P / , I \ M. S. Ketchum. For steel mill building 



-^(' 



SV a' trusses. 
In the above formulas, w -= weight of truss in pounds per square foot 
of horizontal projection, / = span in feet, A = distance betwew 
ccntre.s of tru.sses in feet, and P = capacity of truss in {munds per 
square foot of horizontal projection. Very complete tables of weights 
of trusses, for different span lengths are given in Part III of BuildinS 
Construction, by F. E. Kidder, from which Tables I and II hav« 
been taken. 

* Sep Bulletin No. ib, Illinois Engineering Riperimcnl Slation. .\ugtm, 1Q07. 
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WEIGJTT OF WOODEN ROOF TRUSSES IN POXJNDS PER SQUARE FOOT 
OF ROOF SURFACE. 
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The weight of trusses of the form of Figs, i (/), ig), and (A), for short 
spans can be estimated by the above Tables, For long spans each 
case will require special consideration. For the arch truss of Fig, 
I (»). the weight of truss to be used in the preliminary design can be 
found best by comparison with existing structures of the same size. 
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The effect of machinery or shafting loads on the weight of trusses 
depends so much upon the special case under con^deration that a 
formula cannot be expected to cover a general case. The amount to be 
added is to be determined by the experience of the designer. 

53. Live Load. — The live or variable load consists of, (a), the wind 
load, (b), snow load, (c), floor loads, if any. 

{a) The Wind I^ad. — The pressure of the wind upon a plane 
surface normal to its direction is found to be closely proportional to 
the square of the wind velocity. Experiments made by Professor 
C. F. Marvin on Mt. Washington * gave results agreeing closely with 
the formula P = 0.004 ^'. where P = pressure in pounds per sq. ft., 
and V = velocity of wind in miles per hour. Recent experiments 
made at the Eiffel Tower and at the National Physical Laboratory of 
England gave results agreeing very closely with each other but diEFering 
somewhat from those of Professor Mar\'in. These results accord very 
closely with the formula 

P = 0.0032 V', 
for square surfaces from 10 to 100 sq. ft. in area. For smaller areas 
the pressures were somewhat less. Adopting the latter formula gives 
pressures for various wind velocities as follows: 



32 



The wind vclocilies in severe storms in the United States rarely 
exceed Ao miles per hour, excepting in the case of hurricanes or torna- 
does. In tropical hurricanes reaching into the southern border of the 
United Statt-'s, wind velocities of from 80 to 140 miles per hour have 
been recorded. In estimating the pressure for large areas, or for small 
areas constituting parts of a large structure, such as a long-span bridge, 
the variable character of the wind should be taken into account. While 
any small jiart of a structure is hkely to be exposed to the maximum 
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\-elodty and pressure no very large area will be exposed to such pres- 
sures at the same instant. The maximum average for large areas will 
ilius be considerably less than for small areas, such as were used in the 
cxix^riment referred to. Some cxperimenis made by Sir Benjamin 
Baker during the erection of the Forth Bridge* showed that the ratio 
of the unit pressure upon an area of i}i sq. ft. to that upon an area of 
300 sq. ft,, varied from 1,3 to a.g, averaging about 1.5. The highest 
pressure recorded during the seven years over which the observations 
extended was 41 lbs. per sq. ft. upon the smaller surface and 27 lbs. 
upon the larger. The gales experienced in that vicinity are very severe. 
The wind velocities in tornadoes have never been measured, but 
the pressures exerted ha\e been approximately determined in a few 
instances by a study of the effect on certain structures. In (he St, 
Louis tornado of i8g6 there was e\idcnce of a pressure of 60 lbs. per 
sf|. ft. on a length of 180 ft.f ,\ study of the effect of tornadoes, by 
C. Shaler Smith and others, leads to the conclusion that a pressure 
•xcceding 30 lbs. per sq. ft. is very improbable over a space as wide as 
1 50 or 200 feet, and that generally a greater pressure than this does not 
extend over a path wider than 60 feet.J 

Considering the above data and the known stability of structures 

properly designed under modern specifications, a maximum pressure of 

30 lbs, per sq. ft. would appear ample for areas of any considerable size; 

Mud in localities not subject to tornadoes or hurricanes, or in protected 

^locations, a maximum pressure of 20 to 25 lbs. per sq, ft. is suflicient. 

^Rlie usual assumption for roofs and exposed buildings is 30 lbs. 

The effect of wind is to cause not only a pressure on the windward 
side of a "structure, but also a suction effect on the leeward side of a 
roof or building, resulting in an outward and upward pressure. In 
tornadoes the effect is very great and is measured by a marked drop in 
(he barometer in a short distance. The resulting bursting effect is 
ijh\iou3 in many wrecked structures. This action should be provided 
Lj.iinst. at least to an extent equal to that for direct pressure, by proper 
jichoragc of trusses and bracing of frames against outward as well as 
•award pressures. 

* Enpncerinn, Feb. 18, i8go. 

t Trans. Am. Soc. C. E., Vol. XX-WIl. p. iii. 

I Trans, Am. Siic. C. E., \.j|. LIV, igo.s, p. 37. 
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The pressures above considered are those exerted by the w 
normally lo the exposed surface. In estimating the pressure on n 
and other inclined surfaces the direction of the wind is assumed M 
horizontal and the normal component of the pressure calculated. 
tangential component is small and is neglected. The normal o 
ponent is calculated from empirical formulas derived i 
ments. Two formulas are in use, 

Hutton's formula is: 

P„ =Psinrt '«""-'-: . , 

Duchemin's formula is: 
3 sin ct 



P.-P- 



In these formulas 

a = angle of inclination with the horizontal, 
P„ = normal component of pressure, 
P = pressure per sq. ft. on a \'enical surface. 
Duchemin's formula gives somewhat the higher values and Is i 
sidcrcd to be ihe more reliable. The normal component for vari 
angles for pressures of 20 and 30 lbs., calculated by this formula, are 
follows: 

T.-^BLE III. 
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Pressures on other ihan plane areas are variously estimated about 
as follows: On cylindrical surfaces, 60 to 66-2/3 1'*^'' cent, of that on 
plane areas; on octagonal prisms, 70 per cent.; on concave-shaped 
areas 125 to 150 per cent. 

(ft) The Snmv Load.— The snow load is a variable quantity. depend- 
ing upon the lalhude and the humidity. Dry. freshly fallen snow 
weighs about 8 pounds per cubic foot, and may attain a depth of 3 
feet on flat roofs. Packed snow will weigh about 12 pounds per cu. 
ft., while saturated snow, or snow mixed with hail or sleet, may weigh 
as much as 30 pounds per cu. ft. Such snow will seldom be foimd 
more than about 16 inches deep. It is generally assumed that a roof 
will not be subjected to the maximum wind and snow loads at the same 
lime, but as a sleet or heavy wet snow storm may often be followed by 
a high wind, some allowance should be made for a part, at least, of the 
snow or sleet remaining on the roof. This allowance is usually one- 
half the maximum snow load. The following table, taken from Part 
III of Building Construction, by F. E. Kidder, gives a suitable 
snow allowance for various conditions. 

TABLE IV. 
ALLOWANCE FOR SNOW IN POITNDS PER SQUARE FOOT OF ROOF 

SURFACR. 


Location. 


PiTcn or Ro6». H 


'/» 




Ut 


■A 


■ /A«ku 


Saullicrn Slates and Fadfc 
Slope 


• t 


°- 5 
7-10 
10-is 

11-18 


°~ 5 
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=1 

35 
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5 
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35 
40 
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Rocky Mouniflin StatM. 

New England Stales. 




•F«,!al.,ine.<irn.i^lslroo[s. -f FMshlngb twJ.. ■ 

Snow load need not be considered on roofs where the inclination to the 1 
horizontal is greater than 45° to 60°, depending upon the smoothness. 1 
(c) Floor Loads and Other Loads. ^Live loads for floors are hard to 1 
classify. Each case must be considered in detail in determining the J 
loads to be used. The building laws of large cities specify certain load^^^^^f 
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by which the engineer must be governed. The table below ^vesafn 
of these values: 

TABLE V. 
FLOOR LOADS SPECIFIED IN BUILDING LAWS OF VARIOIIS CITIES. 



Lfve LaadB [c. _._ 
Clasm ot Bulldtni 
tlie Weight ' ' 



New Yorl 



Chlca, 



Philitdelpbu. I 



m%'tU 



Pounds per Square P 



Dwellings, Apartment Houws. 
Hotels, Tenement Houses, 

Lodging Houses 

Office Buildings — First Floor. . 
Office Buildings — above First Floor 
Schools or Places of Instruction, . 
Buildings for Public Aasembly . . . . , 
Buildings for Ordinary Stores, 
IJght Manufacturing, and Light 

Stores for Heavy Materials, Ware- 
houses, and F'acloiiea 



Where cranes, shafting, machinery, or other concentrated loads 
carried directly by the trusses, or on floors supported by trusses, Ihoi 
exact weights can be obtained and applied at the proper places. 

(d) Combined Effect of Snow and Wind Loads. ^In some cases-] 
allowance is made for snow and wind by assuming their combint 
effect to be equivalent to that of a uniform vertical load applied ovi 



TABLE VI. 



Pitch «» Roor. 



Nonhwest Slates 

New England States 

Rocky Mountain Swtes 

Central States. 

Southern and PariQc States , . 
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the whole truss. It has been found that for ordinary wooden and steel 
trusses, whose inclination to the horizontal is not more than 45°, this 
methttd gives results which are sufficiently accurate. A table giving 
ihe amounts of such loads for various conditions is given in Part III of 
Building Construclion, by F. K. Kidder. 

These values are gi\'en in ihc preceding table, 

54. Apex Loads. — The loads carried by roof trusses are assumed as 
applied at the joints of the upper chord. The weight of the roof, and 
the wind and snow loads are transferred to the truss by means of the 
purlins. In large roofs the purlins should, if possible, be placed upon 
llie trusses at the joints; but if it is necessary to place them between 
joints, the members of the upper chord supjiorting them must be de- 
signed to resist as a beam as well as a compression member of the truss. 
The weight of the truss is usually assumed as divided between the panel 
points of the top chord. For large trusses part of the load should be 
distributed over the bottom chord also. Ceiling or floor loads carried 
by a truss are distributed among the panel points of the loaded chord. 
Machinery or shafting loads are assumed or applied at some part of 
ihe truss. If such loads are suspended from a truss member, this 
member must be designed as a beam as well as a truss member. 

The snow and roof loads being vertical and uniformly distributed 
over each panel, the joint loads are each equal to one-half the sum of 
the adjacent panel loads. Thus ihe 
load at b. Fig, 2, is equal to one-half 
ihe panel load on 6 c plus one-half 
the panel load on a b. The snow 
load on the panel a b is, of course, less 
per square foot of roof than on be. 
The wind load at b is equal to one- 
half the wind load on be combined 
ivith one-half the wind load on a b, the load on each panel being nor- I 
mal to the surface. If all panels in one-half the truss Ue in the same ' 
plane and are equal, then all joint loads are equal. 

The above applies only when the purlins are placed at joints. If 
placed at intermediate points, the loads on the purlins are found as 
above and divided between adjacent joints in the inverse ratio of the 
distance of these joints from the purlins. 
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In roofs of ordinary span it is usual to attach the roof covering 
directly to small angle-iron purlins. In this case the roof load may he 
treated as a uniform load upon the truss, both in getting apex loads 
am! in computing the bending moment in the upper chord, 

55. Reactions.— For snow and dead loads both reactions arc 
vertical. For wind load the reactions depend upon ihc mrnner of 
supporting the truss. If both ends, are fixed the wind reactions arr 
indeterminate, as four unknowns are in question— the smoums and 
directions of two forces. To determine the unknowns a fourth in- 
dependent equation, in addition to the three equilibrium equatioiLs 
must be used. This fourlh equation is obtained by making certain as- 
sumptions as to the manner in which the horizontal components of the 
forces are divided between the two abutments. One of two assi 
tions is usually made, cither (a), that the horizontal components of the 
two reactions arc equal, or (b), that the direction of the reactions are 
parallel to the resultant wind load. Of these two, the former is 
probably the more correct assumpiion, and the one which will be used 
hereafter in the solution of problems under this case. If one end 15 
free to move, i.e.. on rollers or supported on a rocker, the reaction a 
this end is vertical and that at ihe iixed end follows from the analyse 
If one end be fixed and the other merely supported upon a smooth iron 
plate, the reaction of the free end may have a horizontal compontJil 
c(]ual to the \'crlical component multiplied by the coefficient of friciioo, 
which is about 1/3. 

seotiok in.— Amaltsis 

56. General Methods.— The analysis of a roof truss may be dindcd 
into two parts: (a) the determination of the external forces — loodi, 
and reactions; (b) the determination of the internal forces — the streets 
in the members. 

In determining the external forces, the loads at the joints arc fira 
calculated from the data in Art. 52. Then, by the methods of .\ni 
44 and 45, the remaining external forces — the rcactions^-are found. 
It witt usually be found convenient to determine reactions by algebraic 
methods, because of ihe ease of calculation and also because superior 
accuracy can be obtained by this method. In cases where the calcula- 
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tion of lever arms is complicated, a large scale drawing of the truss can 
be made and the desired distances scaled from layout. i 

For the determination of the internal forces, or stresses, the graph- 
ical method of stress calculation will usually be the more convenient. 
As there are but three or four different possible loadings for roof trusses, | 
it will be necessary to draw but one diagram for each loading. The 
loadings for which the stresses are usually determined are the dead 
load, the snow load, and the wind load, which is considered as applied 
first to one-half, and then to the other half of the truss, due to the fact 
that the nind may blow from either direction. As the dead and snow 
loads are vertical loads, considered as uniformly distributed, the pane! 
loads will be proportional to the loadings. Then, if the stresses due to 
dead load are found by a stress diagram, those due to the snow load can 
be determined by direct ratio from the dead-load stresses without draw- 
ing a separate diagram. .\s the wind loading is usually an unsym- 
mcirical loading, and not always the same for the two sides of the truss, 
separate wind diagrams must be drawn for both directions of the wind. 
Then, by a combination of the stresses thus determined, the maximum 
jiossible tension or compression to be resisted by any given member 
Lan be determined. In the following articles the complete analysis 
of a few standard forms of trusses will be given. 

57. Analysis of a Howe Roof Truss. — A complete analysis of a truss 
of the form of Fig. i (a) will now be made. Fig. 3 (a) shows the truss 
lo be analyzed. Thefollowing dimensions andconditions will be taken: 
Span, 50 ft.; rise. 12.5ft.; distance between trusses. 16ft.; roof divided 
into six equal panels; ends 6xed. Length of horizontal projection of a ■ 
lop-chord panel will be 50 ■*- 6 = 8.33 ft. The angle will be 56" 34'. 
The length of the lop-chord panel will then be 8 33 X sec fl = 9.3 ft. 

kFrom eq. i, Art. 52, the weight of the truss in pounds per sq. ft. of 
: , , , I P zo 2,t;oo 

Isontal area may be taken as 1- z — - = ^— + -^ — = 2,4 
25 6,000 25 6.000 

potinds. As the horizontal projection per panel is 8.33 ft. and the 
(iistance between trusses is 16 ft., the panel load due to the weight of 
the truss will be 8.33 X 16 X 2.4 = 320 pounds. The roof covering 
will be assumed as shingles and sheathing carried by rafters and 
purlins. From the data given in Art. 52, the weight of the roof cover- 
ing will be taken as 10 pounds per sq. foot of roof, made up of the 
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following items: Shingles, a. 5 pounds; sheathing, 3.0 
rafters, 1.5 pounds; purlins, 3.0 pounds. As the lop-chord pant^ai 
9.3 feet long, the panel load due to the roof covering will befl 
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Flc. 3. 

16 X 10 = 1,488 pounds. The total panel load due to dead li 
will be 330 pounds for the weight of the truss and 1,488 pounds lot l| 
covering, a total of 1.808 [pounds. 
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The maximum weight of snow lo be provided for is given in Table 
IV of Art. 53. The truss in question has a pitch (ratio of height to 
span Wngth) of onc-quarlcr. For a shingle roof the snow load for the 
Central States is given as 20 pounds per square foot of roof area. 
The snow-panel load is then g.3 X 16 X 20 == 2.976 pounds. The 
minimum weight of snow will be taken as one-half the maximum, 
giving a panel load of 1.488 pounds. 

The wind ioad as given in Table III of Art. 53. for a tru-ssof >^ 
pitch, is 22.4 pounds per sq. ft. of roof, assuming the wind pressure 
as 30 pounds per sq. ft. of vertical projection. The panel load due to 
wind will then be 22.4 X 9.3 X :6 = 3.330 pounds. 

After drawing the truss carefully 10 scale, as shown in Fig. 3 (a) 
(the scale used for this case was 5 feel to an inch), we proceed to draw 
the diagram for dead ioad, (Fig.3(6)). Each joint load is r.8o8 pounds, 
except the loads at the end joints which are half loads, or 904 pounds. 
These loads are laid off lo form the load-line A A'. Since the loads are 
symmetrical about the centre of the truss, the reactions are equal, and 
are represented by A' L and LA, each equal to }-i A A'. Beginning 
at the left end of the truss, the diagram is drawn exactly as in Fig. 43, 
Art. 47. The scale used in this case was 2,000 [jounds lo one inch. 
The amount and kind of stress in each truss member is given in Column 
I of the table of stresses; they were readily scaled off to the nearest 
ten pounds. The diagram for maximum snow load will be a 
figure amilar to the one for dead load, and the stresses in the two cases 
will be proportional to the corresjjonding panel loads. Therefore, if 

we multiply each dead-load stress by -^^, we will have the corre- 
sponding snow-load stress. These are best found with the slide rule. 
Column 2 of the table gives the maximum snow-load stresses. The 
minimum snow-load stresses are one-half the maximum snow-load 
stresses. They arc given in Column 3. 

For wind stresses we must consider the wind blowing first from one 
side; then from the other. Since the ends of the truss are assumed as 
fixed, we will consider the horizontal components of the wind as equally 
divided between the two abutments. 

Fig- 3 (f) is the diagram for wind from the left. The load-Une is 
A D'. The reactions are best found algebraically. A moment equa- 
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lion about the left end of the truss gives R, = 2,785 pounds. In the 
same way, moments about the right abutment gives/;, = 6,135 pounds. 
Rj and R„ the horizontal components of the reactions, are found hv 
a resolution equation for horizontal forces. Thus i?, = R, 
X(i.<>65 + 3,330 + 3,330 + 1,665) sin 26° 34'= 2,230 pounds. The 
reactions are then plotted in the line D' Y LX A, closing the iwlyron 
for external forces. Beginning at the left end of the truss, the sti 
diagram is readily constructed. It w-ill be found that there arc 
stresses in the web members of the right half of the truss. Column i 
of Ihe table gives the stresses as found from the diagram. 

The stresses for the wind from the right can be obtained from Fig. 
(c), as the diagrams for the two directions will be similar in form 
of opposite hand. That is, the stress in any member in one half of ihe 
truss for the wind from the right will be equal to that for the corre- 
sponding member in the other half of the truss for the wind from the 
left. Thus the stress in member C 3' for wind from the right is 
to that given by the diagram for wind from the left for member Cj. 
Column 5 of the table gives the stresses for wind from the right. 

The stresses as obtained for the different conditions of loading, and 
recorded in Columns i to 5 of the table, must now be combined to gire 
the maximum stresses in the members. The possible combinatiota 
are: Dead load and maximum snow load; and dead load, minimuni 
snow load, and wind from the right or left. These combinations are 
made up for each member and the greatest value thus obtained is gircn 
in Column 7, In Column 8 are given the numbers of the columns u*ol 
in making up the results. The table of stresses shows that the panid 
loading does not cause a reversal of stress in any member. For thii 
reason it is sometimes considered sufficient to use a uniform verticil 
load over the whole roof surface, which shall be equivalent to the com- 
bined effect of Ihe wind and snow. For a truss of X pilch, Table VI 
of Art. 53, gives this load as 35 [xiunds per square foot of roof. 

The panel load for the truss in question would then be 9.3 X 16 X 
25 "= 3-720 (xjunds. Adding to this the dead panel load of 
pounds gives a total panel load of 5,528 pounds. The stresses cause! 
by this load were found by ratio from the dead-load stresses, and art 
given in Column A of the table of stresses. Dy comparing the maxinuus 
stresses as given for the partial loadings with those of Column 6 it will 
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be seen that for the top- and boltom-chord members the imiform load 
gives greater stresses, while the partial loadings give the greater stresses 
in all but one web member. 

58. Analysis of a Fink Truss. — Let the truss of Fig. 4 (a) ha\'e a 
span of 72 feet, rise of 24 feet, distance between trusses 16 feet, left end 
fixed, right end on rollers, roof divided into eight panels. The inclina- 
tion of the roof to the horizontal will be 33° 41', or 1/3 pitch. The 
length of a top-chord panel is 10.8 feet, and its horizontal projection is 
9 feet. The weight of truss per sq. ft. horizontal projection is givsn 
by eq. (i), Art. 52, as 3.74 pounds. 

The panel load will be 9 X 16 X 3.74 = 538 pounds for weight 
of truss. The weight of roof covering will be assumed as corrugated 
steel on purlins, which will weigh 7.0 pounds per sq, ft. of roof. The 
panel load for roof covering will be 10.8 X 16 X 7.0 = 1,210 pounds. 
The total dead panel load will then be 538 + 1,210 = 1,748 
pounds. These loads are shown in position in Fig. (a), half-panel loads 
being placed at the abutments. Next proceed to draw ihc dead-load 
diagram, Fig. (b). As ihe truss, and also the loads are symmetrical 
about the centre, only one-half the diagram need be drawn. The load 
line is A L. The stress diagram can be drawn as before until we reach 
joint U^. Here three unknowns are in question, the stresses in mem- 
bers D 5, 5-4 and 3-4. 

The unknowns at this joint can be reduced to two for the time being 
by replacing members 6-5 and 5-4 by the member 6- A', dotted in Fig. 
(a). The polygon for joint U^ then becomes 3, 2, C, D, X 3, Pasang 
now to joint U^, the polygon is X D EG X. The polygon will ^ve the 
true stress in E 6, for it can be seen that the stress in £ 6 will not be 
affected by any change in the form of the truss below joint U^, pro\ided 
the position of the loads is not altered. Again replacing members 
6-5 and 5-4, and removing 6- A', pass around joint U^, determining the 
true stress in D 5 and also the stress in D 6. Now pass to joint £/„ at 
which two unknowns now exist, the stresses in 5-4 and 3-4. The 
remaining stresses are readily determined as in pre\"ious cases. The 
stresses as scaled from the completed diagram are given in Column i 
of the Stress Table. The stress diagram of Fig. (b) suggests a simple 
method of passing around the joint U, without substituting member 
6- A", When the panel loads are equal and symmetrically placed, 




ANALYSIS OF A FINK TRUSS 



95 



points I, 2, 5, and 6 of the stress diagram will lie on a straight line. 
After the position of point i has been determined, points 2, 5, and 6 can 
be located by erecting a perpendicular to B i. The intersection of 




Fig. 4 (0) and (ft). 

this Une with C 2,D $, and E 6 will determine the stresses in the corre- 
sponding members. When these stresses arc known it will be possible 
to pass around all the points, for only two unknowns exist at each point. 
This construction also holds for the wind load diagram. When the 
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loads are unequal this method cannot be used, as the points i, 2, 5, a 
6 will no longer be on a straight line. 




The maximum and minimum snow -load stresses are determined 
ratio from the dead-load stresses, and appear in Columns 2 and ; 
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the table. The maximum snow load per square fool of roof is given in 
Table IV of Art. 53, as 7 pounds for a truss of 1/3 pitch with a metal 
oof, location Central Slates. Panel load = 10.8 X 16 X 7 = 1.209.6 
pounds. Use 1,210 pounds. The minimum panel load w-ill be one- 
half the maximum, or 605 pounds. 

For wind stresses we must consider the wind blowing first from one 
.side, ihen from the other, since the abutment reaction at the roller end 
must in both cases be vertical. The stresses in the two cases will, 
therefore, nol be symmetrical. The wind load is due to a normal 
pressure of 25.5 pounds per sq. ft. of roof, as given by Table III of 
.A.rt. 53, assuming 30 pounds per sq. ft, on a vertical area. The total 
panel load is then 25.5 X 16 X 10.8 = 4,406 pounds. Fig. 4 (c) is 
the diagram for wind from the left, and Fig. 4 (d) is the diagram for 
wind from ihe right. The abutment reactions as calculated algebra- 
ically are given on the truss diagram of Fig. (a). The stresses as scaled 
from the diagrams are given in Columns 4 and 5 of the stress table. 



I 




It is seen thai the stresses in pieces L i . /. 3, and L 7 are compressive 
for wind from the right, whereas they were tensile for dead load; the 
resultant stresses arc, however, all tensile. In Column 6 arc given 
the maximum stresses as made up for the possible combinations of the 
partial loadings. 

In some cases the truss considered in this article is placed on col- 
umns instead of on masonry walls". In such a case inclined members, 
called knee braces, are used lo join the columns to the truss and form 
a rigid system to resist the horizontal thrust due [o wind. Fig. 5 shows 
such an arrangement. This form of truss will be treated in Chapter 
VI. 
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59. AnalysiB of a Quadrangular Truss. — Truss shown in Fig. 6 (a). 
Span of 72 feet; pitch of roof, },{, Trusses 16 feet apart. Ends 
assumed as fixed. In this form of truss, the wind blowing on, one side 
of the truss will sometimes cause a reversal of stress in the diagonal 
web members. To avoid this, a second member, called a counter, 
shown by the broke^ lines of Fig. (a), is placed in each panel where 
such reversal is found to occur. Thus each member will be called upon 
io take only one kind of stress, and only one of the members in a panel 
will act at a time, the stress in the other member being zero. In the 
truss in question, the diagonal web members will be assumed to take 
tension only. 

The panel loads will now be determined. The top-chord-panel 
length is found [o be 10,06 feet. The dead panel load will be due to 
9.3 jmunds per stj. ft. of roof for the truss, as given in Table II of Art. 
53, and to 7.0 pounds per sq. ft. of roof for covering, assuming the same 
covering as for the Fink truss of Art. 58, The total dead panel load 
will be (0.3 + 7.0) X 10.06 X 16 = 2,620 pounds. The maximum 
snow load will be 15 pounds per sq. ft, of roof, as given in Table IV of 
Art. 53. Maximum snow panel load = 15 X 10.06 X 16 = 2,415 
[loiinds. Minimum snow panel load is one-half the maximum. The i 
wind load is given in Table III of Art. 53 as 23,4 pounds per sq. ft. of * 
roof, assuming the wind pressure to be 30 pounds per sq. ft. of vertical 1 
area. Thelotal wind panel load is 22.4 x 16 x 10,06 = 3,606 poimds. 

The dead -load-stress diagram, given in Fig, 6 (b), is constructed as 
before. The form of the truss was first assumed such that all the J 
diagonal web members sloped downward and toward the centre of the ■ 
truss. In passing around the successi%'e joints, it was found, however, 
that if members 5-6 and 7-8 sloped as assumed, they would be in 
compression. As this was contrary to the condition slated above, that 
diagonal web members were to take tension only, these members were 
changed to the direction shown by the full lines of the truss diagram, 
Fig. (a), after which all were found to be in tension. The stresses as 
determined are given in Column i of the Table of Stresses. The 
maximum sTiow-load stresses were obtained by ratio from the dead-load \ 
stresses, and are given in Column 2, The minimum snow-load stresses 
are pven in Column 3. 

The stress diagram for wind from the left, Fig. 6 (c), was thea 
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drawn. The ends of the truss were assumed as fixed, the i 
components of the reactions being taken as equal. Also it was assua 
that the wind on the vertical sides of the truss is carried by a a 




Fic, 6 (i 

► wipporiing curtain wall. In passing around the joints of the t 

I was found that the form of the truss, assuming as before thai diagM 

■web members can take tension only, was the same for the left balfi 



,Gofl 



r 



ANALYSIS OF A QUADRANGULAR TRUSS 



Ae truss as it was for the dead load. On the right half, the dotted 
members, g'-io' (the primes indicate thai the member in question is 
the counter), and ii'-i2' are brought into action. The stresses in these 
members were .-icaled from ihc diagram as i,6io pounds tension for 
ii'-i2' and 905 pounds tension for q'-io'. We must now combine 
these wind stresses with those due to other conditions of loading to find 
the total stress in the members. The pcssible combinations are: 
Dead load and maximum snow load; dead load and wind load; and 
I load, wind load, and minimum snow load. As the dead-load 





diagram showed tension in the main members in these panels, it is 
evident that the dead-load stress in the counters will be a compression. 
If this comprcsaon is greater than the wind-load tension, the counter 
would not be called into action. .\lso, Ihc minimum snow-load stresses, 
which will be of the same kind as the dead load, will tend to cut down 
the amount of tension in the counter. The maximum stress in the 
counter will then occur for dead load and wind load. To find the 
stresses in the counters due to dead load, it is necessary to revise the 
^ad-Ioad stress diagram, ihe counters g'-io' and ii'-i2' being sup- 
posed to act instead of the corresponding main members. The doited 
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lines of Fig. (6) show the necessary changes. The dead-load counter- 
stresses are found to be 1,150 pounds compression for ii'-ii' and 4,050 
pounds compression for g'-io'. By comparing Ihesc values with (he 
wind-load stresses as given abo\-c. it can be seen that the dead-load 
compression for q'-io' greatly exceeds the wind-load tension, so that 
this member will never be called into action. .\s a counter will not be 
needed in this panel, we must therefore revise the wind-load diagram in 
order to find the wind-load stress in the main member. The doited 
line 9-10 shows ihJa change, and the stress as scaled is i.iio pounds 
compression. 

Comparing the wind-load tension in ii'-i2', 1,610 pounds, with 
the dead-load compression, 1,150 pounds, for ihe same member, wc 
see that the counter will be required in this panel, and that its stress 
will be 460 pounds tension. It will now be necessary to see if the 
counter will also be in action when the minimum snow load is acting 
at the same lime as the wind load. The minimum snow-load stress 
for ii'-ii'. as given by Column 3 of Ihe Stress Table, is 530 pounds 
compression, which.combined with the dead-load slressof 1,150 pounds, 
gives a total compression of 1,680 pounds. As this stress exceeds the 
wind-load tension of 1.610 pounds, we see that for this condition of 
loading— dead load, wind load, and minimum snow load — the counter 
would not be in action. Therefore we see that the only condition 
of loading for which a counter would be required will be for dead load 
and wind load, and that p'-io' is the only counter required. It must 
be remembered that at the time a counter is in action, the shape of 
the truss is changed, and that all stresses in members of this panel must 
be determined for the altered shape of the truss before any combination 
of stress can be made. In the stress table this is done by recording 
each member of the second panel from the centre of the truss in two 
lines of Ihe table. The first line for the member in question gives the 
stress when the main diagonal is in action, the second line gives the 
stresses for the same member when the counter is in action. Also, 
these stresses for the counter in action are to be used only in the com- 
binations for dead load and wind load, for the counter acts only for 
this case. If it had happened thai the counter acted also for other 
loadings, proper provision would have to be made in the table, .^J 

The combinations for (he ]x>ssible cases of loading wer^ ' 
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and are recorded in Columns 6, 7, and 8 of the Stress Table. Col- 
umn g gives the maximum stress for the member as determined by 
a comparison of Columns 6. 7, and 8. 

60. Analysis of an Arch Truss. — Let the span be taken as 150 feet, 
rise 46.25 feel, distance between lrus.se5 20 feel, dimensions and 
airangcmcnls of pans as shown in Fig. 7 (a). Assume the weight of 
truss and roof covering as zo pounds per sq. ft. of roof. The panel 
loads are calculated by assuming the dead load to be distributed among 
the top-chord joints in pro])ortion to ihe roof areas carried. The panel 
loads thus determined are given on the truss diagram. The snow load 
can be taken as a uniform load per sq. ft. of roof, or the load per sq. ft. 
for the different slopes can be taken from Table IV of Art. 53. In 
such a case a separate diagram for snow loads would have to be drawn 
as the loads would not be similar to those for dead load. The diagram 
for snow load has not been drawn. 

The loads per sq. ft. of roof for wind will be different for the 
(xirtions of the roof where the slope changes. The roof surface will be 
■ ■-sumcd to have Ihe same slope as the lop chord of the truss. .'\lso the 
. iTlical sides will be assumed as prolecled by a self-supporting curtain 
.■ ;ill which will take care of the wind at these places. In case the truss 
iipports these side walls, the effect of horizontal wind loads would 
ii.we to be considered. The wind loads to be provided for on the 
\ arious portions of the roof will be found in Table III of .\n. 53. For 
the portion M-N, which has a slope of 45°, the load per sq, ft. of roof 
will be 28.3 pounds, assuming the wind pressure at 30 pound.s per sq. 
ft. of \'eriical area. On N-R whose slope is 21° 48', the load will be 
n).8 pounds per sq. ft. On R-S, slope 10° 19', the load will be ii.o 
pounds per sq. ft. For the portion S-T, considered as flat, the wind 
load will be zero. The panel loads, as calculated from the abo\e 
loads per sq. ft. of roof, are given on the right half of the truss diagram 
of Fig. {a). 

The dead-load-stress diagram is given in Fig. 7 (b) . As ihe stresses 
in the two halves of the arch are symmetrical, the diagram has been 
drawD only on the left half. In drawing the stress diagram, the load 
line A X was first drawn. The panel load al ihe centre joint is assumed 
as divided equally between the two halves of the arch, H X is, thcre- 
■.iore, equal to half the panel load al the cenlre. The reaction al ihe 
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e reactions as calculated are given on the truss diagram. Fig. 7 (c) 
ws the stress diagram for wind from the right for the loaded half of 
arch, in this case the right half. Fig. 7 (rf) gives the stress diagram 
the left, or unloaded half of the arch. In this diagram the load-line 
pven by the equal and opposite forces which are applied at the 
tre hinge and at R„ these forces being equal to the reaction at /?„ 
t.are shown in amoimt and direction by the line joining points L 




Fir.. ; l<r) ami (rf). 

. As there are no forces at the top-chord-panel points, the letter 
the only letter used in the member notation for lop-chord 
bers. 

Analysis of Saw-Tooth Roof Trusses. — .\ roof of the saw-tooth 
is u.sually made up of a series of similar trusses of short span, all 
g with ihe short leg, or skylight, toward the north, or away from 
Sreci light of the sun. The end trusses usually have one end on a 
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masonry wall while the intermediate trusses rest on columns as showi 
in Fig. 8. In some cases the end trusses also rest on columns and 
resist the horizontal thrust of the wind, knee braces must be pro\id«l 
The effect of the wind blowing lengthwise of such a structure would 
all be taken up by the first truss, the rest of the building being sheltered 
from the direct force of the wind, as the wind blows practically in 



horizontal direction. The horizontal components of this force will 
nearly ail be taken up at the wail, due lo its great rigidity, very little 
if any going to the columns. When the wind is quartering, all of the 
trusses will probably be affected to some extent, although the end 
truss will receive the greatest pressure due to its more exjKJscd posilion. 
The horizontal thrust of the wind forces will be transferred from iht 
trusses, through the bottom chords and the bottom-chord bracing, lo the 
walls and columns in proportio.i lo their relative rigidities. .\s the 
walls are usually more rigid than the columns, the greater part of the 
forces will be taken at the walls. 

As the spans are usually very short, and the sIo,ie very flat, il will be 
sufficiently accurate lo determine the stresses in the members for i 
uniform vertical load, such as given in Table VI of Art. 53, whose effrci 
will be equivalent to the combined action of the wind and snow. Tbt 
stresses in one truss can then be determined for [his load combiotd 
with the dead load, and all lrU5.ses designed alike. 

We will now draw the stress diagrams for a particular case. Let 
the truss of Fig. 9 have a span of 25 feet, slope of longer leg 21° 48'. 
distance between trusses 15 feel. The loads will be taken al r.; 
pounds per sq. ft. of roof for the weight of the truss, 7.0 pounds persq. 
ft. of roof for the roof covering, assuming the same kind of covering is. 
for the Fink truss of Art. 52, and 25 pounds per sq. ft. of roof for ibt 
combined effect of snow and wind as given in Table VI of .^rt, 55 fori 
truss of 1/5 pitch (21° 48'). The total load per sq. ft. of root will then 
be 33,5 pounds. As the top-chord-panel length is found lo be 8.0 feet. 
the panel load will be 8 X 15 X 33.5 = 4.020 jKiunds. Full pawl 
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ds will be placed at each panel point, including the apex of the truss, 
the joint loadat the left end will not affect the stresses in the members, 
will be omitted. The stress diagram as drawn for these loads is 




en in Fig. (4). Heavy lines show compressive stresses and light 
ss tensiJe stresses. 

62. Trusses with Unsymmetrical Loads.— Such cases may occur 
en loads arc suspended from the trusses, such as concentrations due 
crane loads, shafting, or ceiling loads. These loads may be con- 
cred at the same time as the dead load or a separate diagram ma-, 
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be drawn. The stresses as detenniDed mar tbcn be combined vith 
the stresses due to dead load. 

To illiutrate a panicular case, suppose the Fmk truss of Fig. lo (a), 
span 40 feet, rise 10 feet, to cairy crane loads at if and .V of 20,000 
pounds and 5,000 pounds respectively, and at P, a load of laooo 
pounds due to a heavy piece of machinerr. Reqioied the stresses in 




iiil nicmlHT.'s. To .simjilify the sircs.s diagram, ihe load at P will be 
consiiitTi'd as apjilied ai R, PR for the time being will be taken as a 
truss meinbcr. The load can then be treated as an external force. 
It ran be .seen that this change will not alTcct any of the stresses in other 
members or (he amounts of the reactions. 
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■To draw the stress diagram, first lay off the load line A D. The 
-eaclions were calculated algebraically and have the values given on 
-he truss diagram. The easiest way to complete the slress diagram for 
Jiis special case would be to begin at the right end and proceed to the 
left. If the diagram is begun at the left end we come at once to the 
Second top-chord-panel point where three unknowns are in question. 
To pass around this joint we can make use of the special method given 
n Art. 58. In ihis case the shajie of the left half of the truss will be 
iltcred in such a way that the true stress in the centre bottom-chord 
mcmljer, R N, can be obtained. This can be done by inserting the 
Sotted member RS and removing all the web members on the left of 
the truss escepl M P S. It can be seen ihat the truss as altered is still 
a rigid frame and that the stress \n R N will not be alTecled by the 
change. Then pass around succesave joints of the bottom chord until 
''^" centre member is reached and the true stress in R N obtained, after 
ii )i member R S can be removed and the original truss restored. 
i)assang around joints R, M, and P again, the diagram can be 

■■ii|i!eted as given in Fig. 10(6). The dotted lines show the con- 
ii-iion necessary to obtain the true stress in the centre member. 

I ■■■■•: heavy lines of the truss diagram show members in compression; 
ihi.' light lines, those in tension, the broken hnes show members whose 
Mrcss is zero; and the fine dotted Hncs are construction lines. If loads 
"Were applied on the top chord also, it would be necessary to insert two 
JOembers; R-S, and one from M to T {not shown). Then, by a com- 
oinatiDn of the abo\'e method and of the one given in Art 58, the un- 
Miowns can be determined. 




CHAPTER IV 

ANALYSIS OF BRIDGE TRUSSES FOR UNIFORM FIXH 
AND MOVING LOADS 

SBOTION I. — TTPE8 OF TRUSSES, LOADS AND RSAOTUKS 

63. Methods of Analysis. — The- jtarlicular method of anair 
which will be most expedilious for a given problem depends upoo 
the kind of loading specified and upon the form of truss. There 
in general two classes or kinds of loading, (i) that in which the 1m 
is considered as uniformly distributed over all or any portion of ih 
structure, (2) that in which the load is considered as a series t 
concentrated loads of given weights and spacing. The analysis n 
bridge trusses will therefore be IreatccJ under two general lifids 




112.. .Analysis for Uniform Loads and Analysis for ConcenWiBl 
Loads, no distinction being made in this respect between highfi] 
and railway bridges. Under each of these heads will be treated tin 
various forms of trusses in common use. .Analytical methods of 
calculation will be fully developed, but graphical methods will 
be given where they arc well adapted to the particular problem uoia 
discussion. The two methods arc thus given side by side, ffl 
arrangement which it is believed will aid in making clear the p(in* 
ciples involved. 

64. Modern Types of Trusses. — The types of bridge trusses 
commonly used are shown in Figs, i-g. The Pratt truss (Fig. fl 
may be considered as the standard form for spans of moderate 
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although the Warren truss (Fig. 2) is also much used. The Howe 
truss (Fig. 3) is the best form where it is desired to make use of 

V\/\/\/\7V ^ 

Fto. ?,— Warren Truss. 

timber, steel or iron being employed generally for the vertical mem- 
bers only. Any one of these forms is used cither as a through or a 
deck structure. 



For spans greater than about 175 feet a gain in economy is 
secured by usiag a truss of variable depth, the most common form 



Kli.. 4. -Curvcil-diord I'rall Tni 



being illustrated in Fig. 4. It is generally called a curved or broktn- 
rhord Prali truss. For still longer spans ii is desirable to reduce the 
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Fir., 5.— Whipple Tfu 



Fig. 6.— Double Wam-n Tru 



jianel length and still retain about the same inclination of ihe web 
members. This is done in various ways, as illustrated in Figs, 5 
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to g. The trusses shown in Figs, 5, 6, and 9 are known as multifi/ 

itUerscction trusses; their use was formerly quite general bui in 
modern praciice they have been displaced generally by the fornu 
shown in Figs. 7 and 8. 



— Ballimore Truss. 



Fig. 8.— Peiiii TruM. 
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Flc. Q. — Compound Triaai^lat Truss. 

65. The Component Parts of a Truss Bridge. — The variouj 

component parts of a railroad bridge arc shown in Fig. jo. ThfJ 
consist of: (1) The main vertical trusses; (2) the floor sysicis; 
(3) the lower lateral truss; (4) the upper lateral truss; and (j) 
the transverse bracing. The upjjcr and lower chords and "tb 
members of the main trusses have been defined in Chapter I, The 
chords of the main trusses constitute also the chords of the Uterd 
trusses. The floor system includes all that pari of the steel structure 
which serves to transfer the applied load to the main trusses; in lit 
figure it is composed of longitudinal steel beams called stringrrs 
transverse beams called Jloor beams which support the stringers 
which are attached to the truss. Various other arrangements gf 
beams are employed to serve this pur{K)3e as, for example, in railroxf 
bridges supporting a ballasted track. The transverse bracing 
nccts the two main trusses at the several panel jKiints; at the inier- 
mcdiate points this bracing is commonly called sway bracing, 
at the ends it is called porlal bracing in through-bridges and amplj 



TYPES or TRUSSES. LOADS AND REACTIONS 1 15 

rnd bracing in deck-bridges, Tlie lateral and the iransverse bracing 
resist lateral forces, such as ihc wind pressure, the lateral pressure 
exerted by trains on a curved track, and the side thrust of moving 
loads due to other causes. In the following two chapters the 




analysis of the main vertical trusses only is considered; the analysis 
of the various lateral and transverse trusses is fully discussed in a 
separate chapter. 

66. The Dead Load. — The dead or fixed load consists of the 
■- ij-ht of the supporting bridge structure itself and all other fixed 
if^ht, such as plank, ties, rails, ballast and other similar load. 
1 ill- weight of the bridge structure will vary with the load lo be 
carried, the working stresses employed, the type of truss and charac- 
ter of details, and with the length of span; it cannot be exacdy 
Hftermined until the design is completed. In proceeding with a 
-itin the items making up the known dead load are first determined. 
ii..n, knowing this portion of the dead load and the live load to be 
I Tried, together with the working stresses to be employed, type of 
■ ucture, etc., the weight of the sleel structure {trusses and floor 
-icm) is estimated by means of an empirical formula or by com- 
j'arison with weights of bridges previously designed. The total 
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dead load thus being approximately delermined, the stresses an 
calculated and the design made. If the actual weight of the com- 
pleted design differs essentially from the assumed weight (the alioi 
iible error depending largely upon the size of the structure), ihf 
computations must be revised. 

Weights of steel- work for some of the most common types of bridga. 

designed under usual specifications, are given approximately by the 

following formulas, in which 

/ = span length, 

w = weight per lineal foot, 

p = hve load per hneal fool. 

Highway Bridges. — Weight of trusses and floor beams for bridge? 

with a roadway i6 feet wide 

V = 0.05 I \' p + 50. . 

For the common value of p of 1,600 lbs. per ft., the formula becomi 

w = 2 / + 50. 

For bridges of less or greater width than 16 feet subtract or add 
amount per fool equal to 0.2 / for each two feet change of width. Thus. 
the weight of steel in a bridge 1 50 ft. long, 20 ft. wide, and designed for 
a live load of 3,000 lbs. per ft., will be approximately 0.05 X 
Va^o + 50 + (0.2 X 150 X 2) = 44S lbs. per ft. 

To the weight of slcel must be added the weight of wooden floof, 
joist, etc., estimated usually at 4 lbs, per fl., B. M. 

Railway Bridges. —Tot bridges designed for a live load consistisj 
of two iSsW-ton locomotives, followed by a uniform load of ;,oooll& 
per ft. (Cooper's £—50 loading), and having open floors: 

For deck plate girders 

w = 13)4 1 + 100 

For through-plate girders with beams and stringers 

If - 14' + 450 

For trusses 

w' = 8/ + 700 (Sl 
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Riveted trusses of short span arc likely lo be somewhat heavier than 
given by eq. (5) and pin-connected trusses somewhat lighter. To ihe 
weight of slcel must be added the weight of Irack, amounting to from 
400 to 500 lbs. per ft. The specificaiions of the Am. R'y Eng. & M. of 
\V. .\ss'n require this weight to be calculated on the basis of 4'i lbs. 
|x^r ft., B. M., for limber, 100 lbs. per cu. ft. for ballast and 150 lbs per 
lineal foot for rails and fastenings. 

The formulas here given are to be considered as only roughly ap- 
proximate. A more detailed discussion of the weight of different types 
of bridges is given in Pari III. 

67. The Live Load.— The live or moving load for highway bridges 
includes a great variety of loads, such as crowds of people, heavily 
loaded trucks, road rollers, electric cars, etc. For bridges not 
carrying street-car traffic the live load is taken as a uniform load 
of from 50 to 100 lbs. per square foot of roadway, or [he hea\icst 
concentrated load, clue to a road roller or the like, wliich is likely to 
come Ufxjn ihe structure. The uniform load generally gives the 
masrimum stresses in the main truss members, while the concentrated 
load usually governs the design of the floor system. For city and 
many country bridges electric street cars constitute a large part of 
the live load. For details of weights of such loads the student 13 
referred to standard si)ecifications. 

For railroad bridges the load consists of the moving train, and 
acts as a series of concentrated rolling loads. The maximum load 
to be provided for is generally assumed to be that of two of the 
heaviest locomotives on the road in question, or certain .standards 
equivalent thereto, coupled in direct position and followed by the 
heaviest probable train load. The loads due to the locomotive are 
generally treated in the calculations as concentrated loads, but the 
train load is usually taken as a uniformly distributed load of the 
same average weight per foot as the actual train. Various methods 
have often been employed whereby a uniformly distributed load is 
used in place of the actual locomotive wheel weights, such uniform 
load being so selected as lo give approximately the same stresses as 
the given concentrated loads. Methods of calculation for concen- 
trated loads and the question of "equivalent" loads are fully dis- 
cussed in the next chapter. 
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68. Other Loads and Forces, — Besides the dead load and livt 
load as discussed in ihe preceding articles, the bridge must be 
designed to resist other loads and forces. These include the wind 
pressure, the centrifugal force of trains monng on curved tracks, 
the tractive effort of locomotives and the friction of trains when 
brakes are applied, the impact or dynamic effect of the live loid. 
temperature stresses, snow load, and sometimes other loads and forces. 

The first three named forces affect chiefly the lateral trusses and 
are fully considered in Chapter VI. 

The dynamic effect of the live load is discussed in Part III 
(he analysis of stresses in this part the live load is assumed as a 
static load wliich is capable of occupjang various positions on the 
structure. The dynamic effect due to its motion is generally taken 
care of by making an arbitrary increase in the specified live load or 
in the static live load stresses. 

Changes of temperature cause changes of length in the membns 
of a metallic structure with corresponding changes in span length. 
In the case of simply supported trusses this change of span length is 
provided for by allowing one end to move freely on its support » 
that no stresses are thereby produced; but where the ends are doI 
thus free to move, as in an arch trus.s, the temperature changes wfll 
cause stresses which must be taken into account. • These are con- 
sidered in their appropriate place. 

Snow load will often need consideration but the stresses resulting 
therefrom are determined as for dead load and require no special 
treatment. 

6g. Apez Loads and Reactions.— In the determination of ll» 
stresses in a truss all loads are assumed to be applied at joints only. 
The live load acts directly upon the floor system and by it is tnuu- 
ferred to the truss at or near the joints of the lower or upper chord 
as the case may be; a considerable part of the dead load is smilaHir 
brought to the truss. The weight of each truss member is trans- 
ferred to the joints at its two ends by ihe member itself, onc-hatf 
being assumed as carried to each end. The entire load on the truss 
is thus carried at the joints and is so assumed in all truss calculalioni. 
The determination of the stresses in the floor system and in ibe 
indi\idual members due to their own weight is a subject for separstt 
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discussion, in the analysis of the main vertical trusses, as discussed 
in this and the next chapter, all loads and reactions are assumed as 
vertical. 

The dead load is usually considered as a uniform load and 
assumed to be distributed among all the joints; but as the floor of 
a bridge constitutes a considerable part of its weight, the amount of 
dead load a])]ilied along ihe loaded chord will be considerably more 
than half the total. Except in the case of very large struclurcs it is 
■^ntficiently accurate to assume two-thirds of the dead load applied 
■ the joints of the loaded chord and one-third at [he joints of the 
nloadcd chord. For large structures it is desirable to calculate the 
.ittual dislribution of weight from a preliminary design. All ihe 
live load is assumed to be applied at ihc joints of either the upper 
or the lower chord. 

The panels of a truss, or the distances between joints, are usually 
equal; and where the load is a uniformly distributed one, each apex 
or joint load, except those at the ends, is equal to the load per unit 
I' tiiiih multiplied by ihe pane! length. Where the load is not uni- 
rmly distributed, as in the case of concentrated loads, any par- 
'.Liilar joint load must be found by considering the actual loads in 
ilic panels adjacent to the joint in question. 

.*V clear understanding of the transference and application of 
lo.ids to Ihe truss is of much importance. Fig. 11 illustrates a bridge 




in which Ihe floor system consists of stringers and floor beams, the 
laner being attached to the vertical members near the lower joints, 
.•\ssume a span length of 140 feet, each panel length being 20 feet. 
Suppose the entire dead load is estimated at 1,500 lbs. [x-r lineal foot, 
and I hat one-third is to be considered as applied at the joints of the 
upper chord, and two-thirds at the joints of the lower chord. One- 
half will be carried by each truss. This will give a load on each 
truss of 250 lbs. per ft. along the upper chord and 500 lbs. per ft. 
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along the lower chord. The apex load at each upper joint nillthcs 

be 250 X 20 = 5,000 lbs., and at each lower joint (excepting tlit 

end joints A and B), 500 X 20 = 10,000 lbs. The load carried to 

the end joints A and B may be taken at one-half of the entire lovi 

for the panel, or >a X 750 X 20 = 7.500 lbs. The sum of tbe 

joini loads will then equal the lotal load found by multiplying tlit 

load per foot by ihc span length. The apex loads thu.s determind 

are now to be considered applied directly at the joints in proceeding 

wilh the truss analysis; the floor system is thereafter to be eniirdt 

disregarded. 

The live load reaches the stringers through the rails and lies. 

plank, or other supporting members; and is then transferred to Ihf 

cross-beams and to the trusses. The joint loads resulting from anj' 

given single concentration, such as P,, must first be calculated b? 

analyzing the reactions in the floor .system. In this calculation the 

stringers are always assumed as simple beams resting freely upon 

the cross-beams. The loads on the cross-beams at F and G. due 

to the load P„ will therefore be equal to the end reactions of the 

stringer FC. considered as a simple beam. The reaction at ^ U 

■' - -r 

,— , and at G it i 



equal to P, 



If, further, ihc load P, 



\ 



placed on the center line of the bridge, as is generally the case, the 
loads on the two trusses will be equal, and the joint load at F on 

each truss will equal H P, - , , and at C it will equal H P,y 

A uniformly distributed load equal to p per unit length will give jmni 
loads on each truss equal to Ja p d. At the end joints A and B, the 
loads would be determined in the same way; for a uniform load cadi 
would be equal to j< p d. The joint loads being thus obtained I 
analysis of the truss may be proceeded with. 

In the detailed analysis of the truss the joint loads at .4 and 
need not be considered, as they are each fully carried by the supptfl 
underneath and cause no reaction at the other support, and hence 
no stresses in the truss. In what follows they will therefore be 
omitted unless s[>ecifically mentioned, and the reaction will be An- 
tcrmined for the intermediate joint loads only. Thus, for the 
truss of Fig. II, the dead-load reactions at A and B will each be cqiul 
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lo one-half of six full joint loads, = Ji [6 X (5.000 + 10,000)] = 
4^,000 lbs. By this method of calculation the sum of ihe four 
r4?aclions of the two trusses will be less than the total dead weight 
IJy the amount of the four haif- joint loads at (he ends. In designing 
the details at -■! and B the loads at these points must be considered. 

70. Divisions of the Subject. — The analysis of this chapter will 
Ix- arranged under the following subdivisions: 

Simple beams; trusses with horizontal chords and single web 
systems; trusses with inclined chords and single web systems; 
trusses with multiple web systems; trusses with subdivided panels; 
skew -bridges. 

Section II^^Analtsis of Simple Beams; Moments and Shears 

71. Before proceeding with the analysis of trusses it is desirable 
lo consider the simple beam as a single structural unit. In the form 
of the rolled I-beam or plate girder, it is the common form of bridge 
for short spans (reaching 100 feet or more in length for railroad 
structures). Moreover, the truss as a whole acts as a beam and its 
analysis will be aided by a consideration of the solid beam. For 
present purposes it will be sufficient lo carry the analysis only to the 
point of determining the bending moments and shears at any section 
of the beam. The inten^ty and distribudon of the stress in the 
material at the section is conadered as a part of the subject of dedgn 
in Part III. 

72. Bending Moments.— Let A B, Fig. 12, be a simple beam 
loaded in any manner; let q be any section and A'' the neutral axis 
at ihe section. Then the sum of the moments of the external forces 
on cither side of the section, 
taken about the axis A'^, is called 
the bending moment, or simply Rii 



^ 
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the mometU at N. This is bal- A | "^R " 

anced bythemomentof the stress 

couple M at ihe section, shown 

in Fig. (fl), whence it is said that the moment of the external forces 

is balanced by the moment of the internal stresses. For convenience 

tbc bending moment is called positive when it causes convexity down- 
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wards or produces tension in the lower fibres, and negative when the 
reverse. Its sign is thus seen to agree with the sign of the moment 
of the external forces to the left of the section, and to be the opposite 
of the sign of the moment of the forces to the right. 

In a simple beam all downward loads cause positive bending 
moments at all sections. 

a. Uniform Loads. — A uniform load may be_/i:wd, as in the case 
of a dead load, or movable, as in the case of a live load. A movable 
r uniform load may or may not 

extend entirely across a beam 
or bridge. In the latter case 
the load is uniform only so far 
as it goes, but the beam or 
bridge as a whole cannot be said 
to be uniformly loaded. 

Fig. 13 represents a beam 
supporting a imiform load 
equal to p per unit length. 
R, " }4 pl. The bending moment M, at any section q, distance x 
from the centre, is equal to 

..(i_,).,(£_.)^(l_.). 




This reduces to 



M = HPJ^- 



(I) 



This is the equation of a parabola with vertex at the centre, at which 
point the ordinate is equal to }4 pi'. Fig. 13 shows the complete 

moment diagram. 

Equation {i) may be written in the form 



M - 



.,(^-^)=K.(i-«)(U.) 



w 



That is, the bending mometU at any section of a beam under a uniform 
load equals one-half the load per fool multiplied by the product of the 
two segments into ■u.'hich the beam is divided by the section. 

In determining the maximum moments for a uniform Kve load 
such load should extend entirely across the beam; for, as already 
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shown, the addition of a load at any point will add to the positive j 
bending moment at all sections. The maximum moments due to a ' 
movable uniform load are thus ihe same as those due to a fixed 
uniform load and are given by eqs. (i) and {2). These equations 
will enable the moments to be com- 
puted in any simple beam or plate 
girder for uniform loads. 

b. Single Concent rated Load. — For 
■ -single concentrated load, Fig, 14. 
I maximum moment al any section 
' urs when ihe load is placed al that ' ''*' 

■ lion, for a movement of the load in either direction from such posi- 
■n reduces the opposite abutment reaction and hence the moment, 
1 moment is given by the equation. 




■(^) 



(;--)-'(M) 



(3) 



Tliis is the equation of a parabola whose ordinate is a maximum for 

V - o, the value of this maximum ordinate being equal to ^ PL 

2P 
If we substitute -y for p in eq, (2) we shall get eq. (3) , thus showing 

'Hr important principle that Ike maximum bending mometUs due to 
ingte moving concentrated load are Ike satne as for twice that load 
when uniformly distributed over 
Xi Aj '■' .1 the beam. 

■>K"°""t.1 c. Two Equal Concentrated 

Loads.— In the case of two 
equal loads, a fixed distance 
apart, tt is desirable to investi- 
gate the variation in the mo- 
ment which occurs under one 
of the loads as they both move 
across the beam. In Fig. 15 
the total bending moment 
Under P, may readily be found by adding the moments due to P^ and 
#*. found separately. The moment due to P, is given by eq. (3) 
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and in Fig. 15 the curve A c B represents this momenL 
moment at A'^, due to ij, is readily nritten out as follows: 



M =P, 



(^Fo=?(^-^^4 



This is the equation of the parabola A d B', whose maximt 

ordinate 's -7^ ( ) when x = -, Adding these moments 1 

caUing each load P, the total moment under Pi is 



( \ 2 



al 



a 



This is represented by the curve A C D. Beyond D the lol 
moment is given by eq. (3) and the curve D B. 

The value of M in eq. (5) is a maximum when x = <j;4aiid 
then equal to 



M^. 



K-i)- 



That is, the maximum mometU in a beam loaded unih two 
moving concentrated loads occurs under one of the loads when 'W 
load is placed al a distance from the centre equal to one-fourlk Ih 
distance between the loads, the other load being fiaeed on Ike a 
side of the centre. 

The moment under P, is shown by the curve A D' C B, s 
metrical to .4 C D B. 

For beams whose length is less than aa it may happen that 
moment at the centre point, with one of the loads placed at that poiM 
and the other ofT the beam, will be greater than the maximum mo- 
ment given by cq. (6). By equating such centre moment ( = J-4 f 1 
with the moment of eq, (6) and solving for /, we find ihat the l» 
moments are equal when / = 1.71 a. For smaller values of / tl 
centre moment, % P I, '\s therefore the maximum moment caua 
by the mo\ing loads. 

The curve of maximum moments for any form of loading iMf I 
found by a method similar to the above, but the subject will not' 
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treated further here. The succeeding chapter discusses the location 
of the point of majumum moment in a beam for any number of loads. 
73. Graphical Treatment of Bending Moments.— Fig. 16 repre- 
sents a beam supporting concentrated loads; Fig. (a) is the force 




polygon and Fig. (6) the equilibrium polygon, constructed as ex- 
plained in Chapter II. As there shown, the bending moment at 
aJiy section q is given by the product of the intercept y and the pole 
distance H. If the load is a uniform load the equilibrium polygon 
will be a parabola, whose ordinates will be proportional to the bend- 
ing moments. If the pole distance, H, be made unity the ordinates 
will be numerically equal to the moments and the equilibrium 
polygon becomes the ordinary moment curve as shown in Fig. 13. 

For a single concentrated load, P, Fig. 1 7, the equilibrium 
polygon consists of the straight lines A ' C and B' C The maxi- 




mum moment is at the load. If the load be shifted to the position 
D, the equilibrium polygon becomes A' D' B' with ordinate /; 
(using the same pole distance and keeping the closing line horizon- 
tal). The general value of the maximum ordinate y is given by 
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For a moving uniform load the maximum positive shear at any 
It N, Fig. 21, occurs when all possible loads are added to the 
t and when there are no loads on the left; for adding a load to 
right increases the left reaction and therefore the positive shear, 




e adding loads to the left increases the left reaction by an amount 
than the load itself and hence decreases the positive shear. The 
imum shear at JV is therefore 



= R^ = p{l~x)- 



r (^ - ^) ' 
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the equation of a parabola with vertex at the right end. This 
parabola is B' E, Fig, 22; the ordinate A' E is equal lo ^ pi. The 
maximum negative shear is found by loading to the U/l of the point, 
and is 

-^- « 



V = - R, = 



the equation of the parabola A' F. 

Combined Shears Due to Fixed and Movable. Uniform Loads.— 
When a beam supports both a fixed and a movable uniform load (as 
dead and live load), the maximum positive and negative shears are 
found by combining the shears due to each system of loading. 
These combined shears are shown graphically in the lower diagram 
of Fig. 22 by the curves G D and C H. These curves cross the 
axis at J and A' where the shears due to dead and live loads are equal 
but of opposite signs. From K to B' positive shear cannot occur 
and from -4' to / negative shear is imposablc. Between / and K 
both kinds of .shear are possible. 

To the left of J ihe curve C J gives the minimum positive shears, 
these being less than the dead-load shears. To the right of K the 
curve K D likewise gives the minimum negative shears. Between 
J and K the upper limit of the shear is positive and the lower limit 
negative. In general the shears may range anywhere between the 
limits shown by ihe shaded area. The values of the shears are best 
found by the use of eqs, (7), (8), and (9), 

In practice it is sometimes required to find maximum shears only, 
and .sometimes both maximum and minimum shears, In either 
case considerations of symmetry render it necessary to analyze but 
one-half the beam only. 



EXAifPLE. — Let il he rwiuired to cbIcuIbIc the dead-bad shears and the 
posiiive and negative live-load slieats at paints 5 ft. apart in a tjcam 6a ft. lung, Fig- 13- 
Dead load — 400 lbs, per foot: live load — 1,200 lbs. per foot. 

Dead4oad 5/i«arj.— These are readily found by raearia of ei], {7), aJthough it is iiax&f 
necessary to refer 10 a formula in thi.i case. The resulting values are given in [he Mbb 
liclow in Colu-nn (i). 1 

Livr-load Sheari.—Ttie raanmum positive shears are obtained frotn eq. (S) and At 
maximum negative shcats from eq. (g). These values are given in Columns (3) 
of the table. 

Combined Shears. — Combining the dead-load shears with the 
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load shears gives the values of Column (5), and rombimng with the maidinuin negative live 
load shears gives the values of Column (6). In accordance with the explanation of Fig. 11, 
it should be observed that in the upper half of Columns (5) and (6) are given respectively 
the manmum and minimum values of the shears in the lefl half of the beam. At e the 



Fig. aj- 



5 just Ecioi at f and g the minimum is negative; while to the left of « the 
s positive. The values for the right half are numerically equal to but of 

opposite sign from those for the left half. They are given here for sake of clearness. 
The results of this analysis should be carefully studied, as the general relations here 

shown are of much importance in truss analysis. 

TABLE OF SHEARS. 



+ 36000 
+ 3<>*SO 
+ 25000 



+ 48000 


+ 12000 


+ 40130 


+ 97!5o 








+ 3750 






+ 14350 








+ 4150 


- i42i;o 






- 37.SO 




^ 7000 


-33000 






- IIOOO 


- 48000 



b. ConceiUrated Loads. — For a single load P„ Fig. 24, the 
poative shear at any point N is greatest when the load is jus! to 
the right of the point, for the left reaction is then a maximum. This 
maximum shear is 

... (10) 



y-^'C-y) 

t^ flqnitioQ of the straight line C B\ Fig. 26. The ordinate 
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For two equal loads, P^ and /*„ (Fig, 35), Ihe maxiraum positive 
shear occurs when P^ is just to the right of the point. The sheaf 
due to P, is given by cq. {10) and the line C B'. The shear due to 
P3 when Pi is at N, is equal to left abutment reaction for P,, or 



K = P. 



/- (.V- 



a) 



("1 



This is zero for x = I - a, and is equal to P^ for .-v = — a if thtt 
were possible; it is represented by the line D E, where D B' asd 
FA'^ a and F E = P^. The total shear is the sum of the second 






-^^ 




members of eqs. (10) and (ii). It is found graphically bj 
making C'C = H A' and drawing CD' to meet C B' in the vertial 
through D. 

For three loads the shear diagram would be C" G D' B', and 
on, the curve approaching a parabola as the limiting case when ll" 
load is uniformly distributed. 

Negative shears generally need no separate conaHcration, lln 
negative shears becoming poalive shears by reverang the beam- 
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rriON in. —TRUSSES with horizontal Chords and Sinole 
Web Sybtems 

[ 75* General Method of Determining Chord Stresses. — Fig. 37 
resents a truss loaded with any given loads IVi-W^, applied at 
nts only. The chord stresses are to be determined. The most 
fireci method of procedure is by the method of sections, using for 
;ach chord member a single moment equation with centre of 
nents at the intersection of the opposite chord member and the 
i member cut by the assumed section. For example, in Fig. 27, 




"the stress in C i'" is desired, pass the section q, consider the jx>ra 
of the structure on the left. Fig. (0), and write J moments = o 
"iih point £ as moment centre. The resulting equation will con- 
tain only one unknown quantity, ^|, it being assumed that R, has 
Wen jireviously calculated. If M^ represents the sum of the 
ments of the external forces we will find that S,k + M^, = o, 
!,A = — Mf. In a similar way we will find S3 h = — M^ etc. For 
is supported at the ends the value of M will always be positive, 
J the case of a beam, hence the moment of the chord stress will 
ways be negative. This requires the stress in all lower chord 
flembers to be tensile and in all upper chord members compressivt, 
i bdng true, the sign of the chord stress need not be further 
idcred, it being necessary only to find its numerical value. For 
. 3/ " 

I purpose it IS customary to write 5; ' 
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Or, in general: 

The chord stress in a horizontal-chord truss with single-web system 
is given by the general equation 

^^T' W 

in which M = sum of the moments of the externa! forces on the left 
(or right) of thS section about the opfwsite chord point, and h = 
height of truss. 

In calculating M, where the panel lengths are equal, the work is 
simplified by using the panel length d as the luiit of length and then 
multiplying the result so found by this length. Thus in calculating 
S, in the above example we may write M^ = (/?,.2^ — W,.i^ - 
W,.H - Wi-2 - W,.r) X d. Usually all the lower joint loads 
are equal, and all the upper joint loads, in which case we may write 
M, = [R,.2yi - W^ (I'A + 'A) -Wi{2 + i)] X d, where »'„ = 
upper joint load and W^ = lower joint load. 

76. Graphical Determination of Cfwrd Stresses. — In Fig. z8 
construct the force polygon and equilibrium polygon for the given 
loads, as explained in Chapter II. A' B' is the closing line and the 
reactions are given by w a and 6 « in the force polygon, O n being 
parallel to the closing hnc. H is the pole distance. By the prin- 
ciples explained in An. ^o uic moment of the forces on the left (or 
right) of any jK>int c, is equal to ihe intercept y, on the vertical 
through f, mulliplied by H. Likewise the moment of the forces 
to the left of any joint C, about that joint, is given by the product 
of the inlerccpt v,, times H. But this is the moment sought in 
finding the stress in the chord member opposite; and, in general, 
the momints at the several joints needed for calculating the chord 
stresses arc given by the corresponding intercepts in the equiHbrium 
polygon jnuiliplieil by the pole disiiincc. These moments divided 
by the height of Ihc truss give the chonl stresses. By making the ' 
pole distance ecpial liy scale to ihe truss height the ordinate^ | 
of tiK' e(|uilil)rium iKilvi^on will )>e numerically equal to the chord 
.'•tresses. 

The chonl .iircsses may also be found graphically by a force 
diagram of all the loads anil stresses as explained in Art, 47. Such 
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a diagram is shown in Fig, 29, This gives not only chord stresses 
but web stresses as well and is advantageous for fixed loads. 

77. The Bending Moment in a Truss. — Talccn as a whole, the 
iru!>s resists bending momenis in the same manner as a beam, and. 




as in a beam, the bending moment may be defined as ihc resultant 
moment of the external forces to the left of any given vertical section 
taken about any point in the section. Referring to Fig. 27 it will 
be seen that the moment .1/, is, by this definition, equal to the bend- 
iif moment in the truss at a section through joint E, or, a.« generally 
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are the moment about D' of the portion of the load upon tlie 
length A C. The moment upon the beam is greater, therefore, than 
the moment upon the truss by Hpdz - %pz'. This is the 
bending moment at D' in the secondary member, C E, produced 
by the uniform bad in the panel. 

The equilibrium polygon shows, as an algebraic analysis wouM 
also show, that the bending moments at points intermediate between 
successive loaded joints, varies uniformly, that is, the moment 
diagram is a series of straight lines. The bending moments at 
intermediate points can therefore be obtained by interpolation be- 
tween moments at adjacent loaded joints. Thus the moment at D 
is equal to a mean between the moments at C and E, etc. 

79. Maximum Moments and Chord Stresses. — For the same 
reason as in the case of the beam, the majdmum moments at all 
joints of a truss, <lue to a moving uniform load, will be caused when 
the truss is fully loaded. 

80. Web Stresses. — Ge?ieral Method of Determining Web Stresses. 
— Let Fig. 33 represent any truss with horizontal chords and single 
system of bracing. 

To find the stress in any web member C D, pass the section j, 
cutting this member and two chord members, and write - vertical 
comjmnerts = o for the 
forces acting on the struc- 
ture to the left, Fig. (a). 
Since S, and S, are hori- 
zontal, the vertical com- 
ponent of S. must balance 
the sum of the vertical 
components of the external 
forces. But the sum of the 
vertical components of the 
external force acting on the left of any section is called the shear on the 
section, as in the case of a beam; hence the vertical componenl of 
the stress in any web member is equal to Ihc shear on the section 
cutting such web member and two chord members. The stress 
itself is equal to the vertical component multiplied by the secant of 
the angle which the member makes wiih the vertical. Or. in general: 





HORIZONTAL CHORDS AND SINGLE WEB SYSTEMS 



MS 



Comparing eq. (2) with eq. (2), Art. 72, it is seen that they are 
identical, d m and d m' being equal respectively to {yi I + .r) and 
{X I — x). That is, the bending moments at the joints of the loaded 
chord are the same as in a beam supporting the same uniform load. 

Graphically, the moments are represented by the ordinates of the 
equilibrium polygon in Fig. 31. It follows from Art. 72 that the 




lo the equilibrium polygon, 
The moment in the truss 



Fig, 31 

\-crticcs of this polygon lie on tlie moment parabola for a uniformly 
loaded beam. 

The bending moments at any upper joint D, not in a load ver- 
tical, cannot be obtained from eq. (2), as. would be found by a. 
detailed analysis similar to the above. In Fig. 31 this moment is 
represented by the ordinate y,. drawn 
and not by the ordinate lo the parabol; 
between joints is thus seen to be 
somewhat less than in a solid beam 
continuously loaded. The difference 
is in fact equal lo the bending mo- 
ment carried by the floor system at 
ihc section. This can be seen by 
computing the moments in the t0) 
cases as follows (Fig. 3a). Including 
the load >i ^d at 4 the moment 
for the truss can be written in the 
form R, y.x-{i4pdx + pd-K 
{x - d) + H P<iX (X - 3d}]~ '/i p dz. For the beam, Fig. (a), 
ihe moment is Ri X x - [2P d X (x - d)] - % p s'. The quau- 
'iiies within the brackets in the two expressions are equal; they 




Fig. 31, 
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are the moment about D' of the portion of the load upon ihi 
length A C. The moment upon the beam is greater, Ihorefore. ihat 
the moment upon the truss by yi p d z — H p z'. This is ihi 
bending moment at D' in the secondary member. C E. produced 
by the uniform laad in the panel. 

The equilibrium polygon shows, as an algebraic analysis ivoulil 
also show, that the bending moments at points intermediate between 
successive loaded joints, varies uniformly, that is, the moment 
diagram is a series of straight lines. The bending moments it 
intermediate points can therefore be obtained by interpolalion be- 
tween moments at adjacent loaded joints. Thus the moment at D 
is equal to a mean between the moments at C and E, etc, 

79. Maximum MomeiUs and Chord Stresses.— Tor thi 
reason as in the case of the beam, the maximum moments at all 
joints of a truss, due to a moving uniform load, will be caused when 
the truss is fully loaded. 

80. Web Stresses. —Genera/ Method of Determining Wfh Strtsm. 
— Let Fig. z^ represent any truss with horizontal chords and single 
system of bracing. 

To find the stress in any web member C D, pass ihc scctioR f 
cutting this member and two chord members, and write ^ venical 
componerts =0 for the 
forces acting on ihc struc- 
ture to the left. Fig. ^]- 
Since S^ and S^ arc hori- 
zontal, the vertical coo- 
yjoncnt of 5, must baUnce 
the sum of the \'ertital 
components of the cxtcmil 
forces. But the sum of the 
vertical components of ibe 
external force acting on the left of any section is called the shrar on the 
section, as in the case of a beam; hence the vertical componcnl of 
the stress in any web member is equal to the shear on the section 
cutting such web member and two chord members. The 
itself is equal to the vertical component miilti]}lied by the secant oi 
the angle which the member makes with the vertical. Or, in gencril: 
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Lrft* web stress in a horizoiUal-chorii truss is given by the equation 
.9 = r sec e, (.1) 

n which V = shear on the section and = angle which the membci 
nakes with the vertical. 

Sign of Ihe Web Stress. — In Fig. 34 (a) the shear is positive, or 
ipwards, and (he stress 5, must act downwards or be tensile; if 
he shear is negative, then 5, will act upwards and be compressive, 
i^or a member inclined in the opposite direction, as ED, Fig. 33, 
■Ig. 34 (b) shows that positive shear would cause compressive stress. 






(6) !*■ 



JS. 



nd negative shear tensile. The nature of the stress can readily be 
leiermincd l>y noting that the action of [he portion of the structure 
o the right of Ihe section upon the jMrtion lo the left must be opposed 
o ihc direction of the shear — downwards for positive shear and 
tpwards for negative shear. 

81. Maximum and Minimum Siresses. — Since the stress in any 
^■eb member is equal to the shear multiplied by a constant, the 
,>roblcm of calculating web stresses in a horizontal -chord bridge 
^educes to one of finding maximum and minimum shears. For the 
iame reason as given in the case of the beam, the maximum positive 
itiear on any given section will occur when the truss is loaded as 
fully as possible on the right of the section and as little as possible 
3n the left, and the maximum negative shear will occur when these 
renditions arc reversed. Combining these maximum shears with 
[he dead-load shears gives a scries of maximum and minimum re- 
sultant shears, as in the case of a beam, which are of like signs near 
[he ends of the truss, but of op]>osite signs near the centre. From 
[his it follows that in a truss like the one shown in Fig. 33 the web 
members near the ends will have maximum and minimum stresses 
Df like signs, but that near the centre the maximum and minimum 
stresses will be of opposite signs. That is, the members near the 
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ends of the truss will always be subjected to one kind of stress, whik 
near the centre they wiU be subjected at certain times to one kind of 
stress and at other times to the opposite kind, depending on the 
[Kisition of the live load. 

82. Value of the Maximum Live-load Shear. — (a) Convenlton^ 
Method of CalciUaJion. — For a uniform live load the method gencraUr 
followed in calculating maximum shears is to assume all joints fuUv 
loaded on one side of the panel in question and all joints unloadtd 
on the other side. This is evidently an impossible condition, fcr 
in order to fully load joint D, Fig. 35, for example, both adjcaning 



Fic. 35. 

panels must be fully loaded, which condition would produce a half- 
joint load at C. The shears computed by this method are loo great, 
but it is the one usually employed. 

A general expression for the value of ihis shear for equal panels 
may easily be derived. Let panel C D. Fig. 35, be the mih pawri 
from the left end, and let the maximum positive shear in this pand 
be required for a uniform live load of p lbs. per foot. Lei » - 
total number of panels. Joint load = p d. All joints on the right 
are loaded and none on the left. The shear is equal to the left 
abutment reaction, = R^. Taking moments about the right i 
ment, we have 

R.Xnd - pd[i -\- 2 + . . . -\- {n - m)]d = Q, 
or 

V = R, = ^[i + 2 + .,.+(«- m)], . . . 

whence 

f - II (» - m) (« - ». + I) 

Equation (5) is the simplest form to use, as it is nothing more than 
an abbreviated equation of moments, divided through by b. 



L^ 



,Goa 



(b) Kxact Method of Calculation. — The true maximum shear in 
1 C D, Fig. 35, will evidently occur when the uniform load on 
he bridge floor extends some distance beyond point D into ihe 
lanel C D. Let a- equal that distance, Fig. 36. There will be full 
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lint loads, p d, at all joints to the right of D and partial joint loads at 

3d' 
' D will then be equal to R, — W^. To get ^| most readily, 
Onsider the actual uniform load on the bridge and take momcnls 
bout B. The moment of this total load will be the same as the 
um of Ihe moments of the separate joint loads. We have then 
_ p[{n - m) d + xj 



2I 
V 



, whence 
. w „ p[(n''m)d + xf _ p^ 
' 2/ 2d' 



(7) 



Xfferentiating this with respect to x, etc., we find that for a maximum 
value of V, 



Substituting this value of x in eq. (;) and reducing, we have, for the 
true maximum shear, 



:(»- 



.,.)>. 



^^ ^ (9) 

This differs from (6) in hanng llii^ faclor —- — in place of 

, and is seen to give somewiiat tile smaller value. The 

, or at the centre of the truss, 



difference is a maximum for n 
and at that point has a value 
for all spans. 



r nearly ^, the same 
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83. Graphical Determination of Shears. ~\n Fig. 37 the force poly- 
gon and L-qiiilibrium polygon have been drawn for ihe Iruss, as in Fig. 
28. The shears can here be conveniently represented on a horizonul 
axis A' B', by projecting horizontally the several forces of ihe load-liot 
in the manner plainly shown in Fig. 37. This diagram then becoma 




P 



a shear diagram, the ordinales representing to scale ihe shears in the 
truss at corresponding sections. Thus ihe shear on section q is pica 
by the ordinate y, etc. Note that the shear passes through zero at the 
point where the moment is a maximum, as proven in mechanics. Web 
stresses may also be found as in Fig. 29. 

In practice, the .shears and web stresses in trusses of this kind arc so 
readily found by alg.braic methods that graphical methods are mx 
often employed. They are more advantageous for trusses with inclintd 
chords. (Sec .\rt. 100.) 

84. The Warren Truss. 
— The Warren Truss, Fig. 
38, sometimes also called 
the triangular truss, is one u u <. u •= j 

in which all web members 

arc equally inclined. It is especially well suited for deck trusses of 
moderate span, although also used as a through truss. It is otten 
built as a riveted structure, and as such is commonly spoken of u 
a Warren Girder or Lailice Girder. 
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Assume the following data: Span length = 90 ft.; height of truss 

=■ 12 ft.; dead load per foot per truss = 600 lbs.; live load per foot 

per truss = 1,600 lbs. The dead joint load = W = 600 X 15 = 

. 9,000 lbs.; live joint load = P = 1,600 X 15 = 14,000 lbs. We will 

first assume that the entire dead load is applied at the upperchord joints. 

Chord Stresses; Dead Load. — Left reaction, R, = ■ ' ■■■■ = 

2 

12,500 lbs. Then applying the method explained in Art, 75, the lower 

chord stresses may be written out as follows: 

ab (moment center at B) = 22,500 X 15/12 = 28,125 '^s. 
In a similar manner 

be = (22,500 X 2 — 9,000 X 1} 15/12 =■ 45,000 lbs. 

cd = [22,500 X 3 — 9.000 X (i + 2)] 15/12— 50,625 lbs. 
The upper chord stresses are as follows: 

AB = 22,500 X K X 15/12 = 14,060 lbs. 

BC = (22,500 X iK - 9,000 X K) 15/12 = 36,560 lbs. 

C D ^ [22,500 X 2;^ - 9,000 X {^ + 1^)] 15/12 = 47,810 lbs. 
All upper chord stresses are compressive and all lower chord stresses 
tensile. 

A somewhat briefer method of calculating the chord stresses is by 
the use of eq. (3), Art. 78, but it should be carefully noted that this 
formula will apply here to the lower chord members only. In this case 

~- - — = 5,625. Then stress in a A - 5.625 x (i X 5) = 

2 A 2 X 12 ^ ' -1 3 \ .T 

38,125 lbs.; stress inic = 5,625 (2X4) = 45,000 lbs.; etc. 

For the moments at the lower joints and stresses in the upper chord 
members we may use the method of interpolation as explained in .^rl. 
78. Thus the moment at a will be one-half the moment at if; the 
moment at b will be one-half the sum of the moments at B and C, c(c. 
The corresponding chord stresses will ihcn follow the same rule and 
we have 

AB ^ ?^^i^ = 14,060 lbs. 
2 

„ „ 28,125 + 45,000 ^ , ,. 
BC ^ — - • — ^^-'- - = 36.560 lbs. 
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Chord Stresses; Live Load.— These may be found in ihe same wijf 
as the dead-load stresses, or they may be obtained by mullipiying li 
dead-load stresses by the ratio of live to dead load = 1,600/600, Th( 
stresses are as follows: 

a fi = 75,cx)olbs. AB = 37,500 lbs. 

6c = 120,000 lbs. BC = 97,500 lbs, 

cd = 135,000 lbs. CD = 127,500 lbs, 

Web Stresses; Dead Load. — (Fig. 39,) Applying ihe method o( 
Art. 80, w't will first find the shears on the several sections, stich as f 
cutting a web member and two chord members. There being loads 
at the upper joints only it is evident that the shear on the section cutting 



F[C. 39. 

J5 6 is the same as on the section culling bC; also the shear on liw 
section cutting A a \% the same as ihat on the section cutting a B. etc. 
In other words, the shear on any section cutting through a given jiand 
of the loaded chord is constani. The shears in these several panels ut 
35 follows : 

Shear in panel A B = R, = + 32,500. 

Shear in panel BC = R, — IV — 22,500 — g,ooo = + 13,500. 

Shear in panel CD=R, — 2W= 23,500— 18,000 = + 4,^(0. 

The shears on the right of the center are the same, but of oppo^tea 
The web stresses are numerically equal to the shears multipHcd t^ 



sec #, the value of which = 



,179. 



On the left > 



ihe centre, where the shear is positive, all members inclining upwanit 
towards the abutment (A a, B b, and C c), arc in tension, and mcmbos 
inclining downwards towards the abutment (a B, b C, and f D), are B 
coroprcsaon. On the right the signs are reversed. The values of lit 
stresses are given in Fig. 40(a) and are marked "D." 
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Web Stresses; Live Load. — The conventional method of calculation 
will first be used (Art. 82). For the maximum positive shear in panel 
A B the entire bridge is loaded, and the shear = J?, = 5 P/2 = 60,000 
lbs. For panel B C, joints C to F inclusive are loaded. The shear is 

given by eq. (5). In this case — = -^ — j ^ = 4,000, and we have 

Shear in panel BC = 4,000 (i + 2 + 3 + 4) = 40,000. 
Likewise 

Shear in panel C D =^ 4,000 {i + 2 + 3} = 24,000. 

Shear in panel D E = 4,000 (i + 2) = 12,000. 

Shear in panel EP = 4,000 X i = 4,000. 

The maximum negative shears will occur with the truss loaded on the 
left of the panel in question. They will be of the same numerical 
value as the above positive shears but reversed in order. 

The following table gives the shears and corresponding stresses in 
one-half the truss. 



LIVE-LOAD SHEARS AND WEB STRESSES. 



Member. 


Pwiitive ShMO. 




NcSBtiYE Shan. 


Stmoei. 


4a 
aB 


60000 \ 


-t- 70.700 


\ - 














40000 1 




t , J 




bC 






t ^'"^ i 


+ 4.700 












cD 




- 38.300 




+ u,aoo 



Combined Dead- and Live-load Stresses. — In Fig. 40 are brought 
together in a convenient form all the dead- and live-load stresses just 

found. For the web members the maximum live-load stresses of both 
kinds are given. In using these results in designing, some specifica- 
tions require only a knowledge of the maximum stress, tension or com- 
prcsaon, to which the member will be subjected; other specifications 
require also the calculation of the minimum stress even though it is of 
the same agn as the maximum. If only the maximum be required, 
the small live-load stresses in members Bb and bC, due to negative 
shears, are not needed; but the stresses of 14,200 lbs. in C c and c 
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:ue needed, as they are larger than the dead-load stresses, thus giiii 
a reversal of stress in these members. Hence, in general, where onij 
maximum stresses are desired the live-load negative shears need i 
found only in those panels where they exceed the dead-load positid 
shears. 

If the minimum stresses are required, as well as the maximum, then 
the web stresses due to negative shears will be needed ihroughoL 
the minimum stress in bC, for example, will be equal to 15,900- 
4,700 = 11,200 lbs. Fig. 40(b) gives the maximum and mininua 
stress in each member, all the results being obtained from Fig. 1*;. 
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(a) Dead- and Live-Load Su*sscs. 
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t_h) Miiximum and Minimum Strcssrg. 
Fig. 40. 

The minii.ium stress in all chord members is the dead-load stress; 
maximum is the sum of the dead- and live-load stresses. In C 1 
c D the stress which is here called the minimum is really the mamiiiit 
stress of opposite sign from the one which is numerically the 
and which is usually called the maximum. The stresses in lb 
members may be anything between these limits and may therefore 
zero. This is numerically the minimum value, but the infori 
needed in designing is the greatest range of stress to which the menbtf 
can be subjected and hence, where the stress can reverse in a^ it 
the maximum values of the two opposite kinds of stress that should ie 
calculated. The miDimum stresses in ^ a and a .8 are the dcad-loid 
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The maximum and minimum web stresses may also be found 
conveniently by first combining the shears and then calculating the 
resultant stresses at once, as in the following table: 

COMBINED SHEARS AND WEB STRESSES. 



■ Honbcr. 


I.oa[] Shean. 


(M«imi.m). 


W^ 


,.1S=,. 


i^ 


1 + 8j,soo ] 
1 + 53,500 ] 

[ + »8.soo j 


+ 97.^™ 

- g7.aoo 
+ 63.100 

- 63.100 
+- 33.600 
-33.600 


} + ",500 
} + 0,500 




+ A500 

- a6,500 
+ 11,200 

+ 8!ooo 



^ True Maximum Live-Load Shears. — The shears resulting from ihe 
application of eq. (q). Art. 82, are as [otiows: 
Panel AB = 60,000 Panel BC = 38.400 Panel CD = 21,600. 
^L Panel DE = 9,600. Panel EF = 2,400, 

I^Comparing these with the live-load shears previously found it will 
oe seen that they arc materially less. The members most affected by 
ihe errors of the approximate method arc those near the centre of the 
bridge, a result not altogether undesirable. 

Effect of Applying a Part of Ihe Dead Load at the Lower Chord Joints. 
—If one-lhird the dead load be a.ssumed as applied along the lower 
chord, then each upjier joint load may be taken as equal lo %W = 
6.000 lbs,, and each lower joint load as equal to !^ H' = 3,000 lbs., the 
actual loads at a and/bsing very nearly as great as at ihe other joints. 

This distribution will give slightly different reactions from those 
already found, each being increased by 'A W, which amount has in 
effect been transferred from Ihe end joints to the adjacent lower joints. 
The shears on the sections culling ihe several members will all be 
different from those previously found. Those on sections cutting 
members A a, Bb, and Cc will be increased by 'f, W and those on 
sections cutting aB. bC, and c D will be decreased by % W. The 
lower chord stresses will be unchanged, but the upper chord stresses 
will be slightly modified. They should be found by applying the 
method of momcnis in del:::!. Thus for C D (moment centre at c) 
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-[R,X2H - HWliH + y^) - HW(2 + 1)1 15/", 
Equation (3), Art. 78, will not apply in this case except for that partoi 
the stress due to the loads on the upper chord joints. The live-loaid 
chord stresses cannot in this case be calculated from the dead-foad 
stresses. 

85. The Warren Truss with Verticals. — When the Warren truss is 
used for spans of considerable length it is desirable to subdivide the 
panels of the loaded chord by the use of additional vertical members 
(Fig. 41), thus shortening the length of the longitudinal floor members. 
These verticals carry the joint 



M/\l/\l/\l/\l/ 




loads apphed at the loaded chord 
joints b, d,f, etc. In the deck- 
bridge they are compression mem- 
bers, in the through-bridge ten- 
sion members. 

The stresses in all diagonals 
arc determined from the shears, 
as in the truss just analyzed, and 
the chord stresses from moments. 
On account of the supporting joints at b, d,f. etc., the stresses in the 
diagonals of successive panels will be different. The chord stresses 
a b and b c are equal; also c d and d e, etc. 

Example.— (Fig. 43). Span k-ngih = 150 fi.; hdghi of Iniss - 25 ft,; Arnd load 
per fool per truss ™ ()oo Ujs.; live load per ft>ol per iruss — i,6oo lbs. Assume oM- 
tbird of dead load applied at upper chortl joints. The dead joini loads may be deter- 
mined by assuming the load applied along Ihe lower chord at 6oa lbs. per fool, and llul 
along Ihc upper chord at 300 lbs. The 

lower joint loads, 11'/. will then be 600 ~ ~ " 

X 13 " 9.000 lbs., and the upper Joint 
loads, ICb. will lie 300 X 30 — g.ooo 
lbs. The load at B may be taken at 
9,000 lbs. also. The joint loud at u 
is negleLted. «, - J(9 Xo.ooo + sX 
9,000) — 63,000, Each live joint load 

= i* — 1,600 X 15 = 24,000 lbs. The solution will tie carried only far 1 
illustrate tbe method, the complete analysis being [eft to the studi 
Dtad-Laad SIrtises, — For cliord stresses we have, for eiample, 
cd and de — Mjj/is 

- [lS3,ooo X 3- 9,000 (a -1- s + 1)] — - 86,400 lbs. 
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Fig. 43. 
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■0 (3 + 3 + 2 + ' + 0] ;;7 = 97.300 lbs. 



For web stresses, sec. 8 = V 15' + as'As — i''?' 
B c = sheiir in panel i c X 1.17 

- (63.000 - 9,000 X 1) t.17 = 31,500 lbs, icnsion. 
c D = ihcai in panel cd X. i . 1 7 

^ (63,000 — q.ooo X 3) 1. 17 — 41,800 lbs. comprcaaon, 

Live-Loud Sltfsiti. — The lower chord joints are loaded with 34,000 lbs. each. The 
lome nis may be obtained as for riend load, or by the parabolic formula. Fig. 43 shows 
the moment polygon, the vertices of which 
lie on a parabola, since the joint loads 
are produced by a uniform load. It will 
be seen that all moment centres for both 
lop and bottom chords are in load verli- 
cols and all the desired moments are 
therefore given by the ordinates to the 
parabola. We then have by equation (3) 
Art, 78, Mc = piP/3 (mm-) - 180,000 
(» X 8) - a.880.000 (i.-lba. ; Md - 
[80,000 (3X7) = 3,780,000 fi.-lhs., etc. 
The maximum positive shr.ar in panel 
b c requires all joints loaded except A. 
= 1,400 X 36 — 86,400 ]l)s. Likewise the 
... +7) - a,4oo X aS - 67,200 lbs., etc. 




paneicd- P/10 



86. The Pratt Truss. — This form of truss, shown in Fig. 44 as a 
ihrough-bridgc. is the most common type of truss for spates from 100 to 
i!;o feet in length. For the shorter spans it is frequently built as a 
riveted bridge, but for long spans is made pin -con nee ted. The mem- 
bers B h and H A are called hip verticals, or end suspenders; they are 




tension members and support only the joint loads at and h. Ml other 
\enicals are compression members. All diagonals, except the end 
posts a B and H i, arc tension members. The doited diagonals, d E 
and Ef, are called counters; they are used in those panels where the 
maximum and minimum shears are of opposite signs. By their use 
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the members De and eF are not subjected to compressive stresses 
when the shears in the respective panels change sign, but instead they 
simply drop out of action (the stress becomes zero), and ihe counicrs 
carry the shear in tension. Sometimes counters are not used, the main 
diagonals being deagned for alternating stresses in those panels where 
counters would otherwise be needed. 

We will assume the following data for the truss shown in Fig. 44: 
Span = 128 ft.; height = 20 ft,; dead load = 450 lbs. [jer fool per 
truss; live load = 1,000 lbs. per foot per truss; d = 16 ft.; W - 
16 X 450 = 7,200; P = 16 X t,ooo = 16,000. All the dead losd 
will at first be assumed applied at the lower chord joints, and after- 
wards a portion will be transferred to the upper joints and the sta-saes 
corrected. 

Chord Stresses.^As [he chord stresses are a maximum under full 
load, the counters are not in action and should therefore be omillcd 
from consideration (see Fig. 45). The stress in any chord memberis 



f th( 




I 



readily found by the methods already explained. Thus for member rf' 
the moment centre is D and we have as before: Stress = [/?, X 3 - 
W ^2 + i)] 16/20. For mcmberC/J the moment centre is J and iht 
stress will be numerically the same as found for de. Likewise the 
stresses in 5 C and c d are numerically equal, also those in a 6 and 
Equation (3), An. 78, can be used conveniently in this truss. In 

the case of dead load ~- = — — = 2,880. Notinj? careful 

2 fe 2 X 20 " ' 

the moment centre for eacli member, the following results will rcadil? 
be obtained: 

a b and be = 2,880 X i X 7 = 20,160. 

B C and c rf = 2,880 X 2 x 6 = 34,560. 

C D and de = 2.880 x 3 X 5 - 43,200. 

DE = 2.880 x 4 X 4 = 46,080. 
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The live-load stresses can be found from the dead-load stresses as i 
Art. , 

Web Stresses. — ^The same general methods apply here as in thi 
Warren truss. Thus the vertical component of the stress in C d 
shear on section g; vertical component of stress in Cc = shear ( 
.section r, ele. There being no load at C, the shear on 5 = shear 
hence the stress in C c = vertical component in C d. Likewise stress in 
D d = vertical component in D e, etc. The stress in 5 6 is equal to the 
load at 6 and has a maximumvalueof P + Wand a minimum value of IT^ 

The dead-load shears are as follows: 

7 X 7,aoo 



Shear in panel ab = R, 

Shear in panel b c = 25,200 - 
Shear in panel cd = 25,200 - 
Shear in panel de = 25,300 - 



= +25,2 



7,200 

2 X 7,200 = 

3 X 7,200 = 



10,000. 
10,800. 

3,600. 



Hi The maximum positive live-load shears, calculated by the conven- 
^tional method, are: 



Shear in pane! ab ^ R^ = >- 


■^-^-?— = 56,000. 


-_. , , , ' 16,000 
Mear in panel be ^ — - — ( 


1+2+3 + 4 + 5 + 6)= 42.000- 


Bhear in panel c rf = 2,000 (i 


+ 2+3 + 4 + 5} = 30,000. 


ahear in panel de = 2,000 (1 


+ 2 + 3 + 4) = 20.000. 


Shear in j>anel r / = 2,000 (i 


+ 2 + 3) - ,2,000. 


Shear in panel fg = 2.000 (r 


+ 2) = 6,000. 


Shear in panel gh = 2,000 X 


r = 2,ooo. 



negative shears will be equal to these, but reversed in 



Combining the dead-load with the maximum posidve and negatlv^ 
e^load shears for the left half of the truss, we have the following: 

Panel. ab be cd 

d-Ioad shear -|- 25,100-!- 18.000 -|- 10,800 -|- 3,6« 

aidve livf-kwd shrar +-56.000 + 41.000 +- 30.000 + 

{alire live-lond shear o — a.ooo — 6,000 - 

nshesrs (dead liiiid+ pos. live load) . . . + S 1,300 + 60,000 + 40,800 -) 
mum shears (dead load + neg. live load) . . . + 35,200 + 16,000 + 4,800 - 
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It is lo be noted that in all panels but de the maxunum and 
mitra shears arc both positive. These shears, multiplied by sec B, pve 
therefore the maximum and minimum stresses in ihe respective diag- 
onals. In the panel d e the maximum shear is positive and gives the 
maximum stress in the main diagonal D e; the minimum shear is 
negative and gives the maximum stress in the counter d E. Both of 
these stresses are tensile. The least stress in each of these diagoiult 
is zero, which occurs whenever the shear is of such sign that it is carried 
by the other member. 

Referring now to the vertical compression members, it will be seen 
that the stress in C c (Fig. 45), is always equal to the shear on section 
r, which is the same as the shear in panel c d, there being no load at C. 
The maximum stress in C c is therefore 40,800 lbs. and the minimum 
is 4,800 lbs. The stress in Z> rf is likewise equal to the shear in pand 
dc, if the counter is not in action. This is the case when the shear is 
a positive maximum and hence the maximum stress in Z> rf = 23,(100 
lbs. When the shear in panel d e is negative, then the counter dEis 
acting and ihe members constituting the truss arc as shown in Fig. 4^1. 
a r. n c "^^^ Stress m D d under these conditions is 
not controlled by the shear, but is found br 
considering the forces acting on joint D. 
There being no load at D, the stress in 
D d wiU be zero and this is the minimun 
value desired. The stress \n Ee must al» 
be determined with careful reference to the members which are in 
action under any given loading. The maximum stress will occur 
when £/or d E receives its maximum. When Ef is stressed, Deis 
also in action (Fig. 47), and the stress 
in fie will equal the shear on sec- 
tion s. This will be equal to - 3,600 
lbs. dead-load shear + 12,000 lbs., 
live-load shear = 8,400 lbs., which is 
the same as the vertical component 

in Ef {or rfE>. Note that the dead-load portion of the maximum strea 
in Ee is tension, that is, the dead load acts to reduce the live-load 
compression. This action is similar to that which occurs in the coun- 
ters. The minimum stress in Ee is equal to zero, as in the case ot D i- 
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Fig, 46. 
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Correction for the Loads Applied at Ike Upper Joints.— If onc-lhird 
of a dead Joint load be transferred from each lower chord joint to the 
upper chord joint above, ihe only members whose stresses will be af- 
fected will be the verticals, for none of the bending moments will be 
changed, nor the shears on the vertical sections cutting the diagonal 
members. The shears on the sections cutting the verticals Cc and 
D d will be increased by i-^ W, hence the dead-load compression in 
these members will be increased by K ^- In member E e, Fig. 47, 



B D-aww C o - 13100 D p-mw E 




(6) Maximum nnd Min 
Fio, 4R. 

the negative dead-load shear on section s will be decreased by >f W- 
therefore the dead-load tension will be decreased by this amount, and 
the combined dead- and live-load stress will be increased by >^ W. 
The minimum stress in D d. Fig. 46, and likewise in E e, will now be 
.','i W. Finally, the dead-load stress in B b will be decreased by J^ W. 
These results lead to the general statement that the transferring of a 
jiart of the panel load to each upper chord joint increases the com- 
pression or decreases the tension in each vertical by the amount so 
transferred. 

Summary 0/ Stresses.— In Fig. 48 are given the results of this 

analysis, with stresses in the verticals corrected for a load of l^ W,= 

Lsi,4oo lbs., applied at each upper joint. Fig. (a) gives ihe dead- and 

■Eve-load stresses which act together to produce the maximum stresses 

|l the various members; Fig. (^) gives maximum and n 
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Note that the maximum of Fig. (b) can be obtained by adding the dead- 
and live-load stresses of Fig. (a), but that the data of Fig. (a) are mH 
sufficient for calculating the minimum web stresses of Fig. (i). 

87. The Deck Pratt Truss.— As a deck-bridge the Pratt truss mar 
be supported either at the bottom chord, as in Fig. 49, or at the top 
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chord, as in Fig. 50, The former method is usually employed when 
there are several spans, and the latter where there is but a single spsa 
In Fig, 49 members .4 a and .4 B are not members of the truss projicr. 
In both forms the stresses in chords and diagonals are the same a 
in the through -bridge, since all corresponding moments and shears are 
the same. In Fig. 50 the end diagonals a B and H i are tensioD mem- 
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bers. The stresses in the verticals are greater than in ihc througlh 
bridge. Thus the strtss in C c is equal to the shear on section r, ai 
before, but this shear is a maximum when the bridge is loaded up to 
joint C instead of lo joint d as in Fig. 45. The live-load stress in Cf 
is then equal lo the shear in panel B C, which is the same as the shew 
in panel 6 c of the through-bridge. The dead-load stresses arc in- 
creased by whatever increase there may be in the proporlion of the 
joint load assumed lo be applied at the upper joints, this incrc&se 
usually amounting to \i W. In Fig. 49 member B b receives a toill 
stress of only >j W, the load at h. In Fig. 50 this member carries shear 
exactly as C f , and its stress is determined in a similar manner. 

In calculating the stress in the middle vertical Ef, it is nccessatr 
first to ascertain which of the diagonals in panel £ F is in action. To 
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do this, calculate the total shear in this panel with the bridge loaded up 
(o joint £. If this shear is posiiivc, then £/will be in action; if nega- 
live, then r F. In case £/is acting, then the -stress ia.Ee will erjual the 
shear on section s; but if c F is acting, the stress in E e will equal ihe 
total load at E. As a matter of fact, if the maxinium positive shear on 
seclion s is greater than the lota! load at E, il follows that the shear i 
ihc panel E F will at the same time be positive. The member E/ « 
then be in action and Ihe stress in £ c will equal the shear on section sM 
Bui if this shear be less than the load at E, then the shear in panel Efi 
will be negative and e F will be in action, making the stress in Ee equal 
lo the load at E, Whence the rule, that the maximum total stress ixnM 
Re is equal lo the maximum shear on section s, or to the maximuml 
joint load at E, whichever is the greater. The minimum stresses in the|^ 
verticals are found as in the through-bridge. For member C c, anw 
in Fig. 50, also member B b, they are found from minimuTi shears; for^ 
members D d and E e they are equal to the dead joint load applied at ' 
ihe top. 

The dead load stresses in the verticals may be found conveniently 
by first assuming all dead load applied at the upper chord joints and ' 
afterwards correcting the resulting stresses by subtracting therefrom j 
the amount carried at each lower joint. 

To illustrate the stress calculation for the verticals a truss will be 1 
assumed of the form shown in Fig. 50, but of the same dimensions and 
loading as in Art. 86. All the dead load will first be assumed applied 
at the upper joints. The shears in the several panels are the same as 
given in Art. 86, and are as follows: 



Maximum shears. . 
Minimum shears.. 



\ 



+ 81,200 + 60,000 + 40,800 + 23,600 
+ 25,200 + 16,000 + 4,800 - 8,4co 

The maximum stresses wilt then be as follows: 

Bb = 81. 200 (35,200 dead 4- 56,000 live). 
Cc = 60,000 (18,000 dead + 42,000 live). 
Dd =^ 40,800 (10,800 dead ■+ 30.000 hve). 
For member E c the maximum shear in panel D E {= shear on sec- 
tion i) = 23,600 lbs.; the total load at £ = P + W = 16,000 + 7,200 = 
I stress in £ (f is therefore 23,600 lbs. 



» 
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The minimum stresses are as follows: 
Bb = 25,200 {all dead load). 
C c = 16,000 (18,000 dead - 3,000 live). 

For members D d and E e the minimum stress = ff = 7,200 lbs. 

All of these stresses, both maximum and minimum, should no» 
be decreased by H^V, or 2,400 lbs., to allow for the portion of the 
dead load applied at llie lower joints. 

88. The Howe Truss.— (Fig. 51).— In this truss the chords snd 
diagonals arc of wood and the verticals of iron or steel. This type o( 
truss has been extensively used in the past and is still employed lo some 




extent where timber is cheap and transportation difficult. It b so 
constructed that the diagonals can carry compression only, and the 
verticals tension. Main diagonals are sliown by full lines, and coimtm 
by dotted lines. The figure shows counters in every panel, a form d 
construction frequently used. The counters near the ends of the 
bridge receive no definite stress, but they enable the details at the joim 
to be more satisfactorily designed. 

The analysis of the Howe truss is exactly ^rnUar to th« b 
the Pratt truss. In fact the stresses in the truss of Fig. 51 V 
numerically the same throughout as those in I he deck Pratt truss d 
Fig. 50, the upper chord of Fig, 50 corresponding to the lower cho 
of Fig. 51, etc. 

89. Determination of Chord Stresses by the Uetbod of Chord Ii 
ments.— In horizonlal chord trusses it is often convenient to deicrmiai 
ihe chord stresses by considering the horizontal comirenents acting id 
each joint, beginning al the end of the structure. This method requina 
the shears and the horizontal components of the web stresses to be & 
determined. It will be explained by application to the example of .\ 
86, Fig. 44. The dead-load chord stresses will be found. 

The dead-load shears are given on p. 149. The horizontal eoi 
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inents of the diagonal stresses will be equal to the shears multiplied 
>f Ian fl, or by 16/20 = 0.8. We therefore have 



I 



Member. 


Shear. 


Hor.Comp. 


aB 
Be 
Cd 
Dc 


25,200 

18,000 
10,800 
3,600 


20,160 
14,400 
8,640 
2,880 









i'hen at joint B, Fig. 52, X her. comp. = o gives the relation: 5, = 
lor. comp. 5,+ hor. comp. S^. Hence stress m BC = 20,160 + 

» 14,400 = 34,560 lbs. Then at joint 

J'B ^s. s^ ic ^B, C, Stress m C D ^ stress in BC + 
/i\^ 5, |\ „ hor. comp. Cd = 34,560 + 8,640 

= 43,200 lbs.; and finally at joint 
D, stress in Z* £ = 43,200 4- 2,880 
"^' "'' = 46,080 lbs. These check wrih the 

esults found by moments. The stresses in the lower chords are found 
ikewise. They arc, in fact, given in the results already found. 

Tf this method is applied to live-load stresses it is to be noted that 
he shears or the web stresses needed arc ihosc due to a full load, which 
5 the loading jiving maximum chord stresses. They are not Ihe maxi- 
: urn shears or maximum web stresses. The method is not so con- 
iiuni in Ihis case. 
90. Use of Coefficients in Calculating Stresses.— In the analysis of 
lumcrous trusses o£ a similar type for uniform loads, it is a saving of 
lime to calculate a set of coefficients for the various members, from 
irhich may be determined the stresses in any truss of a given number 
of panels by mulliplying these coefficients by certain constants. These 
cocflicienis are ihe stresses or 
'Kcars found by assuming the 
L'ht. the panel length and 
:. joint load each equal lo 
uniiy. For web stresses the P 

coefficients for dead- and 

maximum live-load will be different. The coefficienls for a 7-panel 
Ptatl truss are shown in Fig. 53. For web members the upper tgiue 
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is the dead-load and the lower figure the live-load coefficient. Then 
for any similar truss of 7 panels the various stresses will be found bjf 
multiplying these coefficients by the following constants: For genitals, 
by the joint load W; for diagonals, by W sec 6; and for chord 
bers, by W tan 6; in which W represents either dead- or live- joint loai 



Seotioh IV.— Trusses with Inclined Chords and Sikou 
Web Systems 

91. Components of Stresses in Inclined Members. — In analyzing 
trusses with inclined chords it is frequently necessary to deduce the 
stress in a member, or its vertical or horizontal component, from anoihtf 
known component or from ihe stress itself. The simplest way to do 
this in practice is to make direct use of the length and the horizontal or 
vertical projection of the member in question, rather than to calcubtt 
angles and use trigonometrical tables. The 
desired relation of the components of stres i» 
then obtained from the principle thai the com- 
ponents of the stress are pro[>ortional I 
corresponding projections of the memlxr. 
J. Thus in Fig. 54, let O ^ be any member rf 

length I, and let l^ and l^ be its projeclinBS 
parallel to the axes O X and O Y. Let S represent the stress in Oi 
and 5^ and S^ the components of S resolved in directions parallel E> 
O X and O Y. Then by similar triangles we have 




I, - - 



'. - 



. L, and 



w 



From these equations the easily remembered rule may be Stud- 
To find any desired component divide llie given component by Ike tsnt- 
spending projection and multiply by the projeclion corresponding teik 
desired component. This method will be generally used in the follow- 
ing work. 
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93. Chord Stresses. — ^Let A B, Fig. 55, be any truss with inclined 
hords. The amplest method of calculating the stress in any chord 
lember, as Z7 £, is by the method of moments, as in the horizontal 




hord truss. The moment centre for Z) £ is at C. If its lever-arm i; 
we may write, as in Art. 75, 



(>) 



^here M = I moments about C of the external forces on the left of 
he section. 

Instead of calculating the value of ( it is often more convenient to 
;et, first, the horizontal component of the chord stress and then reduce 
>y the method explained in the preceding article. The horizontal 
»mponent is found as follows: Fig, 56 shows the structure to the left 





Fic. 56. 



Fig. 57- 



>f the section. S is the unknown stress. Resolve this into the com- 
ftonents 5, and S^ and apply these at a point c, vertically above C. 
Equating moments about C as before, 5„ will not appear and we shall 
have 

^^ = ■ip■ (3) 
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That is, the horizontal component of ihe chord stress is equal to t 
bending moment divided by the vertical distance from the momt 
centre to the member. Then, from Art, 91, 

-f-?4 " 

The chord stresses are a maximum when the bridge is fully loadtd 
93. Web Stresses. — The stress in a web member of a truss.such 1 
shown in Fig. 55, is obtained most easily by the method of momeoti 
For member C E, for example, the moment centre is at the intersccDoa 
oi D E and C F. The lever-arm otC E may be measured from a large 
scale drawing of the truss. 

So long as the chord members cut by the section intersect bejtiDil 
the support, the maximum stress of either kind in the web member w 
be caused by a position of loads s 
to that necessary in the horizontal chori 
bridge. If, however, the chord mefflbcn 
^B intersect at a point between the sup[»rH» 
as in Fig. 58, the maximum stress will be 
caused by loading the truss fully. 
form would rarely be used for a simple truss as it is not an economi- 
cal type, being of minimum depth at point of maximum moment. Th 
two-hinged arch, however, is often buill in this form. 

In a truss with one horizontal chord and with vertical web n 
{Fig. 5g), the method of moments may conveniendy be modified la 
follows: Suppose the stress \n E D be required. In Fig. (a) repli 
the stress 5 by S^ and S^ apphed at point D. Then if M^ repr 
the moment of the external forces about / we have 



Fig. 5S. 



and from Art. 91, 

5 = 5- 



in which / = length of E D, and l^ = vertical projection. All qui 
arc easily calculated, and if all lever-arms are expressed in panel 
the work is still further simpUfied. 



Li 
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For the stress in the vertical F D we have directly, from I M = 
of the forces acting to the left of the section cutting F D, 



• md' 



(7) 



This method of moments can be applied also where all web members 
are inclined, but with less advantage. Thus in Fig. 57 the stress in 
C E may be resolved iDto the vertical component 5„, and the component 
S^ parallel to the upper chord, and applied at point E. Then S^ ~ 
Mii(,s + a), and S = S^llh', where / = length of web member C E. 




I The method of shears is also readily applied to such a truss as shown 

Fig. 59. We have here, as in the horizontal chord truss, the principle 
t the shear on any section, q, must be resisted by the vertical com- 

ibents of the stresses in the members cut. In this case, however, ihe 
Kr chord member has a vertical component, and the vertical 
Bponent in the web member will therefore equal the shear, 

inus or plus the vertical component in the chord member according 
ilhis vertical component acts in the opposite or the same direction as 

t shear. 

I The minimum stresses in a truss with counters, such as shown in 
;. ^Q. arc found in the same general way as in the Pratt truss. The 
y point requiring notice is the calculation of the stress in the verticals 

bch are adjacent to panels containing counters, such as member F D. 



iu^ 
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This receives its minimum stress when E D and D G are acting, ia 
which case the stress is found by considering the forces acting at joot 
F. The chord members E F and F G have a resultant upward aclion 
which causes tension \n F D, while the load at F causes comprfssion. 
The resultant may be a small compressive stress or may be a icnale 
stress. The least compression or the greatest tension is what is wanitrf, 
and it will occur when the truss is as fully loaded as possible from the 
left without bringing F H into action. The required loading mtist be 
determined by trial by loading from the left up to D, then lo H. ihcn 
to K, and calculating the total stress in D G. The load is thus advanctd 
until D G just becomes zero; F H will then also be zero. The middle 
vertical G H has its maximum tension under full load. The calcub- 
tion of minimum stresses is illustrated in ihe example of An. 96. 

94. Exact Method of Calculating Maximum Web Stresses /or J/wwf 
Loads. — In the foregoing discussion relative to maximum web si 
the assumption has been made of full joint loads on one ade of the 
section and no loads on the other side, as in the conventional method of 
Art. 82. The exact analyas for maximum web stresses for a m 
uniform load will now be given. As in Art. 82 let x (Fig. 60)- (be 




distance from the joint on the right of the section to the head of ibf 
load ; m = the number of panels to the left of this joint, and n = whok 
number of panels. Let s ^ distance / A. Assume that the load hi* 
reached joint D in its movement towards the left and then considerltt 
effect of a further movement into the panel D C. The stress in EP 
will be increased by adding increments of load to the left of D untii « 
reach a distance .v from D, at which point the addidon of an incrcmo* 
will pnxiucc no additional stress. The stress in E D, due to an inot 
meni of load d P, placed a distance x from D, is found by taking mo- 
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neots about /. The joint load at C is rf P xjd and the reaction — 



l^ = dP. 



^ + (« 



-m)d 



', whence the stress in £ Z> due to d P is 



dP. '*^''-'"'" xs-dp'^[s + i., 



'lacing this equal to z 



e derive 



» — I + n (m - 



!^omparing this with the value of a: given in Art. 82, eq, (8), we notice 
hat here the den6minator contains the additional term « (m - i) djs. 
This term becomes zero when s = oc , or for parallel chords, as should 
ae the case. 

The stress \nE D for this loading is found by taking moments about 
/. If /?, is the left abutment reaction, P' the joint load at C, and p the 
load per foot, the stress in E Z? = 

R,Xs- P' x[s^ {m- \)d\ 



P{(n - m) d + x} _ 



p_^ 
' 2d- 



Substituting the value of .v from {4) and reducing, we have, ft^ne 
Wiaximum stress. 



pdin - 



[ + K(m 



I) 



JPor the maximum stress in a vertical, F D, the load tcrminales in 
Kpancl D H. The distance x is now measured from joint H and 
r number oi panels to the left of this joint. The centre of moments 
\l, and the lever-arm (value of/), is (m - i) d. 
15. Graphical Methods of Analysis, —The graphical method of 
lysis is well adapted to trusses with inclined chords. Chord stresses 
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may be delermined cither by the method of momcnis. using the c<ji 
iibrium polygon as explained in Art. 73, or by the method of slna 
diagrams as used in roof truss analysis, A single stress diagram wiB 
serve to determine all dead-load chord and web stresses and another 
single diagram will give the live-load chord stresses. In constructing 
the dead-load stress diagram all counters should be omitted at lirsi. 
The resulting diagram will give the chord stresses and the stresses in 
the main web members. A supplementary diagram should then be 
drawn with the counters in action and the main diagonals omilled. 
This will give the dead-load counter-stresses which will be needed in 
combining with the live-load stresses in these members. For live-load 
web .stresses the method of stress diagrams is still very convenient 
if the conventional method of loading is adopted. For the 1 
exact treatment the methods explained in the next chapter are belter 
adapted. 

In determining live-load web stresses a separate diagram must be 
drawn for each position of the load, a different position being required 
for each pair of diagonals meeting at the unloaded chord. This dia- 
gram need be drawn only as far as the members whose stresses arc 
desired. The abbreviated diagram of Chapter II, p. 75, will be found 
to apply well here. The reactions for the several positions of the loads 
should first be computed, then laid off on the .same vertical and all the 
diagrams drawn. Or the live-load web stresses may be found by 
single diagram as follows: Assume a left abutment reaction of some 
convenient amount, as 100,000 lbs., and, with no loads on the truss, 
begin at the left and draw a stress diagram up to the last diagonal 
member on the right. The main diagonals are to be considered as 
acting on the left of the centre, and the counters on the right. Scale oif 
and tabulate the stresses thus found. Compute the actual reactiori; 
for the various pssitions of the loads required. Then to get the maii- 
mum stress in any web member multiply the stress found from the 
diagram by the true reaction corresponding to the position of loads for 
a maximum stress in this member, and divide the result by loo.ooo, 
With a slide-rule this method is very rapid and easy. Il is based on the 
fact that the diagram thus drawn and the diagrams dr&wn for each 
position of the loads are similar figures. ' This method is fully illustrated 
in Art. 100. 
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06. Analysis of a Curved-Chord Pratt Truss. ~ 



Ex.\upLE, — Lci it be rcc]iure<l lo analyie ihe "Cuneci-r' i;rd Frail" Iniss shown 
in Fig. fii for a uniform fised load of 400 lbs. per fool per Iruss and a uniform monog. _ 
load of goo lbs. per foot per iruss. 

Dead panel load — W = 7,000 lbs. 
Live panel load ^ p = '5, 75° lbs. 
- - — =• 14.500 lbs. 



Dead-load reactio 
t &tst be a 



applied al ihe lower joints. Panel 



All the dead load will a 
rength = d - 17.5 ft. 

Chord Slmsei. — .\pplving the method of Art. 93, eq. (j), we may write at oact 
a b and ftc = (34,500 X i) 17-5/18 — 13,800. 

cd and hor. comp. B C " (34,seo X a - 7,000 X 1} 17.5/" - 33i4oo. 
de and hor. comp. CD — [14,500 X j - 7,000 x (1 + j)]i7.5/i4 = 38,0c 
Hor. comp. D £ — [24.500 X 4 - 7.°°° (1 + 2 + 3)] l7.^/^5 = 39."oo. 




Fig. 61 



The siresses In Ihe upper chord memben are found from their horizontal compo- 
nents aa follows : BC- 33,4ooX i7.9S/'7-S - 34,300; CO = 38,000 X 17.61/17.5- 
3S.100; D E - 39,J00; X i7-5l/>T.S - 39.3™- 

Thc live-load stresses arc etjuol to the above dead-load stresses muili[ilied by 5 — 
or 3.35. 

Web Slrnses. — (a) Dead Load. — ^Thcse will lie found by the method of shears, gclting 
ihc vertical components of the vrcb stiessea by subtracting from the shears the verdcal 
components of the chord stresses- The shears are^ 

Panel ah- + 14,500, Panel dc = + 3.500, 

Panel fc c = + 17,500, Panel e / = — 5,500, 

Panel cd — + 10,500, elc- 

The vertical components of the chord stresses will be found from their horizontal 
components alrwdy calctilated. They arc: Verl. comp. B C — 33,^00 X 4/17.5 — 
7.600 ; Vert, corap. CD " 38,000 X 3/17.5 ~ 4,3°o '• Vert. comp. D E — 39,100 X 
i/'7-S = ''loO' 

The vertical comTrjnents of the stresses in the main diagonals are therefore: 
Vert. comp. u B = 34,500. 
Vert, comp. B c = 17.500 - 7,600 = 0,900. 
Vert. comp. C d — 10,500 — 4,300 — 6,joo. 
Vert. comp. D< - 3,500 - 1,200 - 1,300. 
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The slrcsses w-ill be: 


aB — 14,500 X 25.10/18 - 34.700. 


af= 9,900 X ssto/i8 = 13.800. 


C(f= 6,200 X »8.ii/2a = 7,900. 


Ue '= 1,300X29.70/34— 1.600. 


Al! arc tcnsitc except a B. 




ralculaled just as if De did not cjiisi. Its vertical component will equal the shew la 


panel d e minus the vertical component of the simultaneous alr«s in D E. Now who 


li E is ailing the moment centre for D E ii at d and the hoiuonal component of iu stmt 


will equal Moment al d -=- 24, which is ihe same as the horizontal component in CO 




»,lSo lbs. Finally vert. comp. d E ^ 3,500 - 1,150 - 1,350 lbs., and the slrci^ » 


'.35° X 30.51/15 " '.*^ "^' compression. 


In the same manner we have, for the dead-load compression inc D: Hot. comii. 


CD— hor. comp. Bf = 33,400; verl. cump. CD= 33,400 X 2/17.5 = 3.8oo; vert. comp. 


c D— 10,500 — 3,800 = 6.700; stress ine/J = 6.700 X 29.70/14 — 8,300 lbs. compressjon. 


In case the live-load tension in c D dues not eieccd the dead-load compression, then ihii 


member is not needed. 


The dead-load stresses in the verticals (main diagonals acting) are: 


Bb — 7000 lbs. tension. 




Dd = 3.500 - 4.J00 - 800 lbs. tension. 


TTi» m-TnT.m* K* d iii'll -fr-jti.-a Jlc -n a vfrvi i .1,1 n^tn it nv d in*. *utsj>n P ( rfr*i- rl P^ ia linH/4 


1 ne memuer £ r Will receive lis maximum compression wnen ji j i^or o c} is ujiuc, 
mwrimum stress, and the value of its stress will then be equal to the shear on section f 


minus or plus the vertical component in D E, Fig. 62. The dead-load shear — -3.50) 




\^ 




K'- 


^^m °-/ 


\ 


c \ 


■N-- 1 


^^K i 






1 


^^H 


^ Fig. 




slon Bt must equal 3,500 + 3,Joo - 5,700 lbs. 


We wiU now correct the stresses in the verticals tor J W which wUl be aaumol 


applied at the upper joints, giving finall)- the siressra 


S 6 = — 7,Doo + 2.300 = 4,700 lbs. tension. 


Cc =• 2,goo + 2,300 = 5,100 lbs. compression. 


Dd" — 800 -(- 2.300 - 1,500 lbs. compression. 


Ee 5.700 + 2,300 = 3,400 lbs. U-nsion. 


(i) Livt toad.— The maximum stress in a fl - deiid-load stress X 900/400 — ;6,oa' 


lbs, Stress in B* -P - 15,750111s. Tor the remaining members the method ot moniefHs 


^^V^ ,Tfc.„...b.Gt^flftl£. _i 
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in An. oj will be used. The dislnnces from ihe irfi aupporl I 
n of Ihe various upper chard srgmcnls with ihc lower tbord are 

for B C. 3.$ panel Icngihs. 

for c n U ■' 

lorOE. 21 " 
c maximum siresa in B c, joints c ta h are loaded, and the left n 
1 + 3+^ + 5 + 6) = 41.300 lbs. Then in 1^, (5). An. gj, il - 



■p for Ihc nthcr diagonal! 



6s 

thn poini* of 



Cd-^<i + 1+ 3-i 



. comp. Dt-~(t 



3 + 3 + 4) — " 16.5° 



be counter E f the load ei 
of point I or ig panels U 



:ends lo /, and the centre of mun) 
the ri^t of R,. Wehavc then 



''-!.<-' 



,) J., 



[he diagonals ure 
Be — 16,300 X 35.10/18 - 3S.700; Cd = 3J.1O0 : 
/>e — 16,500 X II). 70/34 = 20,400; £/— 14,300" 
■f C ~ 0,100 X 19.70/24 — 11,300. 
The stresses in the verticals are caleulaled in a similar m 



hesc stresses arc compressive. 
The maximum compression in ihe verticals and the 
now be made up as follows, using signs to indicate the kind of stress : 
Member. Dud Load. Live Load. Total or Maiii 

aB - 34,200 - 71 



c. -fc 



Ui. j(. + .+ 



■«l' + ' 



3 + 4)^ 



s-s 



Be 






+ .3.«. 



I- 15,700 
^ 36,700 




ANALYSIS OF TRUSSES FOB UNIFORM LOADS 



There slill 
and E t. Thi 

nith join I b laadcd. 



be determined ihc maiiinuin tensJc 
stress in all diagonals except B c is 
an readily be found if needed. 

I in £ e occurs for i. fully loaded bridge, as in that case mrmlm 
and e P will be in action. The dead-load (ensile stress — vert. comp. D E 



The 










The livt-loiJ 
4,t>oo. The Ijw^ 



I 



Fic. 63. 

comp, £ /•' - iW (applied at £) — »,aoo + i,»oa - a.300 ■ 

veri. comp. in D E — (dead load) X 900/400 — j,»oo X 900/400 — 4 

load tension in £e is therefore 4.900 + 4,9oo ' 9i8oa lbs. Total tension — 3.1c 

9,800 — 11,900 lbs. 

To get the maximum tension in D d. members Cd and d E are assumed lo b 
action, (Fig, 63), The dead-lond tensile stress in O rf is then equal to vert, comp, 
CD- vert, comp, D E— 7,300 lbs. {load at D). Now with C d and 1/ C arti 
horizontal comjioncnt in D £ is cfjual 10 the boriionlal component in C D of 38,o< 
already found, whence vert. mmp. D E -^ 38,000 X 1/17,5 " *i*oo lbs. We then haw 
tensile stress in Drf — 4.300 - i.joo — 1,300 — 100 lbs,, or practically Mrro. 
load tension ia D d will be a maximum when the bridge is as fully loaded as possible 
and yet have rf £ in aclion instead of D e. This may lie determinisl by trial. The 
member rf £ is in action when joints h, c and d are loaded, as it then receive 
mum stress, A load now placed at joint t, or at any point to the right, will ij 
chord stresses CD and D E, and will therefore increase the tension \n D d 
d £ remains in action. As soon as D r comes into action any further load to the r^ 
of panel d e will tend to cause compression in D d or reduce its tension. The effect of 
loads at e and / may be separately considered. A load of i* — 15,750 al 
compression lad E (using the same method of calculation as before) equal tt 
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~ 8,400 lbs. 



A load at / causes n compression equal to three-fourths of this amount •• 6.300 Iht. 
The total stress (dead and live), in if £, with bridge loadi-d 10 d, has been found 10 he 
15,900 lbs, tension. When loaded to e it will therefore be equal to 15,900 — 8,400 — 7.500 
lbs. lensioD, and when loaded to/ it will be 7,500 — 6,300 ^ i.ioo tbs. tension. Therefap 
this member will siiil be in action for joint / loaded, but it is evident that to load joini t 
in addition would cause the resultant stress to be cumpression, that is. it would ihim 
D e into action. For a maximum tension in □ d, therefore, the truss is lo be loaded 
fttim i 10 /. Under this load ihe value of R, ^ 49,200 lbs., and the horixonlAl com- 



ponents in C D and D E ~ [49,10 



5.750(3 



0]x 



'7-S 



The vert. comp. k 




imp.X 3/17.5 ^ 8.400 Iba.. and vert, comp. in D £ = hor. comp. X i/'J-l 
whence the live-load tension in ^ rf — 8,400 — 4,100 — 4,100 Ihs. Totil 
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me method it can be shown thai tor the 
c should be loaded. The dead-load icnsile 
bp- ca - J If = 1,500 lbs. The Uve-load ti 



ion in Cr; only 
. comp. B C — 
3 Iba. Total = 



Other Forms of Curved-Chord Trusses. — The curved -chord Pratt 
|s illustrated above is the most common form of curved-chord 
p use at the present time, in ihc deck-truss the upper chord is 
horizontal and the lower chord curved. Formerly, extensive use 
tode of the Parabolic Bowstring truss, in which the joints of the 
[chord lie on the arc of a parabola. Since the moment curve for 
mn load is a parabola, it follows that the horizontal components 
ftlpper chord stresses and the stresses throughout the lower chord 
iform. The diagonals therefore receive no stress imder uniform 
lit for moving loads counters are required in every panel. The 
oity of chord stress was a point in favor of this truss, but the 
ty of making the wind bracing effective at the ends of the bridge 
f extensive use of adjustable coimters were objections. 
The Double-bowstring or LetUkular Truss (Fig. 64) has both 




the form of a parabola. The floor may be supported along 
ttre line .4 B, or may be hung below, along the line A' B'. In 
ter case a horizontal wind-lruss in the plane A' B' prevents the 
of the main truss longitudinally. With verticals and diagonals 
figure, the horizontal component of the chord stress is constant, 
sums of the ordinates to two parabolas give the ordinatcs to a 
rabola. 

The Schwedler Truss is a form of curved-chord truss in which 
s of the upper chord members in certain of the panels next to 
is made as great as possible without requiring the use of a 
la the panel. That is, the stress in the main diagonal does not 
quite as small as zeio. The necessary slope depends on the 
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relation of live to dead load and can be found by placing equal to zei 
the total calculated diagonal stress when the truss is so loaded as 
cause ihc minimum live-load stress. Obviously these conditions ca 
not be met near the centre of the bridge as counters will be required 
here even with horizontal chords. While it is advantageous to have a; 
large slope for the chords as possible without the use of many counters, 
other practical considerations will usually control the design, so that 
the precise proportions of the Schwedler truss are seldom used. 

loo. The Pegram Truss {Fig. (15) illustrates certain principles of 
economical design. It is so proportioned that the compression mem- 
bers are in general shorter than the tension members; the upper chord 
members are of equal length and have nearly equal stresses to carry; 
and the compressive diagonals are shorter near the ends where ihc 
stresses are a maximum. The chief objection to this type of truss is 
the difficulty and expense of making satisfactory riveted connecdons 
between the floor system and the truss, in accordance with good modern 
practice. It has practically gone out of use, but as its analysis serves 
very well to illustrate methods especially applicable to trusses with 
inclined chords and inclined web members, an example of its analy^s 
will be given. 

Example, — Take a aoo-ft. lhn>ugh-span, Fig. 65, with seven panels, ench rqusl in 
28.57 f'- "^^^ coordinnles ot the upiier panel points are given in ihe figure. Thrse 
points lie in a ciicular arc with a chord o( 160 It. and versed sine of 15 ft. Each lop 
chord member between pins is 13.55 fl. long except the centre one, which is i,'jo less "t 
J2.37 ft. long. This is made shorter to enable the chord sections between splices 10 bt 
of uniform length, the splices being placed towards the end of the Imss from the pin- 

Thc dead load will be assumed al S75 lbs. per foot per truss; the live load al i.Sao 
lbs. per foot |)er truss. The dead panel load — 875 X 28.57 ~ 'i.ooo lbs. It will be 
considered as all applied at the lower joints. Live panel load — 1,800 X 28,57 " S'-W^ 
lbs. The stresses will be found by the graphical method. 

Dead-load Strtsses. — The abutment reaction, R|, — ,i X iSiOoo ~ 75>ooo lbs. L*v* 
ingpft d A. Fig. 67, equal to this, and A P, P Q, and Q R each e(|iuil to z>,ooo [b«., « 
draw the truss diagram for one-half the Iniss as usual. The counter 5-8 is considered 11 
first us not in action and the diagram drawn as shown by the Cull lines. This gives the 
dead-load stresses in alt chord members and the dead-load stresses in Ihe web memben 
which obtain when the truss Is loaded for maximum positive shear. These stresses art 
scaled oil and written in the diagram of Fig. 66 and marked "D." To gel the dtad- 
load stress in the counter 5-8, when the truss is loaded for maiinium negative shear, iht 
diagram must Ik drawn under Ihe assumption that t,~9 is acting instead of 6-7. This ii 
shown by the dotted liaea in Fig. 67. and the stress in 5-S is given by C H'. Tbe same 
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jves the dcad-!oad tension (C /■'), in member 5-* when the rounliT i 
check on ihe diagram the «t«ss in 8-10 is cfllciUatcd by 



<iuU ! 



■-load Strtises, — The sljesses in ihc chords, and in i-i and 3-3 ai 
lU k>ad, and may therefore be obtained by muUiplying the corresponding dead-lnad 
by i,8do/»75. 




n 3-4 and 4-5 all joints up to 5 should be loaded. The reanion 
't then equal to pd/j (i + a -»■ 5 + 4 + 5) — iio.joo lbs. Laying this off aa B A,, 
68, we proceed to draw the diagram as far as piece +-5 by the method explained in 
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SECTION v.— Trusses with Holtiple WkB Btbtehb 



'■loi. The Whipple Truss, shown in Fig. 70, consists of two simple 
Kt trusses combined. It is in fact often called a "double intersec- 
' Pratt truss. The advantage of this form over the Pratt truss for 
g spans is in having short panels, and yet an economical inclination 
I the diagonals (about 45'), It has been used extensively in the 
Hr, but the form shown in Fig, 77 or Fig, 84 is now preferred. 
' The two systems of web members, distinguished by full and dotted 
i, are commonly assumed to act independently. This is not, how- 
jr, strictly true, for the chords connecting the systems, while allowing 
wndent vertical deflection, do not allow independent horizontal 
placements, so that the loads on one system affect lo some extent the 
1 of, and hence the distribution of stress in, the other system. The 
ict analysis can only be made by the theory of redundant members 
given in Chapter VII, and even then it depends upon the adjustment of 
the counters. The assumption of independent systems is, however, 
very nearly correct and enables the stresses to be statically determined. 
In any case the question affects the web stresses only, as the chord 
stresses are a maximum for a full load, and under that condition the 
usual assumptions are correct. 

The truss of Fig. 70 will be analyzed for the following loading: dead 
= 500 lbs. per foot per truss; live load = 800 lbs. per fool per 
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The bridge will be assumed to be a through-bridge. Figs. 71 
1 72 show the two systems separated. The joint load on each 
= 500 X 15 = 7-500 lbs. dead load, and 800 X 15 = I3,ooo 
. live load. 

The analysis can be made exactly as In the Pratt truss, treating each 

stem of bracing, with the chords, as a separate truss. The web 

stresses so found will be correct. The resultant stress in any chord 

member is found by adding tlie stresses obtained from the two separate 
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trusses. Thus the total stress in member D E, for example, is equal to 
the stress in C £ of Fig. 71, plus the stress in /> F of Fig. 72. 

The chord stresses may also be found directly, from Fig. 70, by 
noting that under a full uniform load none of the diagonals meeting the 
upper chord at joints F, G, and H are in action. The stress in member 
FG OT G H can then be found al once by ccjuating moments about j. 
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The stresses in the remaining upper chord members can then be found 
by the method of chord increments, Art. 89. Then for ihe lower chord 
stresses note that stress '\nf g =- stress in D E, etc. Stress In 6 c = stress 
in r d minus hor. comp. in A c; stress in a i = stress in A c minus hor, 
comp. in A b, and should equal zero. This method of calculation will 
be used here. 



Chord Slresscs. — Dead-load stress 



67,500 lbs. 
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TRUSSES WITH MULTIPLE WEB SYSTEMS 
We have ihen, by subtraction, the chord stresses as follow 
EF = 67, 500; 

Z)£ =/^ = 67,500 - 3,750 = 63,750; 
CD = e/= 63,750 - 7,500 = 56,250; 
B C = de = 56,250 - 11,250 = 45,000; 
A B ^ rd ^ 45,000 — 15.000 = 30,000; 
be = 30,000 — 18,750 = 11,250. 

The stress in 6 c is found lo be equal to the horizontal component o 
A b, which proves the correctness of the work. 

The live-load chord stresses are obtained, as before, by proportion, 
Wrb Stresses. — The dead-load vertical components, or shears in 
the separate systems, are given above. 

For live-load shears, pd/b ^ 2,000, and we have for Fig. 71: 
.Shear in a <r = (^ rf X 5) ^ 2 = 30,000; 
Shear in ce = 2,000 (i 4- 3 + 3 + 4) = 20,000; 
Shear in e^ = 2,000 (i + 2 + 3) ^ 12,000; 
^L Shear in g i = 2,000 (i + 2) = 6,000. 

^■FoT 



!For Fig. 72, p d/i2 = 1,000, and 

Shear iTi a b ^ (p d X d) -i- 2 = 36,000; 

Shear m b d = 1,000 {1+3 + 5 + 7 +9) = 35,000; 

Shear in df = 1,000 (i + 3 + 5 + 7) = 16,000; 

Shear in /A = 1,000 (1 + 3 + 5) = 9,000; 

Shear in h j ^ 1,000 (i +3) = 4,000. 



Adding to the above the dead-load shears, we have the stresses in 
the verticals, and the vertical components of the stresses in the diag- 
onals. Vertical component of stress in the counter G i ^ shear in 
gi = 6,000 — 3,750 = 2,250 lbs. This is also the maximum com- 
pression in G g. The vertical com[X)nent of stress in F h or / H = 
9.000 lbs. = stress in Ff and H h. There is no positive shear in h j, 
and hence no coimter is needed. The stresses in vi a and 3f m arc 
equal 10 the sum of the shears in a 6 and a c. 

The stresses in the verticals can be corrected for the loads carried 
it the upper joints, as in the Pratt truss. 

Only majdmum web stresses have here been found. The student 
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will have no difficulty in extending the analysis lo the determini 
all the minimum stresses. 

Fig. 73 shows a more common arrangement of the end posts ihui 
that in Fig. 70. This arrangement, however, causes a further am- 
biguity in stress calculation from not knowing to which truss sysicm 
the loads at C and D belong. Assuming them equally dinded between 
the two systems is nearly correct and enables the stresses lo be readily 
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Fic. 73. 

found. Each truss will then contain the vertical members al C mil 
D, and the joint loads at these points will be one-half the full joint loail. 
If an odd number of panels be used the ambiguity of calculation is 
again increased as the two systems into which the web members Am<k 
themselves under partial loads are unsystematical with respect to the 
centre. 

The uncertainty of computations of stresses in double syslenu by 
the usual methods constitutes a somewhat serious defect in such sys- 
tems, and is one cause that has led to the adoption of the forms referred 
to at the beginning of this article. 

103. The Triple-intersection Truss has been built to some cxlenL 
It is similar to the Whipple truss, but has three instead of two sets of 
web members. The stresses arc found in the same way as in Ok 
Whip]}le truss. 

103. The Double-triangular Truss, shown in Fig, 74, has two sp- 
'ems of triangular bracing. This truss is used both as a short-spu 
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rij'eted structure and as a long-span pin-connected bridge. Thf 
Memphis bridge and the Kentucky and Indiana bridge are of this form. 
though modified as shown in Fig. 86. In analyzing this truss il ii 
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■ided into the two systems as shown in Figs. 75 and 76. Any joint 
i at S and J would be assumed equally divided between the two 
Hems. 

ExAlTPLE. — (Fig. 74). Span tenglh = 200 fl., height = 30 fl., w — 1,100 lbs. per ft. 

fr truss, p -= 2,00a lbs. per fl. pi?r truss. H' "■ 1,200 X 20 = 24,000 lbs. .\s3ume each 

r jainl load -• 16,000 lbs., and Each upper joint load, including joiols B and /,— 

3 lbs. F — 40,000 lbs. The stresses in the eight members cut by sections q and r 

11 be fouod. 

t Chard SlretSfS. — Dead-load reaction (Fig. 75) =• (4 X 16,000 + 4 X 8,000) -i- 3 — 

>r Fig. 76 ii is {5 X 16,000 + 5 X S.ooo) -i- 2 — 60,000. Live-load reactions 

cspcctively 80,000 and joo.oco. Deaii-load stress in O f (Fig, 75) = (48,000 X 2 — 

ti6,oao — 4,000 X ij — 8,000 X i) 40/30 — 93,300. Likewise aie found 80,000 in ce 
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and q6,ooo in e g. Stress in C E (Fig. 76) — (60,000 X iJ - 16,000 — 4,000 — 


8.000 X i) 40/30 - 88.000; stress in £ G - 104,000; stress in rf / - 98,700. The live- 


load stresses are found to be: D F " 160,000, ee~ 133,300. 'g = '60,000, C E " 


146,700, EG ^ 173,300 and d/— 160,000. The required stresses are therefore as 


follows: 


Dead-load stresses 


DE- 88,000+ 93,300=181,300, 


£-P- 1J3-300+ '04.000- 197,300, 


de — 80,000 + 98,700 - 178,700, 


«/ - 98,700+ 96,000=194,700. 1 


Live-load stresses 1 


£ - 160.000 + 146,700 - 306,700, 1 


£ f = 160.000 + 173 300 - 333.300, 


li' — 133.3™ + 160.Q00 = 293,300, 


(/ — 160,000 + 160,000 = 320,000. 


IVeh Slrc3sei.— The dead-load shears on the sections, or the vertical components of 


|, Abe diaBonai stresses are: 


k '*" Up '£v.6,»o -..,«». 


^L ■'* "■ Wi! - S^f- 8,000 . ,6.000. 
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I + 3) - 48.000, 



The livo-load positive sheais are: 

Fig. 76 dE- Ef- i/i 
The live-load negative shears are: 

I De- i/sP- 8,000, 

''■''M.F., A J. (, + .)_ „,««,. 

Fig. 76 dE- Ef- i/ioP(i + 3)- 16,000. 
The resulting manmum and minimum shears and stresses are as follows; 
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20,000 
Siooo 


48.000 
J6.000 


8.000 
24,000 
16,000 
>6,ooo 


+ 68,000 
+ 18,000 
+ 5».«>o 
+ 44.000 


+ 12,000 
- 8,000 


+ 81,700 

+ 52,900 


+ 14.40' 
+ 24,000 

- Q,600 



104. The Lattice Truss, Fig. 77, has commonly four systems of 
bracing. It is seldom used for long spans and is always built as a 
riveted structure, Tt is best analyzed by treating tlie four systems as 
independent, although, as the web members are riveted together at 
iheir points of intersection, independent action is not possible. For 
small trusses it is customary to analyze the truss as a beam. The 
maximum moment and shear is found at several different sections; the 



Fic. 77. 

airiisscs in the chords or flanges are found by assuming them to take 
all the moment, and those in the web members by assuming the shear 
as equally <Iividcd among the members cut. 

105. Double Intersection Trusses with Curved Chords. — In double- 
intersection trusses with curved upper chords each truss system is 
alTecled by loads on the other .■iyslcm, owing to the uplifting force at 
each an<;]c of the upjier chord. The systems are, as a result, not so 
indctx;ndent as in the horizontal chord trusses and the errors of calcula- 
tion are greater. The same general methods of calculation are used 
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s in the double systems already discussed. In getting web stresses 
he chord members are assumed as straight between successive joints 
«f the same system. 



P Seotiom VI.— TaoasES with Sdbdividsd Panels 

io6. Th« Baltimore Truss.— The Baltimore truss, Fig. 78, or a 
nodificd form of it, Fig. 85, is used very generally for long spans. The 
tresses ace all easily dcfcrmined; the panel lengths are short, while the 
liagonals have an economical inclination. The intermediate floor 
•earns at b, 1!, etc.. are carried by means of the subverticals, b b', d d', 
tc. to the joints b', d', etc., at the centre of the main diagonals. These 
►oinis are in turn supported by the substruts b' c, d' c, /' e, etc. The 
lotted members, /'G and A'/, are counters. When they come into 
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iclion the substruts, c/' and g h', act with them and become tension 
ncmbers. Fig. 84 shows a form in which the centre joints are sup- 
ported by subtics extending to the upper chord joints. The stresses 
n the various members will be discussed in detail. 

Chord Siressfs. — The upper chord stresses are found as usual by 
;aking centres of moments at lower chord points, the counters being 
amiited. Thus, in Fig. 79, 5, = .\f^ -r- It. 

The stresses in ihe lower chord members are found by taking 
moments about upper chord points. Thus for piece de pass a section 
tutting C E, d' e, and d e. Fig. 79, and write J mom. about C = o. We 
have, therefore, R, Y.2d-P,xd + P,y. d-S, ^11 = 0, whence 
5, is determined. Il is. to be noted that tht moment of the external 
forces acting on the portion considered, about the [joint C, is not the 
usual "bending moment" in Ihe truss at C. since in this case we have 
included the force P, which is on the right of the centre of moments. 
Id the equilibrium polygon this moment is represented by the ordinate 
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The sircss in c rf is evidently equal to that in d e. The oiher chord 
stresses are found in a similar manner to that described abov 

Web Stresses. — The stress in each subvcrticai, b b', d d', etc., is 
equal to the load at its base = {W 4- P). The vertical component of 
the compressive stress in each of the pieces, b' c, d' c, etc., is equal to 
one-half the stress in the subvcrticai, as is easily shown. Thus in 
Fig. 80, showing the forces acling on the joint d'. let the stress S 
c d', be replaced by its components 5„ and S^ applied at c. An equatiofi 
of moments about e give.s 5, rf = 5, X 2 d whence S^ = K 5, 
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The maximum stresses in the members <i b', d' e. f g, and k' i are 
determined from the maximum positive .shears in the respective panels, 
as these members carry the entire shear. The maximum stresses in 
the counters / /' and K I' are likewise found irom maximum positive 
shears in these panels. The stresses in the verticals Ee, G g, and / 1 
are equal to the vertical components in Ef, G h', and / /', respectivclyi 
plus whatever load may be applied at the upper 
panel point. The tension in C c = vert. comp. in 
6' c + vert. comp. in t^' c + load at c = 2 (W + F). 

The stresses in the upper portions of ihc main 
diagonals, b' C, Ef, etc., require special attention. 
Consider the member C d', passing a section through 
the panel c d. Fig. 81, In general, for positive shear, 
we have the relation : Vert. comp. C d' = V - vert. comp. c d'. This 
enables the dead-load stresses to be readily determined. For manffluo 
live-load stress the position of loads must first be found. Consdcc 
the effect of a joint load. P, placed at d. This load adds to the reaction 
and to the shear on the section an amount equal to 13/16 P. It also 



tOJ 

Fic. 81. 



d^^iHb 



r 



TRUSSES WITH SUBDIVIDED PANELS 



179 

ndds to the vertical component of the stress in c d' an amount equal to 
' J P. The net effect on the vert. comp. in C d' is therefore (13/16 — 
>ij P = ^iibP. This shows that the live load should extend from 
the right up to joint d. The vertical component of the live-load stress 
in C d' is then equal to the shear minus >a' /* = 1/16 P (i + 2 + . . . + 
13) -% P = Hili(>P. Similarly for Ef and G h'. The vertical com- 
ponent in i' C = shear in be + vert. comp. b' c, as is seen from Fig. 
82, from 1' vert. comp. = o. Adding P to joint b decreases the positive 
shear in 6 r by 1/16/*, but increases the vertical component in b' c by 
8/16 P, thus increasing the vertical component in b' c by jlibP, 
Hence for a maximum stress in b' C the bridge should be fully loaded. 
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When the pieces ;' k and /' m (and similar members on the left), act 
with the counters, they arc in tension, and their maximum stresses will 
occur when the shear in these panels is positive (truss loaded on the 
right). Consider member j' k. When the shear in /' k is positive the 
shear in panel ( / is also positive and the active diagonal in the panel 
will be / /' (both / ;' and (' /' being tension members). The conditions 
will therefore be as represented in Fig. 8^. Whatever load, P, there 
may be at / produces a stress in ihc member /' A' whose vertical com- 
ponent is equal to >i P. Therefore in general the vertical component 
of the tension in /' k = V + vert. comp. f K = V + !4 P. A process , 
of reasoning similar to that employed from member </' c shows thai for \ 
a maximum tension in /' k the live load should extend only to joint k. 
The vert, comp- of maximum live-load stress, therefore = 1I16P 
(i + 2 -I- . . . + 6) ; the corresponding dead-load stress = V + yiW = — 
I'A W + yi W = - W. This stress is compressive. The stress in 
/' m is found in like manner. If the total shear in /' m plus H W { = 
vert. comp. in I' \f) should be negative, then there would be no tensile 
stress in /' m. 
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The minimum stresses in subverticals. substruts, and hjp-vcrticals 
are the dead-load stresses. The minimum sircsses in all other web 
members up to the first counter,/' G, arc caused by loading those joinis 
which were not loaded for maximum stresses. The stresses themsel' 
are calculated as before. In the counters, and in members/'^ and 
A' »', the minimum is zero. In members G h' and G g the mimmimi 
occurs when the lru.ss is loaded from the left end up to g, or far enough 
to bring counter h' I into action, but without placing a load al h. The 
piece h' i is then not acting and the vert. comp. in G It' will equal one- 
half the dead joint load at h. The stress in Gg will then e(]ual tht 
vert. comp. in G It' plus the dead load applied at G. The mlnimuni 
stress in / i will be the dead load at /. 

Fig. 84 illustrates a form of Baltimore truss in which the load&it 
the intermediate joint are carried by subties lo the upper chord Joidis 
A subslrul is required al b'. Member g h' isR counter. 
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Fig. 84. 

The analysis of ihis truss is very similar to that of the other fonn, 
and a brief .statement with respect to certain members will sufTicc. Tbt 
maximum stresses in members C d', Ef. and G h', and in / y, when 
acting a.s a counter, arc due to ihc maximum positive shears in tta 
respective panels. The minimum stresses in C rf' and Ef arc (oual 
from the minimum shears, but in G h', and in all the subties, the 
mum sircss is equal to one-half a lower dead joint load X sec 6. Tk 
counter g h' will have the same maximum tension as the memb« l ^ 
or /' k of Fig. 78; its minimum stress is zero. The vert, comp-il 
d' e is equal to the shear in the panel d c plus the vert. comp. in H 
(one-half the load at d). The maximum siress in d' e will occur wba 
the truss is loaded from the right up tn d, and its minimum stress < 
joints b and c arc loaded. The maximum stresses in /' g and k' 
similarly found. The minimum stress in h' i is zero, and likewise i> 
/' g if the shear in this panel can be negative. If not, then its mininuit 
siress is found as for d' e. 
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The stress in £ f is equal to the sum of the vert, comp. of the stresses 
in £/' and £ li', plus the load al E. Its maximum value occurs when 
ihe truss is loaded from the right up to d; its minimum value when the 
other joints are loaded. The maximum in G g and I i are similarly 
found, except that in these cases the bridge should be loaded up lo h 
and j respectively. The minimum stress \iiG g occurs when the bridge 
is loaded on the left sufficiently to throw k' i out of action. Its stress 
is then equal lo vert, comp, G h' + vert. comp. /'G + load at C = 
lower dead joint load + upper dead joint load. The minimum stress 
in / 1 is the same. 

107. The Pettit Truss.— The Pctlit truss, shown in Fig. 85. is the 
standard form for very long spans. It is very similar to the Baltimore 
truss, the only difference being in the inclined upper chord, which is a 
more economical arrangement for long spans. Usually, also, the sub- 




FlG. 85. 

paneling does not cJttend to the end of the bridge, as the height al that 
point does not require it (sec Fig. 86). The pieces shown by dotted 
lines serve merely to support the chords and posts at intermediate points 
and form no part of the truss proper. The vertical ones are designed 
to carry the weight of the upper chord; the horizontal ones have no 
definite load and arc made of uniform size, suflicienlly strong to resist 
the buckling of the posts. Omitting these members, the analysis offers 
no special difficulties, as the variation from the Baltimore truss due to 
inclined chords is eaaly taken into account. 

Fig, 85 shows the use of substruts. The more common arrange- 
ment, however, is to use subties running lo the upper chord joints as 
shown in Fig, 86. In this form the inclination of d' E is not equal to 
that of C d', and it follows that the vertical component in d' E is not 
equal to one-half the load at </. The value of this stress can readily be 
found by a diagram of joint d', but algebraically it is best found by the 
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use of a moincnt equation. Let Fig. 87 represent the forces acting on 
the joint d', and let S be the desired stress. Let P = stress in d' d = 
load at d. Replace S by its components applied at point E, and take 
moments about c We have at once 
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whcre / = length of d' E and (/ = panel length. This easily obtained 
result is a good illustration of the usefulness of the moment equation 
for concurrent forces and of the device of substituting for an inclined 
force its components applied at a convenient point. 
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Fic. 86. Flo. 87. 

EXAHPLE.^Tu tlluslratc the more difficult parts oi the anaylsis lh<; maxinuim 
atrrases will be found in members d' e, Ee, E j' and e f of Fig, 86. The dead loftd will 
be taken at 1,500 lbs. per ft. per truss and the live load al 3,400 lbs. per h. per tnis. 
All the dead loitd wQI at first be assumed as applied at the lower chord joints. The tin 
joint load =■ i" — 60,000 and ihe dead joint load — W — 37,300. Leaglh ol i" E - 
%/ is' + '7' - 36.80; length of £/'-«/'- V 3%' + 13.5' - 34-3>> 

Slresiin £/',— The live load extends from the right up tojaadtf is not in actioA 
The stress in E f will be obtained from the shear in panel e f. 

The calculations are briefly given. 
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Dead-load stress. Shear - 1.5 If. JJ, = — IV. H. 

(S + 4 + 3 + s) I 19 H' . — . V. comp. £ G = H. corap. EGX — ' 

J 50 50 5° 

Dmp. £/' - (..5 - .57) W - 34.870 ll>s. lens. 
Live-toad stress. Shear = — ( 1 + 2 +...+■;) ^ ^ P. V, comp, EG' 



V 3 / 50 



■mp. E r 



= (i "■'■)- 



i4,aoo lbs. It 



Sirtsi in E < 
Dead-load s 



Loads same as (or £/'. 
MS. V. tomp. d'E- H.I 



.X[nH'X4-I('(3-^,)]x^^ 



d'£X — = IP.— 
47 

r66 W. 
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ft) panel e / + V. comp. d' E - V. comp. C E= (1.5 + .574 - 1.166) If = 

kiB. comp. 

kioad slrras. V. comp. C £ - -^ . {-^- P X 4 ) — =0.695 .P- Stress in E r- 

(■.65s ] P " 9*'i3'x* 't»- conip. 

b« in rf* £. This stress is found from buds ir + P at 4. Considf r joint d' as in 

L 



fed-tood s 



a - H' X '^-^ - i(),36o lbs. tens. Live-loa 



*7 
Stress in /' U 



{^ i« t /'. Load joints to t. Member /' g goes out of action. 

tobtaineil and thence the siress in e /' by considering joint /'. 

id-load sticsa. Member /' t7, produced, inlcrsecta the vtrtical £ e at a point 3 

How e. This intcraeciion may be taken as moment center for stress in EC. 

% in }g (moRienls alG) — cW. 

|V-comp.£f;— :^ Y^ WX.A<i-W{i+ 7+ i)d + W d+ <)W>(.pi~~a.ii W. 

t in /^ - 0.5 H'. V. comp. I' G ^ (0.5 - 0.54) W - - 0.04 W, indicating 
liRrcss. Then with forces acting at f and with moment centre at £ we have 



' " f~H. comp. X ^^' - 0.67a W - 35,200 lbs. 



^ irx»5-H-comp. rGX.5o ^_ 

47 

. 34-3' . 
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stress. Shear in /f (, + 3 + 3 + 4) P- 

in/^-^PXe X^ = 2.Si*. Then V. comp. £C _A/l?/<y8J + 
((3)— ~o.M9 p. V. comp. f G =■= (—+ 0.109 jP - 1.041P -= 6s,soolbs. 



aincf -61,800 
3 = 61,000 lbs. 



to. * / - 61,500 X -^ X — - fta.Soo lbs., and si 

P 36-S 47 

i'lbs. lens. The net tension in r / = 86,soo - 35, 

tB. The Compound-Triangular Truss. — Fig, 88 shows a method of 
ividing iht- (>ancls in the double-triangular truss. Thf computa- 
If stress is bul slightly affected by the sub-panelling. 



^ inlcrmediate joint loads at b, d, /, etc., may be considered as 
ferred to the main panel points a, c, e, etc., by means of separate 
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small trusses or trussed stringers, ai/ c,c d' e, etc., as shown in F 
Whatever stresses may exist in the inclined and horizontal members of 1 
these small trusses must be added to the stresses for the same loadiflg | 
in those members of the main truss with which they in reality coinddt I 




To find the chord stresses in such a truss, neglect, at first, the suit- 
panelling and calculate the chord stresses for the main truss as explained 
in Art. 103, assuming each of the joints c,e,g, etc., loaded with a double 
panel load. The resulting stresses will be correct for the upper chord, 
For the lower chord there will need to be added to each stress thus 
found the stress in the member as a part of the small truss. This 
additional stress [see Fig, 89 (a)] = P djk, where P is the joint load 
{dead or live), applied at b, d,f, etc. 

The dead-load web stresses are also found by considering at first 
the main truss only. The resulting stresses will be correct for the upper 
halves of the web members. For the lower halves, a ft', 6' c, c d', elc, 
a compression must be added equal Ko %W sec 6 [Fig. (a).] due to the 
action of the small truss. 

The maximum live-load stresses in the upper halves of the diagonals 
can also be found by omitting the subpanels. The maximum tentiiw 
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in £/', for example, occurs when the main joints, g, k, and 0, are loaded 
with a double panel load; the maximum compression occurs when 
joint c is so loaded. For the lower halves of these members the si 
in the small trusses must be considered in detail. Consider i 
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Bh* example, belonging lo the dotted web system {Fig. 90). Its 
•comp. is always equal to the shear on the section cutting E g o{ 
Euin truss, plus a compression equal to one-half the live load at/, if 

■ The positive shear on ihe section is greatest when joints g, k, and 

■ fully loaded, but to load g fully requires a load at/, which would 
Se a compression in /' g of the small truss. The resultant effect of 
)int load, P, placed at /must be determined. Adding such a load 
'' adds 'A P s.i g, thereby increasing the shear by 5/8 X 1/2 P = 
6 P. The vert. comp. of the compression caused in/' g of the small 
is = 8/16 P, hence the resultant effect is compressive by ^/i6P. 
ice for maximum tension no load should be placed at /. Joint g 
► then be loaded with 1-1/2 P, and joints k and o with 2P each, 
Ig a shear equal to 1/8X2^4- 3/8 X 2 P + 5/8 X i>i P = 
%6 P, which is the vert, corap. of the desired maximum tension. 

■ the maximum compression in ef, the joint/should be loaded. On 
full system of the main truss there will then be 1/2 P at e and 2 P 

j^ts i and m. The shear in pane! eg will equal 2/8 X 2P + 
ifii 3P + 6/8 X 1/2P - 1/2P = 11/8P. The vert. comp. of 
i»mprtssion in ef is therefore 11/8P + 1/2P = IS/8P. The 
pinum stresses are caused when those joints are loaded which were 
Boaded for maximum stress. 

pD a similar manner the mijtimum hvc-load stress in k' i is found to 
ilire Ihe load to extend to i, giving loads on the main joints of 
:/2 P at i and 2 P at m. The vertical component of the tension in 
i'= 5/4 P. The vertical component of the maximum compression 
rV= {1/8 X 2P -I- 3/8 X 2P + 5/8 X 1/2P - i/2p) + 1/2P 
2i/t6P, loads extending to h. 



I Seotiom VII. -Sxzw-BaiDoxs 

109. Skew-bridges are those in which one or both of the end- 
P[torts of one truss are not directly opposite those of the other. Fig. 
is a plan and Figs. 91 and 113 are elevations of the two trusses of such 
bridge. The intermedialc panel points arc usually placed opposite 
Ihc two trusses, so that all floor beams are at right angles to the line 
the truss. Where the .skew is not exactly one panel, as at the left 
L it is desirable to shorten the panel B C and lengthen B' C in order 
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that the figure a B B' b may be a plane figure. The hip-verticals j 
thus made inclined. 

In the analysis, each truss must be treated separately u n l e ss [ 
skew is the same at each end and the trusses therefore alike. In a 
cularing the joint loads on the trusses the floor load may be assumed 
applied along the centre line X I'. Each Joint load is equal lo ll 




^ 




usual full panel load excepting the loads at g, b and &'. At £ it U thR 
fourths of a full joint load and at b and b' they are each equal to )f 
(load on panel m «) + K X (load on panel no). The joint Iw 
being known the stresses are readily calculated by the principles alrM 
discussed. For maximum live-load stresses the position of the 
load is in general the same as for the square bridge. 






CHAPTER V 

^KALYSIS OF BRIDGE TRUSSES FOR CONCENTRATED 
LOADS 

no. The preceding chapter has treated all live loads as uniform 
>ads. While this method of treatment is in general use for highway 
ridges and, lo some extent, for railway bridges, it is the general practice 
1 the latter case lo deal with actual specified wheel loads and to find 
le maximum stress in each member due to these loads. In highway 
ridges, also, concentrated loads generally need to be considered in 
eiermining the maximum stresses in the floor system. It is proposed 
1 the following discussion lo show how lo find the position of any given 
ystem of loads which will produce the maximum stress at any section 
f a beam or in any truss member and to explain methods of calculating 
Uch stress. The methods apply in general to any system of moving 
aads and hence apply also to the uniform load system treated in the 
►receding chapter. 



I Section I.— Influehoe Lihxb 

■ 111. Definitioi) and Construction. —Before proceeding with the 
consideration of particular structures a general explanation will be 
given of a graphic method of representing the variation in moment, 
ilear, stress, or other function, relative to a particular section or mem- 
ber of a structure, which is of very general application in all problems 
l«aling with moving loads. Suppose, for example, that the bending 
■"oment at C, in the beam A B, is under investigation (Fig. i). We 
■'ill first trace the variation which occurs in this bending moment when 
*■ single concentrated load, P, passes over the beam. Suppose this 
Oad to move across the beam from B to A. So long as it is between B 

•*id C the bending moment at Cis equal toPj.a. This moment 
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varies directly with x and may therefore be represented by the stni^ 
line ZJ' D, drawn with reference to a horizontal axis A' B' so ihit' 



ordinate y at any fjoint = 



= the moment at C for lowf 
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placed at a distance A" from B. The ordinate C D, under the potn 
will be the moment at C for load P at C. =■ P. a a' /I. After ihc lei 
passes C the bending moment at C (considering forces on the rifiht 
C), is equal to Q.x'il. This moment is represented by the straighi 
D A'. The ordinates to the entire broken line .4' D B' therefore repn 
sent the moment at C due to the concentraled load P as it mo\'es 
the beam. Generally, for convenience, the load P is taken cqud 
unity and the resulting line will therefore represent the effect of a ufl 
load mo\Tngover the struclun 
By reason of its general signK 
cance such a line is called 
influence liw. 

An influence line may th* 
be defined in general as a 
which represents the variatia 
J.JP , of moment, shear, panel loa 

stress, or any similar funciioq 
at a particular point in a structure or in any particular mtmbo 
due to a load unity moving over the structure. The value of 
fimction for any given position of the unit load is measured by 
ordinate to the influence line al the point where the load is pUuti. 
influence line differs from the usual moment or shear curve hemofol 
employed in that the former represents the variation in the funclid 
for a particular point, due to a moiing load, while the latter rcj 
the variation in the function along the structure due to a fixed load. 
The equation of the influence line for any function may be deiiw 
by writing out the value of the function for a load unity when jJao 
at a variable distance x from one end of the structure taken as tl 
ori^n. Influence lines for simple structures are composed of one 
more straight lines, as the functions are all of the first degree; and 
most of the structures considered in this chapter the influence lincji 
readily constructed by calculating the ordinates al one or two critx 
pcunts. 
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112. Influence Lines Between Points of Application of Loads.- 

any joinled structure or girder, where the applied load is transferred 
■■ members of a floor system (stringers, etc.), to ccrlain load poinis, 
>■ influence line between consecutive load points is always a straight 
ii'. This is proven as follows: Let y, and 
, , iFig, 2), be the ordinatea of the influence 
1 inc- when the load is placed at points 1 and 
^ respectively. For intermediate positions 
i lie proportion of the load P carried to ad- 
jacent points, I and 2, will be P xid and 
/'-»-'/d,respectively, and will vary uniformly 
as P moves from i and 3. The ordinate 
V will be equal to P - y, + P ^ v.. and this quantity will also 

vary uniformly between the values j'l and y,. Hence the influi 
line for the panel 1-3 is a straight line. The influence line for any 
such structure can therefore always be completely determined by 
calculating the value of the function for a load unity placed succes- , 
sively at each load point. 

113. Use of Influence Lines. — Influence lines are particularly useful 
in rfprescnling graphically the influence upon the value of any function 
of the loads on ihc different parts of a structure and the effect of moving 

E loads in either direction. In structures whose analysis is difficult 
ihey are also very useful in the ' 
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actual calculation of stresses. 

In Fig. 3 suppose A' D B' be 
the influence line for bending 
moment at C in the beam A B, 
constructed for unil load as ex- 
plained in .Art. III. Then the 
j.,i. bending moment at C due to a 

^^m unit load placed at any point, 

H^ is given by the corres]xjnding ordinate y,. A load of P, placed at 
^Rrint N, will cause a moment P, limes as great, and hence equal to 
P, y,. Likewise a load P, at N^ will cause a moment al C equal to 
''i Jit etc. Hence, in general, the total bending moment at C 
^n to any number of concentrated loads is equal to the sum o£ 
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the products of the loads times the respective ordinaies of the in- 
fluence line or 

M = I'Py. 

This principle applies to any function under consideration. 

Again, if the load consists of a uniform load of p per unit lengdi, 
and of any length, h, the total moment due to this load is equal to the 
load p per unit length, multiplied by the area within the limiting oi- 
dinates of the influence line. For the moment due to an elemenl of 
load, p d X, is pdx y, where y is the ordinate under ihe load; and 
integrating between the limiting values of x {x, and a; J, we ban: 



M 



' pf ' ydx = p X area EFH K. 



From this explanation it is clear how an influence line can readily be 
used for direct calculation of the deared quantities for any system of 
loading. 

In the following articles, in which certain moments, shears, ctt, 
are investigated, the influence line is first drawn, and from ihisisdcriwd 
the general rule or criterion for the posilion of a series of concentnied 
loads which will cause the value of such function to be a mawnunt. 
The direct algebraic method of derinng such criterion is also giitn in 
some cases. It is a briefer method for Ihe simpler problems, but lit 
use of influence lines leads to a better understanding of the eftccl oi 
moving loads and is almost necessary in the case of the mon 
complex structures. 

Section II. — Beams loaded continuodslt 

114. Reaction and End Shear. — Itijluence Linr. — The left reaction, 
or end shear, of Ihe beam A B, Fig. 4, due to a unit load phiced al snj 
point on ihe beam. — i X X/'L The influence line for reaction is tba 
the straight line A' B', drawn with ordinate at A' equal lo unity. The 
influence line for the right reaction may be drawn below the axisud 
is the line A' B". The right reaction will not be considered furthff. 

115. PosUion of Loads for Maximum Valtus. — For a uniform la(^ 
the maximum reaction evidently occurs when the entire span is loaded 
and is equal to p x area A' B' A" = H pi. For a single concent 
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P„ moving over liie structure, the left reaction is equal to P, yijJ 
this reaches a maxitnum value when tlie load reaches the end whcrefl 
equals P,. For a series of concentrated loads P„ /*„ P.j, etc., the'^ 
il reaction is equal to P, y^ + Piy^ + P^y, +, etc. As the loads 
ve towards the left each of these terms increases in value until the 
t load, P,, passes off the beam, when the reaction is reduced suddenly 
the value of this load. The reaction then again increases until P, 
ises off, and so on. It therefore reaches a maximum each time a 
d reaches A. Which of ihese maximum values is the greatest de- 
ids upon the weight and p 

,cing of the several loads; it ^ ^ O O T) P''°'__ 

1 readily be determined by T^—i-— i- — \ — 

xi6. Caiculalian of Maxi- 
m Reaction. — In calculating 
value of maximum reaction 
a series of concentrations, 
series should be placed 
h the heavier loads near the left end and one of the loads at the 
I. The reaction is readily found by the usual moment equation 
>ut B. Various [jositions may need to be tried and the greatest 
iue taken. Convenient tabular forms for such calculations are j 
jiained further on, A graphical method of calculation is given in 
! following article. 
117. The Reaction Polygon.— In Fig. 5 let P„ P,, P3, and P, be a | 
ies of loads moving from B towards A. The reaction due to P,. 
me may be represented as in Art. 74, Chap. IV., by the line A, B', 
! end ordinate being equal to P,. When P, passes the point AT,,. 
sc distance from B is equal to h,. then P, comes upon the beam and 
increase in reaction is now due to both P, and P,. The additional 
:t of P, is represented above the line S' .4 , by the line B, A -, drawn 
thai .<4 , ^, is equal to the reaction due to P, when P, is at A, -» 

— J— ^. The ordinate between these two lines at a distance ft, to I 

left of the reaction will be P^. The total ordinate from ^' B' to | 
line A,B' will now represent the reaction due lo P, and Pj. In a | 
nilar manner the effect of P, is added to that of P, and P„ and the 
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same coastniction can be cmtumed for uij number of loads until P 
passes of! the beam. Tbe reactim due to any ^ven postkn of the loads 
is then represented by the total ndinate j under knd P„ wben placed in 
the ^ven position. Tbe broken line AfB^BjBi B" iaa.j be calfedi 
reaction polygon for the ^ven series of loads, and for tbe beam .4 B. 

When P, passes off the beam then /*, will bead the series, and the 
line A , B' may be assumed as the base line and tbe beam shifted a 
distance 6, towards the left so that tbe end A comes directly o^■er the 
end C, of this base line. The constmction can then be cc»itinued and 
the reaction mil now be given by ordinates from the line C, B,. 

Finally, it may be stated in general that the matimnTn reaction for 
the entire series of loads «nll be ^ven by the maximum ordinate ^^^ 




twccn ihc ba.sc of the diagram formed by the lines B' A' A, C^ C, D,. 
etc., and the reaction [jolygon. 

If a mminK uniform load be considered the reaction polygon be- 
tomcs a jiaraboia, as given in Art. 74, which is also the maximum shear 
curve. 

118. Shear at any Point in a Beam. — Injluence Line. — The shear 
;il t'in I lie l>c;im.-l }i, Fij,' (i, due to a load unity moving from B towards 

A. increases fnun ;<ura when the load is at 5 to + — - — when the 

JDjiil is jiisl In ilic rifjlu of C. As llic load passcsC the shear becomes 
(lit and ihin iiuTcases lo ;:ero when the load reaches A. The 
lines li' D and A' K are parallel and llic ordinales at A' and B' are 
ruu-.A 1(1 unilv. 
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119. Position of Loads /or Maximum Skear, — (a) Uniform Loads. 
The maximum ix>sitive shear due to a moving uniform load of p per 
it length will evidently occur when the load extends from B to C and 

_ _ - ^ ' 
/ 
IS in eq. (8), Art. 74. The maximum negative shear requires AM 

p 
lobe loaded, giving a value equal to rd'asineq. (9). 

(h) Concenlraied Loads. — Suppose Ihe beam to be loaded in i 
manner mth a series of loads, 



fig. 7. The influence line 
shows that all loads to the 
right of C cause positive shear 
and all loads lo the left, nega- 
tive shear. Consider now Ihe 
effect of a movemeni of ihe 
series towards the lofl. The 
poative shear due to all ihe 

loads on the right will be increased and the negative shear due lo 
those on the left will be decreased, hence in all cases the positive 
shear will be increased by such movemeni until some load P, passes 
point C, when the shear will suddenly be decreased by an amount 
equal to P, X i?£ = P,. For 
O O l^'fiiOOn no concentrated loads therefore the 

shear reaches a maximum value 
each time a load reaches C. 
The greatest of these maximum 
values is the one sought; it will 
evidently occur when there are 
few or no loads to the left of C. 
It will be of some assistance 
to determine the reladvc value of the shears when each of two 
consecutive wheels, P, and P„ are placed just to the right of 
C (Fig. 7}. Let Gy represent the sum of the loads to the left 
of and including P,, and C-, Ihe sura of the loads to the right of 
P,. Let G = total load on the beam when P, is at C, and b = distance 
between P, and P,. Suppose the loads advance from this position 
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a distance b, thus bringing P^ at C. Tiic effect upon the positive she 
is first 10 decrease it suddenly by an amount P„ after which it is gradi 
ally increased. The increase due to G, may be expressed by C, 
(yi — ?:) = Gj 6 tan a, and the increase due to Gi {decrease in negaiii 
shear), may likewise be expressed by G, (v/— y,) =G, Alan 
Hence the total increase is C 6 tan a = G b/I; and the net change 
shear due to the entire movement = Gb/l — P,. If this ezpresaa 
is positive then the second position gives the greater shear and, if 
tive, the first position. For equal shears we have therefore. 



/ 



K 



«ir ^1 ■ ■ - 



~f". 



The slight increase in shear due to additional loads that may 
upon the beam from the right has been neglected. If G' be the Wul 
load on the beam when P, is alC, 
then the increase in shear htU 
somewhere between Gb/l-P, tsi 
C bj! - P,. When the former eipres- 
In (S) (^ fi) (a) sion is negative and the latter posiutt 
^"_-_8'':::^"A'^t?'"T-"*'*; then both positions should be Hied. 

Yio. 8. If the wheels are all equal 

uniformly spaced, then P,;b »ill 
always be greater than G//, and ihc shear will be a maximum 
the first wheel of the series is placed at the point. If, howevw, lie 
first wheel is small, or the first space, b. large, then it may eaaly hiffd 
that the second wheel shoidd be placed at the point. 

If the end section at A be considered, the loads immediatrly {•* 
off the beam when passing the section. Hence in com|)aring tkl 
values of the shear the value of G in eq. (i) should not indiKle 
load P,. 

120. Calculalion of Shears. — To illustrate the applicaiion of 
iig, the maximum positive shears will be calculated at points .<i 
and C of the beam A B. {Fig. 8), for the series of loads shown. 

Shear at A. — Consider the relative shears with P, and P, pbcrf' 
A. By eq. {1) G/l = 180/30 = 6.0 and Pjb = 20/8 = 2.; 
the shear is greater when f, is at A. Consider P, and P, 
C/l = 160/30 = 5-3 and P^/b = 40/5 = 8, hence /*, pi 



b/QoQ 



■ beams loaded continuously 

fves a maximum. The value of the shear = K, = 40* (jo + 25 + 

15) -^ 30 = izo- 

Shear at Z?.— Consider P, at D, ihen Pj. The value of G as the 
^ds move 8 feet towards the left varies from 140 to 180. In eq. (i) 
'. then varies from 4.6 to 6, and PJb = 20/8 -= 2.5. Hence F, 
ould be placed at D. The shear = 40 (22.5 + 17.5 + 12.5 + 7.5} 
\z° = 80. 

Shear at C. — Considering P, and then P, at C, the value of Gvaries 
100 to 140 and C// from 3,3 to 4.3. Again, P,/i = 2.5 and the 
is a maximum with Pj at C. Shear = P,- P,= [20 X 23 + 
a (15 + 10 + 5)] ^ 30 - 20 = 35.3. 

Shear at E. — For Pi and P, at E, G varies from 20 to 100 and Gil 
jom 0,67 to 3,3. P|/A = 2.5, Both positions will therefore be tried. 
pith P, at E, shear = P, = 20 X 7.5 h- 30 - 5.0. With P, at E, 
= [ao X 15.5 + 40 {7.5 + 3.5)] ^ 
- 23.7, and shear = 23.7 — 20 = 3.7. 
le greater shear in this case therefore 
\ for P, at E. 

Use of Reaction Polygon in 
Calculaiing Shears, — In Art. 117 it was 
shown how the reaction polygon may be 
used for calculating end shears. It 
may also be employed in gelling shears 

at other sections. In Fig. 9, suppose B' A" is the reaction 
polygon constructed for the beam and loads of Fig. 8. The 
ordinate lo this line at any [joint will be the left reaction when 
the loads are placed with P, at the given point. The reaction 
polygon therefore gives the shears throughout the beam for the 
case when the loads are placed with P, just to the right of the 
given section. As seen in the above analysis this will be the maximum 
shear for sections towards the right end. Consider the section at C. 
The shear at C for P^ placed at this point (just to the right) is given by 
Ihe ordinate y,. If the loads are now placed with P, at C, as in the 
figure, P, is at F, 8 feet to the left of C. and the left reaction is given hj 
the ordinate V. The shear between F and C will equal y' — P,. an< 
is given by the ordinate to the horizontal line H K drawn with F" H — 
P,. In this case KC' is greater than C"C', showing that the shear Is 




---"-■---30^ J 



M 



196 ANALYSIS OF BRIDGE TRUSSES FOR CONCENTRATED LO.U1S 

greater when P^ is placed at the point. In a similar manner the shar 
can be found for P, at the point. If some of the loads pass off the fx- 
then the base line of the reaction polygon is to be laken as indicalcii 
in Art. 117. Notice that ihe slope of a line drawn from F" ioK'a 
PJb of eq. (i), and Ihe slope of a line F" C" is G/l, thus ginnga 
graphical representation of ihe relation expressed in eq. (i). 

122. Bending Moment in a Beam. — Influence Line. — In Fig, 10, 
the influence line for bending moment at any point C, distance a from 

A, is A' D B', drawn as «■ 
p p 

• ■i4f ^j, plained in Art. in. The ordi- 
nate C D = a a'll, and the 
■ ordinates at A and B, to the 
lines produced, are equal to 
a and a' respectively. 

123. Position of Loads Joi 
Maximum Moment. — (a) Uni- 
, farm Load. — The maximum mo- 
ment due to a uniform load 
evidently occurs when the load 
extends from .4 to B, and is equal to the area A' D B' multiplied by 
the load per unit length, or 



M - 



yi I X - 



-X p = 'A paa' (2) 



(6) Single Concentrated Load. — Since the moment at C, due to any 
load, P, is P y, this moment is a maximum when the load is at C and 
is equal to P a a' /I. 

(c) Two Equal Loads. — For two equal loads, P. a fixed distance, b, 
apart, the moment is evidently a maximum when one load is placed ai 
the point and the other is on the longer segment of [he beam, for then 
y + y' is 3i maximum. This maximum moment is equal to 

„ a (a g' - ft) 



M 



■"{-f- 



^')' 



; 



(3) 



The above results for ihe three special loadings (a), (ft), and (() 
have been derived in Chapter IV'. though in a different manner. 

(d) Any Number 0/ Loads. — Fig. 11 represents the beam loaded in 
any manner with a .series of concentrated loads. So far as the bending 
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moment at C is concerned the loads between C and B produce the same 
effect as a single load G-,, equal to the sum of the several loads and 
applied at their centre of gravity; for the reaction at A remains the 
same and the moment = R, X a. Likewise it may be shown that 
a single load C, will produce the same effect as the several loads be- 
tween A and C. Hence the total bending moment due to the given 
system may be written 

M =G,y^ +G^y^ (4} 

To determine where the given system of loads should be placed to 
cause a maximum moment at 
C, consider what will be the 
effect upon the bending mo- 
ment if the system is moved a 
small distance S x toward the 
left. Assume such movement 
to be made, no loads passing 
points ,4, C or B. The new 
' value of the moment will be 

M + S Af = G, (y, - 8 X tun a,) + G^iy^ + 3x tan aj, 
and the change in moment due to this movement is 
d M = G, ^ A- tan a, - G^ d X tan a,. 
The rate of change per unit length is 
SM 




d.x 



= G~ tan a 



- G, tana, = (^ - ^) x CD. 



value of M, - — or 
dx 



■ — must change from 

positive to negative, that is. must pass through zero, as the loads arc 
moved to the left. The values of G, and G, can change only when a 
load passes A, C or B. A load passing A decreases G, and a lead 
passing B increases d, but a load passing C increases G, and decreases 

,C,; therefore it is only by the last method that — 7 - — ^ can be changed 

from positive to negative and the moment made a maximum. For a 
maximum moment, then, a load should be placed at C such that when 



L 
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s positive, and when 

considered as part of G, this expression is negative. Or, stated in 
another way, when GJa can be made equal to Gja' by considering 
the load which is at C as located partly on one side of C and panli 
on the other side. If a distributed load is passing C this conditioi 
can be definitely satisfied. 

G, 
L"uni|X)siuon, -j — - = — 

or, liG = G, + C„ we have the condition 



This is the most convenient form of the criterion for maximum moment' 
Expressed in words it is that the average load per unit lenglk on the Ufl 
Q, of the poitU must be equal lo the 

g I , f jX^ *i average load on the whole span. 

* '^ *• SR For a given set of wheel loads 

there are usually two or more 
positions which will satisfy this 
criterion. The momeni for each position must be computed and the 
greatest value taken. 

It is to be noted that if the criterion is satisfied when a load is at A 
or B, a minimum value will result instead of a maximum. Considering 
that the influence line to the left of ^' and lo the right of B' is a hori 
zontal line, it may be stated in general terms that a maximum value 
requires a load to be placed at a point where the angle in the influence 
line is convex upwards and a minimum where it is concave upwards. 
This is a general principle applicable to aU cases. 

134. Direel Algebraic Method of Deriving Criterion.~Let x, Fig. la. 
represent the distance of the centre of gravity of all Ihe loads, G, fraii 
B, and x, the distance of C, from C. The moment ai C is then equal to 

,« = c-],«-c,,,. 

If the loads are advanced a distance S .v towards the left, the-tncrvqjf 
in moment will be 



a 
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SM -CjSx -0,3:,, 

SM a 

This may be interpreted exactly as eq. (6) above. For a maxinium 
Wherefore have, as in eq. (7), 

^= ^ 

a r 

tsas- The Point 0/ Greatest Moment in a Beam. — Imagine a series of 
sntrated loads to be mo\-!ng over a beam. The bending moment 
Fhich exists under any given wheel will vary as the loads move, and 
viil evidently be a maximum 

3 thai wheel is in the \'icinily Q»J*~ ^ "' ]5"' 



^ J 



tii-::tLtlI::^ziii5_,, 



Sie centre of the beam. 
1 Fig. 13 let P be any load ' ' 

I'a given series. Let G repre- 
enl the total load on the beam, and G, the load to the left of P. The 
tistances c and b are independent of the position of the loads on the 



The moment under load P i; 

M = Gj(l'C-x) 

IfTerentiating and equaling to zero, 
paent, 2 X ^ I - a, or 



-G,b. 

ve fmd that for 



^ (8) 

t is. thf maximum moment under any given load occurs -when thai 
i and the ceiUre of gravity of the series are equidistant from the ends 

[or centre) of the beam. 

.Substituting the value of x from eq. (8) in the expression for M just 

above, we have a convenient expression for the value of ihc maximum 

moment. 



M = 



-G, 6. 



(9) 



Jy means of eqs. (8) and (9) it is easy to find the maximum moment 
T any wheel; and if this is done for each of the wheels of the series, 
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the greatest of the resulting maxima will be the greatest possible mo 
ment in thu beam. Practically it is necessary lo find this maximum ta 
only two or three wheels. To select the wheels to test, find, by ll 
method explained in the preceding article, the wheel or wheels which 
should be placed at the centre to give a maximum moment at that poinL 
The ones so found and those immediately adjacent are the ones lo l«l 
for maximum moment. 

ia6. — Example of Afome/ii Caliulaiion. — Let it be required lofiwJ 
the maximum centre moment in the beam of Fig. 8 for the loads tbtn 
shown, also the point of greatest moment and the value of this n 

Maximum Moment at C.—TryP, at Cand test byeq. (7.) TheioHl 

load = G = 180 and -j- = — ■ = 6.0. The load to the left ol 

C (= G,}, will range between a value of P, + /'„ whenP, isconsidend 
on the right of C, to a value P, + P, + P, when P^ is conadercd on iht 

left; or G, = 60 to 100 and — = — to — = 4.0 to 6.7. Tht 
a 15 15 *• ' 

former value being less than G//, and the latter \-aluc greater, tie 
selected position satisfies the criterion and the moment is a majdiaum. 
The reaction == [20 X 28 + 40 (20 + 15 + 10 + 5)] ^ y> = 85,33. 
The moment at C is 85.33 X 15 - (20 X 13 + 40 X 5) = Saa D 
P, be tried at C it will be found that Py will no longer be on the beim 
and the moment wilt be less than that already found. 

The exact point of maximum moment will now be found 
ance with Art. 125. The centre of gravity of the five loads is found ID 
be 9.22 ft. to the left of P., or .78 ft. lo the right of />,. In accordlDtt 
with Art. 125, therefore, the maximum moment under P, will 
when that wheel is placed .39 ft. to (he left of the centre, the centre 
gravity being then an equal distance on the tight. In this position tl 

180 X {i^ — 0.-*9} , , , ,, , 

reaction = k. = = — and the bendine moment lUKM 

30 

P3 = V?, X (:5 - 0.39) - (20 X .3 + 40 X 5) = I«^^<^^^ 

460 = 824. This is but slightly greater than the centre moment 
Further examples by the use of tabulations are given in An. Mj 
The moments can also be calculated readily by means of an o\* 
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alylically and 



1 drawn for the given loads. In Fig, I4is such a polygon 
tostructed of indefinite length, with ]>ole distance equal to 80, To 
1 maximum i/^ determine the proper poation as explained above; 
3 be placed at C Mark 
I the beam length, ^B, so that 
I comes at P,, and draw the 
Jig line a b. The ordinate 
I X ^ = M^. In the same 
hy, by shifting the beam so 
comes at C (shown 
, C), the closing line a' b' 
tad ordinate c' d' y. H gives 
the moment at C. The point 
of maximum moment and 
the value of this moment 

may be found by trial, or by first finding the position a 
the moment graphically. 

►Beotion III.— Trusses with Horizohtal Chords and Sinols 
Web SY3TBM3 
127. Bending Moments at Joints of the Loaded Chord. — hijluence 
ftw and Crilrrion for \faximum Moment. — Consider joint C of the 
G "■"■^s ^ -S' I'*'g- 15- It 

has been shown (Art. 
77) that the bending 
moment a I a joint of 
the loaded chord is 
the same as in a solid 
beam under the same 
loading. Hence the 
infiucncc line for this 
moment, and likewise 
the criterion for position 
for a maximum, will be the same as in a solid 
in general, for maximum moment at C the condi- 

-y. When G^ja is the lesser, then the moment will 




of moving loads 
beam. That ii,, 



tion IS trial — = 
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be increased by moving towards the left and when it is the greater 
then the moment is diminished by such movement. For a maa- 
mum, some wheel should be placed at C, 

128. Calculation of Moment. — In calculating the value of the 
moment it will not be necessary to determine the actual joint loads, but 
the moment may be found from the wheel loads directly, as in a solid 
beam. This is shown by the influence line and can also be shown as 
follows : 

The bending moment at C = J?,x a — (moment of joint loads at 
A, D and C, about C). But in getting R„ the moment of the groupC 
about B is eridently the same as the moment of all the joint loads about 




B, and the moment of the group G, about C is the same as the moment 
of the three joint loads aXA.D. and C, about this point. 

The bending moment at C can also be determined from the influence 
line by adding the products of the loads times the corresponding ordi- 
nales to the influence line when the loads are placed in the desired 
position. This method, however, possesses no advantage for such 
simple cases. The equilibrium polygon may also be used as in Art. 
126. Further illustrations are given in Art. 142. 

129. Bending Moments at Joints of the Unloaded Chord. — Where 
vertical WL'b members are used, as in a Pratt Truss, the joints of the 
unloaded chord are located vertically above or below those of the loaded 
chord, and the moments are the same as at the joints of the loaded 
chord. Where, liowevcr, all web members are inclined, as in a Warren 
truss, the moments at joints of the unloaded chord will need to bi; 
separately considered. 

Let A B, Fig. 16, be any truss with inclined web members, and C 
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r joint of the unloaded chord, not vertically above a joini of the 
ded chord. Let f = horizontal distance from C to the next loaded 
i joint towards j4, and a = horizontal distance from C to A. The 
ler notation is the same as thai previously used. 
130. Jnjlufme Linc—^The effeci upon the moment at C due to a 
(ad unity moving from B to E and from D lo A is the same as for the 
Dment at a point C in a beam A B; hence the influence line for that 
jrtion is B' K and F A', parts of the influence line A H B', where C H 
= a a'jl. Between E and D the load is carried by the stringer lo these 
panel points. The influence line for this portion will then be the 
.. straight line K F. The values of the several angles arc as follows: 

1131. Position of Loads for Maximum Moment. —To derive the 
erion for maximum moment at C, let G„ C,, and G, represent the 
lions of the load that lie in the segments A D, D E, and E B, respect- 
y. Let the loads advance a small distance d x to the left. The 
.-ease in moment at C will be 



i = -r; Ian ^j = 



KE' - F D' _ fi'B'tan a, - ^'P'tan a 



cl -ad 



(I) 



SM ^ 


Gj 3 X tan 


7, - c, . 


X tan a 
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G,d-\ 


tan a.. 


r a maximum, 
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3x 


o = G, 


[an 


». - G. 


tan Qj - 


G 


Ian a 




Substituting 


from (i) w 


■ have 












<=.7- 


G. 


cl -ad 
Id 


-G.^ 


- a 


= 0. 




1 ^G,-VG 


+ C.. 1 


■el 


ave, afte 


reduction, 
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= 0, . 












" 






C 


C 


h^' 













204 ANALYSIS OF BRIDGE TRUSSES FOR CONCENTRATED LOADS 

For a. maximum the lefl-hand member of eq. (4) must become are 
by passing from positive to negative. This can only occur when sojx 



wheel r 



■s EoT D,: 



s then only can be increased. Equa- 



tion (5) is the criterion required. 

132. Calculalion of Momettl. — In calculating the value of the mfr 
mcnt at C the reaction and the negative moment of the group Ci cm 
be determined directly from the wheel loads, as in the case of the sc&i 
beam, but the effect of the loads G, must be separately considcrd. 
The partial joint load at D, caused by these loads, must be dela- 
mined and the moment of this joint load taken about C. 

The moment at C can also be found quite expeditiously by calcu- 
lating the moments at Z) and £ which occur for the same po.'dtjonoj 
loads. Then, since the moment from D \o E varies uniformly, in 
have, by interpolation, 



M^ = Ma + {M, - M^) ' 




133. Haximum Floor-Beam or Joint Load,— Let A C and C B. Fig. 

, be two consecutive ]ianels of the loaded chord, whose lengths ait 

i/i and rfj. Any load resting on the floor of 

the bridge is transferred by the longiiudinii 

stringers to the cross-beams, or floor bcuu. 

and by them to the truss at the joints .4, C.B. 

etc. It is desired to determine for any pwn 

loading the maximum load which may come 

upon the floor beam, or the maximum joint 

'^"'" '' load on the truss. 

134. Influence Line. — .\ load of unity moving along the floor Iron 

S to C causes a joint load al B proportional lo the distance of ihe loul 

from C. The line B' D, with ordinate C D equal to unity, js then lit 

influence line for floor-beam load al C when the load is between B and 

C. Likewise D A' is the influence line for the portion A C. 

An analysis similar to that in Art. 123 leads readily to Ihc similu 
result, that for a maximum floor-beam load the condition is ll 
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i'i ">. 

»t if G = G. + G„ „ -, 

| = 5:f.. <«' 

This is ihc same criterion as deduced in An. 123 for bending moment 1 

i,t point C in a simple beam of length d^ + dj (Fig. 18). This might ' 

bave been concluded from the similarity of the influence lines of Fig, 17 

and Fig. 10. In Fig. 18 the ordinate at C = rf, d^/l, while in Fig. 17 

ll is unity. However, in the determination of 

the criterion of An. 123 this quantity is climi- 1 j^ J. " j, / 

naied so thai the result is the same. It may | *** j" j 

therefore be concluded that eq. (7) or (8) is, j ^.-""^^iy^ i 

in general, ihe criterion for a maximum value f.'^^ YV^^~~~~~^\ ^ 

for any function for which the influence line 

• Fic. 18. 

is of the form shown in these cases. 

If (/, = (/j, as is generally the case, then ihe criterion becomes 
C, = Gj, that is, the loads on ihe two panels must be equal. To 
satisfy the criterion a load is generally required at C. 

135. Calculation of Floor-Beam Load.—Thi; load at C is equal to 
the sum of the reactions at C for the longitudinal beams C B and C A, 
due to the loads in the res|)cclive panels. It may be found by the 
usual moment ecjuations; or it may be found as follows: 

In Fig, iS A B IS n beam of length rf, + rf, and A' D B' is the 
influence line for bending moment at C. The ordinate C D = 

-.-- — -7- Comparing now the influence lines of Figs. 17 and 18 it is 

seen that for any two ordinates y' and y, similarly located, y' ; y - 

- '^, : 1, or V = y' X ■ ' , . Whence it follows that the floor- 
i(i + (^ ' a, fl, 

beam load at C (Fig. 17), due to any given loading is equal to the 
bending moment at C (Fig. 18), due to the same loading, multiplied 

bv Ihe factor ', , ' . The maximum floor-beam load may therefore 

be found by first finding the maximum bending moment in a beam 
of length rf| + (^, at a distance d^ from one end, and then multiply- 



I 



m 



this moment by , , ' . If d, = d. = d, the factor is 2jd. Tfiis 
a, a, 



«iwG»osle 
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method of calculation is often useful. (The student should prow 
the relation analytically.) 

136. Shear in any Panel. — Let A B, Fig. 19, be any truss or a beam 
having a system of secondary members transferring the load to certain 
load points, E, C, etc. Let m' = number of panels to the right of C 
and m = number to the left. 

137. Influence Line. — For a load unity placed between C and 
the shear in the panel E C is equal to R„ and for a load between A and 
E the negative shear = R-,, as in a beam. The influence line from 
5 to C and from ^ to £ can then be constructed as in Fig, 6 (Art. 







making A' A" equal to i and drawing A' F parallel to B' A'. The 

ordinate C'D = m'/n, and E' F = (m-i)/n. For the portion CE 

the shear will vary uniformly as the unit load moves from C to £, as 

shown in Art. 112. Thf influence hne will therefore be the straight 

line D F. 

The slopes of the si'gmenls arc given by 

I m' + m - I « - I , 

tan a, ^-- tan a. = -,-; Ian a, = ; = -;-. . (0 

' / nd n d 

138. Posilton of Loads for Maximum Shear.— For a maximum 

positive shear due lo a single load the load should evidently be placed 

at C, and for ma.\imuni negative shear, at E. 
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A uniform load will cause a maximum positive shear when exlend- 

ftg from B' to N, and the resulting shear will equal p X area A'' D B'. 

: distance NC is the distance x of Art. 82 (b). It is equal to 

- , as there given. The value of the shear is 



V - 



p X I'iC' D X N B' = p. 



!'d + - 



= r^ pd ^ 



iiol 



c same as given in eq, (q), Art. 82 {b). 
For concentrated loads, let Gj represent the portion from A to E, G, 
uat in the panel E C, G, ihat on the right of C, and G the total load, 
rhe lotal shear is represented by K = G, y, + Gj y, — G^ y,. Then, 
^.in Art. 123, moving the loads to the left a distance 3 x, subtraci- 
; the original value, and dividing by 3 x, we have d V/dx = G, 
- G, tan Oj 4- G, tan a,. Equating to zero and reducing, we 
rave finally, for maximum shear, the condition, 

G, + G, + G, _ G 



G, = - 



(lO 



That is. for a maximum shear in any panel the load in the panel murf 
be equal to the load on the truss divided by the number of panels. 
.Algebraically this may readily be derived as follows: 
Let X = distance from G to point B. and Xj [he distance from G, to 



point C. Then the shear = F = C - — 

this as in Art. 124, we have 

d_V _ G^ _G, 
dx ~ I d 

and hence for maximum 

G G, G 



- G|. Differentiating 



/ 



= G,, as in eq. (11). 



In order lo cause a maximum and not a minimum the value of 
8 VjS X must reach zero by passing from positive lo negative as the 
loads are moved towards the left. This can only occur when a load 
passes C or .4. but for the greatest shears ihere will be no load, as a 
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rule, on the portion A E; hence the maximum shear will occur when 

some wheel near the head of the train is placed at C, such as to salisft 

the above criterion. 

If we assume no loads on A E, the criterion can be stated al once b) 

inspection of the portion of the influence line N DB'. \s aho«ii ii 

Art. 134, whenever the influence line is of this form the criterion (« 

G, G, G, G^-^-Gi 

maximum .s ^^ ^ ^^, or ^^ = -j^-^ 

values above given for A*" C and A' B', and noting that Gj + C, = G, 
we have, as before, the criterion 



Substituting ihc 



= C- 



, or G, =- - 



^ m' d nm' d' 

This principle is particularly useful where the influence lines are 
actually constructed, or the distance N C is determined graphiciSf 
in any other manner. 

Since a wheel passing C causes a large relative increase in C^ 
will be found that the maximum shears in several panels will occur 
with the same wheel at the panel point to the right. To find for 
panels any particular wheel P placed at the panel point to the right "iH 
^ve a maximum shear, let G, represent the wheels in the panel oibo 
than the wheel P. Then if P at the right-hand panel point given 
maximum, the criterion requires that G > nG^ and < n (G, + F 
Wheel P at the right-hand panel point will then give a maximum a 
long as the entire load upon the bridge lies between nG, uM 
» (G, + P). 

139. Calculation of Shears. — For concentrated loads the shear ii 
equal to the reaction at ,4 minus the joint loads from A to E indu^i 
The latter will equal the sum of the wheel loads from A to E, plus 
partial joint load al E caused by the loads in the panel EC. 

Sectioh IV.— Hxthods or Oalottuitioii 
A. Analyliiiil Methods 

140. Wheel Load Tabulation. —Where stresses are to be calcuUtoJ 
for a specified system of concentrated loads it is convenient to prepan. 
first, a tabulation of these loads giving weights, spacing and variou* 
moment products. Fig. 20 is a convenient form of such tabublioi 
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It is calculated for a set of two consolidation engines followed by 
uniform train load weighing 5,000 lbs, per fool, and is known, 
Cooper's £-50 loading. {See .\rl. 169 for discussion of various loa 
ings.) All loads arc given in thousands of pounds and all momu.. 
in thousands of foot-pounds. The loads given are one-h^lf the id 
loads, being those on one rail. 

The various longitudinal columns contain the following dau: 

1. Distance between successive wheels. 

2. Number of wheel from the left end (placed on the loadj. 

3. Summation of distances from wheel No. 1. 

4. Weight of each wheel load, P. 

5. Summation of loads from the left end = J P. 

6. Summation of moments of all loads to the left of any given whfd 
taken about that wheel. 

7. Same as 6, except that wheel No. 1 is omitted. 

8. Summation of loads from the left with wheel No. i omitted - 
IP'. 

The uniform load is considered as consisting of equal conceniralot 
loads 10 feet apart. This assumption represents the actual train 
load quite as closely as docs a 
form load and gives practically ihe 
same results, as will be seen io 
later examples. 

In calculating the moments <i 
such tables, and in their application, the following principle is much 
used: In Fig. 21, let ^f^ represent the sum of the moments of ill 
the loads from P, to P„, taken about P„ as moment centre, and U, 
represent a similar summation about any [joint C distance ft fromP, 
Then we have 



t-ht. 



W-i- 



M„ = S"P x.andM, 



r." p (x + b) ■■ 



I," Ph. 



r,"p«- + .r,"?fc 



That is. the moment about any point beyond P^ is equal to ;!/, plustl 
product of the total weight times the distance from P^ to the poiaL 1 
the value of the summation about the next load is de^ed then 6 is tl 
distance from P„ to /*, . ,. 



H aisiancc irc 

Ll 
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141. Stresses in a Pratt Truss. —Let il be required to find the live- 

I 'id stresses in ihc truss of Fig. 22, due to tiie loading given in Fig. 20. 

■ 142. Maximum Motnents. —The maximum .stresses in all chord 

^.anbers arc determined from (he maximum moments at />, c and d. 

; criterion for maximum moment at any point is, that the average 

1 to the left of the moment centre must equal the average load on 

G, 2. 

I 



e entire bridge; or, as expressed in cq. (7), Art. 124, — ^ 
lanel length as a unit, ihis becomes — = — , where r. 



Taking 

=^ number of 



mels to the left, and n = total number. 
{a) Moment at 6.— In general, for maximum moment, the bridge 
should be nearly covered with the live load, and some wheel must be 
placed at the moment centre. Try P, at b. The total load, C, which 







now comes upon the bridge may be determined as follows: The 
distance from P, to P, is 8.0 ft., and hence (he distance from P, to the 

right end of the bridge = 8.0 + 125 = 133-0 ft. Looking along 
column 3 it is seen that P^^ is the last wheel on (he bridge and is 9 ft. 
to the left of point g. (A convenient way to get the location of the 
loads on the bridge is to lay oft the wheels of the moment table of Fig. 
20 to a true horizontal scale and mark off the panel points of (he truss 
to the same scale on a separate strip of paper, which can be shifted 
along under the load diagram 10 any desired position.) The value of 

C is given in column 5 and is 405,000 jwunds. Then — = —^ = 

n 
67.5. The value of G, ranges from /", to ?,+/*, = 12,5 to 37.5; 
and G,/m = 12.5 to 37.5. The value of G,/m being less in both cases 
than Gin the moment will be increased by moving P^ up to the joint. 
Try /*, at 6. P, is now 13 + 125 = 138 ft., from the right end and P,, 

'.asl load on the bridge. — = -7- = 71.7 and GJi = 37,5 



tOi 
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to 62.5. The position does not give a maximum. Try P, at b. P., ii 

o ft. 10 the left of g, and — = ~ = 71. i. G,/i = 62.^ to 8; 
o 

The former value being less than 71. i and the latter value greater, 1 

maximum moment results. 

To calculate this moment get, first, the left reaction. This will he 
equal to the summation of moments about g, divided by 150 ft. Tht 
table gives 30,080 as the sum of the moments about /*,,, hence as shown 
in eq. (1), Art. 140, M^ = .1/,, + J," P X 9 = 30,080 + 430 >: 9 = 
33,950. Then ^| = 33,950/(6 X 25). The bending moment at i = 
R, X 25, minus the moment of joint load at a about 6, The mo- 
ment of this joint load is the same as the moment of the separate 
wheel loads, P.^ and P^, about b, and is given in the tables under P^ 
It is equal to 600. Then the moment at b = R, X 2$ ~ 600 = 
33,950/6 — 600 = 5,058 thousand foot-pounds. 

It is possible that P^ will also give a maximum moment. With F^ 

at 6, — = ^ = 76 and 6',/i = 87.5 to 112.5. This docs not 

give a maximum. A continued movement of the loads will evcnttialif 
cause a minimum moment, and later other maxima will result, »ilh 
some wheel such as P,, or P,t at b. 

Instead of assuming the train load to be mad.e up of concentriliau 
10 ft. apart it may be treated as uniformly distributed. In this c*ie 
the calculations will be somewhat modified. The head of the unifons 
train load is 109 ft. from P,. Hence with Pj at b the length of Ik 
uniform load on the bridge will equal 18 + 125 — ioq = 34 ft., and 
will amount to 34 X 2.5 = 85 thousand pounds. The total load tm ti* 
bridge is therefore 355 -i- 85 = 440, instead of 430 previously usci 
The criterion for maximum is still satisfied. The moment of the taxfc 
about g is equal to the moment of the engine loads about g. plustk 
moment of the uniform load. The moment of the engine load* = 
A/„ -I- 1\"'P X 39 = 18,680 + 355 X 39 = 32,525, and that of tht 
uniform load = 2.5 X 34'/2 = 1,445. The total moment = 32.515* 
1,445 "" 33,970, as compared to 33,950 by the former calculation. The 
moment at i = 33,970/6 - 600 = 5,061 instead of 5,058, a diffemW 
entirely negligible. The greatest difference arises when the cenlrr*f 
one of the assumed concentrations comes exactly at the end of the if* 
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? above case it is one foot from ihis point. The difference in 

suits by the two methods may therefore be neglected in general. If 

;-foot sections of the uniform load be taken, the maximum difference 

I reduced to one-fourth of that which results from the use o( ten-foot 

krtions. 

(6) Moment at c. — The bridge should still be nearly covered but 
• load not quite so far advanced as for joint b, as the heavy drivers 
«rt more influence than the other wheels. 
Try P, at c. P, will be 32 + 100 = 132 ft. from g and P^a will be 



feet from g. 



. 405 _ 



67-5- 



, IILlS 



ia8-75 



= 54-3 



64.3. No maximum results. 

Try P., at c. This will give a maximum and Pj, 

left oig. The moment at c = 30.080 + 430X3 ^ ^ 



L-ill be 3 ft. to the 
- 2,694 == 7.763- 



i*, at c gives no maximum. 

(f) Moment at d. — P,^ at d gives a maximum. P,^ is then at g and 
Mj = 34.380/6 X 3 - 8.385 = 8,805. 

(d) Moment at e. — The moment at e for train headed towards the 
left is the same as moment at c. train headed towards the right. For 
spans as short as the one under consideration this moment may exceed 
that already found, but for long spans it will be less, as the moment 
centre will be located too far from the heavy drivers. In this case 
maximum values of M^ occur for P,, and pJ^ placed at c. The re- 
spective moments are 7.793 and 7.76S. The maximum moment is 
therefore 7,793 and this is to be taken also as the maximum at c. 

143. Maximum Shears. — Shear in panel a b. The crilerion for 
maximum shear in this panel is the same as for maximum moment at j 
b. Hence P, is to be placed at b. Then, as before, R, = 33.950/iSol 
= 226.3. T^'^ joint load at a is equal to the moment of ihe whcels-f 
about P, divided by 25 = 600/25 ~ ^4- Hence shear = 226.3 ' 
= 20J.3 thousand pounds. 

I Shear in panel 6 c. Try P, at c. For maximum shear —r~~j 

Kir G/6 = G,. In Ihis case G, = 62.5 to 87.5 and C/6 = 380/6 = 
"63,3. Hence a maximum results. We also find that with Fj at c -J 
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maximum is caused. For P, at c, R, = — — = 158.1. 

Joint load at i = 600/25 ^ *4- Shear = 158.3 - 24.0 = 134.3 Fw 
P, at c K, - '^-"^ -^ "■' ^ •> - 14^.8. Joint load at * - 287.5/is 

= 11.5 and shear = 145.8 — 11. 5 = 134.3, the same as for /*,. 

Shear in panel c d. P, at d gives the correct position and Uie shear 
is found to be 78.6. 

Shear in panel d e. P, at e gives maximum positive shear, which 
is found to be equal to 37,1. 

Shear in panel ef. P, at/is the correct position and the maximuDi 
value is 10.5, 

144. Floor-beam Load. — For maximum floor-beam load the cnterioa 
is the same as for moment at the centre of a 50-fl, beam. P^ placed al 
the centre of such a span gives values of G, equal to 87.5 to 112.5 and 
C/2 = 88.75, hence this position is correct. The moment at the centre 
of the 50-ft, beam for thi.s position is found to be i ,147.5. f* a^ ff^'^ 
a maximum, the value of which is found to be 1,181.8, which is the 
maximum desired. The floor-beam load is now obtained from this 
moment as explained in ,\rt. 135. It is equal to 1,181.8 X 2/25 = 
94.54 thousand pounds. This is also the stress in member B b. 

The floor-beam load may also be found readily by the use of eq. [2], 
of An. 148, for the calculation of panel concentrations. Counting the 
joint load desired as No. 2 of three successive joints, the value of h in 
this equation will be 2 and we have 

r. J . 

With /*, at No. 2, the values of ihe moment summations are, 

^i = 3'563.75, Wj = 600 and M^ = o. 
Whence 

W, - -^"^-'^r ■'"■° = 94.54 
as before. 

The load of 94,540 lbs. here found is the load on one rail, or on 
one truss of a single track bridge. It will be the end reaction of the 
floor beam, from which its moments and shears may be found. 
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145. Stringer Momeni and Shear. — The jnaximum moment in a 
stringer is the maximum in a beam of 25-ft. span. By the same 
methods as used in Art. 126, the maximum momeni is found to occur 
under Pj when that wheel is placed 1.25 ft. to the left of the centre 
(the centre of gravity of the group being 1.25 ft. to the right). The 
%'alue of the moment is 381.3. The moment of the centre with P„ 
placed at the centre, is 375.0, The maximum end shear occurs 
with Pj placed at the end. The shear = 70.65. 

146. Moments in a Warren Truss. — In the Warren truss, Fig. 23, 
the moments at the joints of the unloaded chord, as C, are determined 
by the use of the criterion of cq. (5), Art. 131. In this case cjd = }i, 

A.u : ■ ■ .u r C. + HG', G 

and the cnlerion is therefore — — -;-. 

a I 

Suppose the moment at C is required. 



^ 



The distance a = 50 feet. 



A load must be placed at D or 

on the right of D, then G, = S 

„ G, + M G, 
338.75. Hence -^—^ 

the left of D, G, = 112. 5, C, = 

G, + KGj 1 12.5 + ^4-4 
a " 50 



;. Try P5 at D. Considering P^ to be 

.5. G, = 145 - 87.5 = 57.5, and G ° 

■7.5 + 28.7 „ ... _ 

— = 2.32. ConsiaenngPjOn 



SO 
161.25 

= 2.74. 



- 112,5 = 48.75, and 



The position does not give a maximum moment. Probably f , at D 

: G, + 'AG, 



or P^ at E will do 

are 2.90 and 3.06 and G/l = 2 



With /", at D the two values of - 

hence no majdmum. With P, 
2.74 and 2.90; G/l = 2.88, hence we have a 
1 moment. 

In calculating the moment we may get the moment at C directly, 
or get moments at D and E and interpolate. The latter method is the 
more expeditious. P,g is 4 ft. to the left of the end. 



METHODS OF CALCULATION 



aluc of ihe stress thus deter- 
in D E. GcncralJv it is 



t will be found that the maximum 
lined in but Utile less than the maxim 
ssumed lo be the same. 

XAUPl.E. — L.et llic panel length of Fig. 14 be 15 fl., and use ihe loading of Art. [40. 
it d givFS maximutn Md whose value is 11.439; P„ at e gives tnaximum Mi whose 
aluc is 11,336. The latter position is 15 fl. farlhrr 10 the right than the former. Try, 
lerefore, a position with P,i placed 5 fl, lo the left of r. For this powtion we find 
■ "i3i3 "t"S *'• ~ '■■^.S7- The loads are evidently too far towards ihc left, 
todng them «ilh i*,, » ft. to Ihe left of e gives valuesofjtfd = ii,3i9and.Ur ^ n.J^^f 
'Ucb values are practically equal. 

Id this case the result could have been reached more quickly liy tir^t calculating 
t^ for Pi, at f. This value — iT,24g, which is but little less thau the value M, ~ 
i.ij6. showing that the load* should not he moved far from this position. 

is lu be noted that the value of 1 1.31a here found for maximum moment for 
Mmber de ii but one per cenl. less than maximum Md for mcmtjer C D. 

For such problems as this the graphical method by influence lines 
s convenient. In this case the shear influence line for the centre panel 
lan be used and the loads placed by trial so 
that the shear ( = - P y) is zero. The mo- 
ment can then be found for this position. 

If Ihe cenlre diagonals are members ' 
capable of resisting compression as well as 
tendon (or are lension members adjusted 

with condderable initial stress), then the shear may be assumed 
equally divided between the two members. To find ihe stress in 
DE {and rff in this case), pass a section through the centre of the 
panel (Fig. 25). and take moments about k or K. The stresses S^ 
>nd 5, in the diagonals are equal and hence their moments about 
these points cancel. The stresses in D E and dc, therefore, are 
«qual lo M^ -^ h. The position for maximum M^ is found as in Art. 
131, and is given in eq. (5). The moment is the same as at the 
centre joint of a y-panel Warren truss. In ihe above example it is 
found to be 11,300. Compare this wilh the value of 11.320 pre- 
nously found. 

148. ComputatioD of Panel Concentrations. ^I I is frequently 
required lo compute all the joint loads or panel concentrations in a 
truss for some single position of the loading; as, for example, with 
wheel 3 at the first panel point from the left end. A convenient formula 
b readily derived as follows: 
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In Fig. 26, let W^, W„ . . . W^, W^ ^ ,, etc., be the panel concen- 
trations; M„, M„ . , . A/„, M„^.,, etc., the summation of ibc nw- 
ments of the loads to the left of each panel point about that point; i, 
the distance from panel point n to any other panel point; and d, lit 
panel length. Suppose W,^ is required. By equating the momenL' 
of the loads about w with the moments of the panel reactions wt haw 



^f. = -2'/ 



•Wb, 



/l\l\l\MyiXMx1/1 



Similarly wilh centre at « 4- i, 
M^^,^ J^'Wib + d) =2,"-' W b + d^^-- 
and with centre at n — i, 

Af„_, = V W {b - d) = I^"-'Wb- I 
Substituting from {a) and (c) in (b) we readily get 



•W + W^d, 



W, = - 



The values of the M's can be taken from the diagram, or may be co 
puted with the aid of the moment table, Fig, 20. 

B. Graphical Methods 
140- Graphical methods may be employed in various ways lota 
in the analysis of stresses for concentrated loads. Graphics roar 
applied lo the determination of the position of loads for 
effect or they may be used for the determination of the moments, 
shears themselves. Two general methods will be considered: (i) 
load line for finding positions, with the moment diagram or equiUbtiun 
polygon for finding moments and shears; and (2) the influence line for 
getting both positions of loads and values of functions. These mclbods 
arc often combined to advantage. 
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150. Load-Line and Moment Diagram.^ While these two diagria 

arc separate and distinct diagrams they arc conveniently drawn on 
single sheet. Fig. 27 shows such a set of diagrams constructed (0 
Cooper's £-50 loading. They are drawn as follows: The whi 
diagram is first laid off along the top as shown. The hea^T strpyt 
line, or "load-line," is then constructed by measuring off onlinu) 
from the zero line, 0—0, equal to the sum of the loads on the Icftn 
to the point in question. Under the wheels the load-line consislsof 
scries of steps each step being equal to the weight of the wheel aboiB 
Under the uniform load the line may be drawn as a straight ti 
ha\ing a slope of 2,500 lbs. per foot. 

The moment lines, numbered i, a, 3, 4, . . . 18, at the rigbl n^ 
are constructed by beginning at the horizontal reference line al s 
point near the right end of the sheet and laying olT successively oa » 
vertical line the moment of each wheel about that point, begtoniq 
with wheel i. Then the line i is drawn from the reference line ui 
wheel I to the first point thus found; the line 2 through the intcrseclirt 
of line I with the vertical under wheel 2, and the second point so found; 
then 3 through the intersection of 2 with the vertical under ii-h«J} 
and the third point; etc. A scale of one one-hundredth of the » 
for loads will be foimd convenient. The ordinate at any poinl. L 
the reference line to any one of these moment lines, is thus c<)U»lH 
the sum of the moments about the poinl, of the loads up to and indafr 
ing the load corresponding to the moment line taken, .-Vlso, thi- onS 
nale at any point between any two Uncs, as between 2 and 8, isettudl 
the sum of the moments of wheels 3 to 8, inclusive, about that poB 
The broken line A B, formed of segments of moment lines, is e^idetflj 
an equilibrium polygon for the given loads. The portion B Cabs' 
S is a parabolic curve but may be constructed as a polygon by IHI| 
concentrated loads as in the moment tabic of Art. 140. 

151. Moments at Joints of the Loaded Chord. — Before ussgA 
diagram, the panel points of the tru.ss, or the [Xtints along the be* 
where the moments arc desired, are first marked off on a slipoff^i 
to the same scale as the diagram. Suppose 1-2-3-4 , . , ,Fi&A 
represent a portion of a load-line, and A B a. truss, laid off on a si 
slip of paper. Let it be required to find the position of loads lirl 
maximum moment at C. The average load on the left,= G,'JC 
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*imust equal the average load on the bridge,- CI A B. Try wheel 5 
i«.t C by placing C under this wheel. The ordinate F B'= G, and 
<3/.4 B is the slope of the line A' F. The ordinate I C or KC = C„ 
£Lnd G,/.4 C is equal to the slope of A' I or A' K. The slope o{ A'F is 
^icen to be greater than that of 4' /l and less than that of .4' /; therefore 
1: his position gives a maximum moment at C. Hence, in general, if the 
line whose slope is equal to Gjl cuts the load or step which is above the 
Iioint, the position is one giving a maximum. This line is conveniendy 
indicated by means of a thread. 

If there are no loads off the bridge to the left, the line A' F starts 
from the zero line at the end of the bridge at ^4'; but if there are loads 
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J the left, it starts in the load-line vertically over the end of the bridge. 
J'he right end is the point in the load-hne vertically over the right end 
F the bridge. In the above case, if A' F should pass above A' I, the 
s must be moved to the left; and if it should pass below A' K, then 
She loads must be moved to the right. 

The moment itself is easily found on the moment diagram by read- 
ing off the ordinate B' B", multiplying this by AC I A B, and subtracting 
the moment of the loads to the left about C, which is given by the 
ordinate C C. 

The moment at C is also equal to the ordinate C D from the 
closing line A' B" to the equilibrium polygon formed by the segments 
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of the moment lines. The extremities of this closing line tie in 
verticals through the ends of the bridge. 

In finding the greatest possible momeni in a girder, the centre of grav 
ity of any number of loads is readily found by producing the two segments 
of the equilibrium polygon including ihesc loads, to their intersection. 

153. Moments at Joints of the Unloaded Chord. ^ — ^Fig. 2g show 
load-line and the outline of a IrusH A B. Try wheel 3 at Z? for a maii 
mum moment at C. The slope of the line ^' F is equal to the left-hand 
member of eq. (5), Art, 131, G, varies between the values XK M and 
D' M', or C K and C K', according as wheel 3 is considered in ( 




2^' i,: itB 



«n the 



of the panel D E. The value of Gj varies correspondingly between tlie 
sum of the loads 5, 4 and 3, and the sum of 5 and 4 only. The corre- 
sponding values of G,c/dare found by drawing.!/ O and M'O. They 
3xeK N SindK' N'. The slopes of the lines 4' A''and^' A^', if drawn, 
would therefore be the two values of the second member of eq. (5). 
Hence when /I' f cuts A^ A'', this position of the loads gives a maximum 
moment at C. None of the lines need be drawn, iho points A^ and N' 
being lightly marked and a thread, A' F, stretched from A' to the inter- 
section of the vertical at B with ihe load-line. Wilh a load at £, two 
points similar to A'' and A'^' are obtained by lines drawn from the inter- 
section of the vertical through D with the load-line, to the upper and 
lower limits of the load at E. 
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The position of the loads ha\'ing been found, the bending roonicfli 
at C is most readily found by proportion from the moments at D and £. 
Thus if A/p and M^ are the bending moments at D and E, respectivcljf 
found as above described, then the moment 



A/c 



• A/, + (M^ - A/J -j. 



Graphically, the moment at C is equal to the ordinate intercepl«i 
between ihe closing line .-I' B" and the closing line D" £". 

153. Use of the Equilibrium Polygon. — If it is desired to determine 
moments by measuring ordinatcs to an equilibrium polygon, a bciicr 
form for such a polygon is shown in Fig. 30, the pole distance being 
selected so as to give ordinatcs of considerable length. To accomoio- 
date the work to spans of various lengths two or three polygons may 
be drawn of suitable portions of the train load, and with poles dis- 
tances selected accordingly. Fig. 30 shows two such [xilygons, iht 
shorter being for the two engines alone, and suited to spans up to 
about ioo fl., and the longer being drawn for 200 feet of train, and 
serving for spans from 100 to 200 feet in length. 

154. Shears and Web Stresses. — (a) Shear in Biams or Girders,— 
It has been shown in An, ik) and illustrated in .\rt. 120, that wheel i 
will cause a maximum shear at all points to the right of the point where 
G' 



hear lo the left of 



L 



■. and that wheel 2 will cause 

the point where -j- = ~; where C 

and C are the total loads on the 
girder with wheels i and i, re- 
specdvely, at the point; b = dis- 
tance between wheels i and 2; 
P, = weight of wheel i; and 
I = length of girder. 

Let ^ 1-2 ... 8, Fig. 31. he '"■■ ^'' 

a load-line. Draw the line A T, having a slope of P,ib. Layoff 
the length of the girder .4 B on the line 0-0, and at B draw the 
vertical B T. This vertical ordinate is that load which, divided 




^ 
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f/, = PJb, and therefore is the load G or C above mentionet 

order that this may be the total load on the girder, wheel 1 
[-must he at the right end. Laying ofT the girder then from B' 
t the left, the portion B' C to the right of wheel a is the portion 
S the girder in which the maximum shear is given by wheel i, and the 
ionion of the girder to the left of C" has its maximum shears for wheel_ 

Between C and C both positions should be tested. The 1 

IT may be permanendy drawn on the diagram; no other lines ne( 

! drawn. 

(i) Shear in a Truss. — In Fig. 32, i-z ... 14, is a load-line a 

%B a truss, outlined on a separate strip of paper. Consider the mai 




■ maximum shear i 



mm pOMtive shear in panel D C. Construct the influence line for 
^ar as in Art. 137, using the lower chord as a base line. The crilerioo 

that -—. = y^. Try P, at C, as shown 

1 the figure. The slope of N' L is GIN B and the slopes of A'"' H 
bd N' K are the two values of GJ N C. Hence if N' L cuts K H, 
; position gives a maximum. 

The influence lines for all the panels can be drawn on the same 
kttline as shown. 
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i such as here considered, the influence line furnishes the 

[ convenient method of determining the values of the desired 

ions themselves. For this purpose it should be accurately drawn 

irge scale. The value of ihc function for any given position of 

lis then simply the sum of the products of the several loads times 

rrcsponding ordinates to the influence line. 



V.—TBCSSES with IttOLIlfED GHORDB AHD SINQLE WEB 

Ststchs 

156, Chord Stresses. — The methods already describefi in Arts, 
;7--i2(), for determining maximum moments, apply also lo any truss 

viih single web system. The maximum chord stresses are determined 
rom maximum moments. 

157, Web Stresses in the Curved-Chord Pratt Truss. — In trusses 
vith inclined chords the web stress is not dependent upon the shear 
Jone, but is a function of chord stress as well. The method of Art. 
,36 is, therefore, not applicable to this case. 

158, Influence Z.if«rj;, —Consider the diagonal ED, Fig. 35. By 




dtber of the methods explained in Art. 93, calculate the stress in £ D 

I load unity at D and again at C, and lay off the ordinates D' K 
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and C L equal to these stresses. The line A' LK B' is the influesd 
line for E D. 

The point A'^, where the influence line crosses the axis is convp 
niently determined bydrawing^fiand B^ to an intersection Jf. Tb 
point N is vertically below M, It is the point where a load taiw 
zero stress in £ D. The correctness of the construction may be show 
as follows: For a load placed at A^ and supfxirts at A and B. lit 
lines A M, M B, and B A will represent to some scale the diagram o 
moments, or the equilibrium polygon. The ordinates will thcrefon 
also represent to some scale the bending moments at the joints of 
truss. Hence we may write 3/^ = £C and J/j, = /)/^, Thest*ssil 

„^ , , Mom. £C . , , - 17 £. Mom. Z)F 

C D, therefore, = , , ^„ , and the hor. comp. in i,F^, r-;rn 

Length £C '^ Length Of 

These two quantities are equal, hence the stress ioE D for this loadis| 

is zero. In some methods of analysis the [joint iV is all thai is needed 

of the influence line, 

The numerical calculation ol E D hy abear« from Ihe influence line is very nmf 
For I lb. al D, V. comp. E F - R, X — X^ = ^i X3X 5/40, V. cutap.ED- 
shear - V. mmp. EF= R,[t -{3X S)/4o], etc. For unit load at C. V. 
EF= R,X— X ^, and shear = E,, V. tomp. ED ^ shear + V. comp. EF. 

A graphical construction is sometimes convenient. For this purpM 
draw the reaction lines A" B' and A' B". The ordinate D' D' =Ri 
for unit load at D. Then to get the stress in E D use the method a- 
plained in .\rt. 50, Chapter XL Replace the truss between A asl 
£ C by the triangle A EC and draw the force polygon for joint A. I 
will be completed by drawing the line A E from D". Then draw ll« 
diagram for joint E, the stress in £C being zero. The lines E F ^ 
E D give the desired stress, E D, to be laid off as D' K. For a unit lo 
at C the reaction is C C. As before, A E gives the stress in A 
When we come to joint E the stress in the member £ C is unity, cqui 
to the load at C, and given by the length C C". The diagram for thi 
joint is therefore completed by drawing from C" the lines ED 
E F, thus again determining the slrcss in ED. It is compressive a» 
is laid off as C L. 
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igo- Position of Loads foT Maximum Web Stress. — The majdmum 
■iress \nE D occurs when some of the wheels at the head of the train 
ire in ihe panel C D, and, in exceptional cases only, when some of the 
oads are to the left of C. In the cases treated we will assume that there 
ire no loads on the portion A C. 

Lei G, represent the total load in the panel C D; G„ the load in 
D B; and C the total load on the bridge. Let the loads advance from 
iny given position a distance 3 x towards the left. The stress InE D 
will be increased by an amount 3 M = G^ 3 x Ian it^ — G-,3 x tan a,. 
Fur a maximum 

^I 
'Ix 



- = o, or 6', tan ci^ = G, tan «,.... (a) 



From ihls we may write, as in Art. 123, the criterion for maximum, 
G. ^ G, G__ ^ _G,_ 
D' B' N D' °^ ~N B' N D' 



(0 



This is the most convenient form of the criterion when the [Joint A'^ is 

■ iiiin. It is also the most convenient form to use with the load line, 

■ -how-ninArt. 154(6)- 

For analytical methods Ihe value of N D' may be desired. The 
■Mmx N is determined analytically by equaling to zero the stress in 
EjD (or moment at T), for a load unity at A''. We have from this, 

?\'B' N D' , ,^ N D' ds ^ ^ . 

r -s--^{s + a)^o, whence ^^ = j^-^-^^ Substitut- 

^g this in eq. (1), we derive the form of criterion 



/ 



(2) 



"Ilii-, is quite similar to the criterion for shear of Art. 138, the term 
1 1/ ') taking care of the effect of inclined chords. 

For maximum stress in the vertical E C, the same general position 
of loads is required, but ihcy will need to be shifted slightly. The 
moment centre is now at /'. The same general criterion as given in 
:■•[. (1) will apply but the point N will be shifted to A". Its position 
in ihis case is determined graphically as follows: Produce H E lo 
iniursecl D F at F' and draw A E and B F' to intersect at M'. The 
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desired positicn of the point N' is now vertically below if'. In Ha 
construction we may consider the memher £ P replaced by £ f, wlui 
gives a truss in which E C and ED an both zero when the stress in 
H B ~ stress in EP, hence the correctness of the construction. 

For the vertical B C, the criterion of eq. (a) is changed by repladng 
* by ^ of Fig. 35. 

In numerical work the various values of s are conveniently ezpreacd 
in panel lengths. For stresses in members to the right of the cenUe 
(counters and minimum stresses), the intersection, /, lies to the rigit 
of B, and s is negative and measured from A. 

160. Cakulaiion of Stresses. — (o) Aualjrtical Method. — ^Porunifon 
loads the maximum stress = area NKB'X^. If u-^Kiy,- 
stress in £ Z> for I lb. at D, then 



Maximum BD — 



D- HuxNB'^ H«l T^-^ V 



(j) 



For concentrated bads the calculation of 




will be illustrated 



FlG. 36. 



by the determination of the maximum stresses in members EC, ED 
and H K, Fig. 36. The loading of Fig. 20 will be used. 

Member E C. — For this member the value of s, of eq. (2), exinesstd 
in panel lengths, is equal to (30/ 7 — 1) d — 3.285 d. a — a d. Hence 



3-28= 



^ 1. 61. The criterion for mariTniitn stress is, 



therefore, (7/8 = i.fii C,. 
Try P, at D. -^ 



48. 



;- = 60. G^- 



20.1 to 60.3. The position gives a maxi: 
found to be 170.2 and the joint load at C 
is then found from the equation 



12.5 to 37.5 and 1.61 G, - 

lum. The value of R, is 
3.33. The stress in £C 
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EC - 170.2 X 



5-285 



-3.33 = 102.5 compresaon. 



Member ED. — The value of s — (37/3 — 2) d — 10-33 *'• i + 
= 1.19. Pladng P, at Z> we have G/8 ■■ 60 and 1.19G,— 44.6 




74.4, The position gives a maximum. Then fi,= 180.2 and joint 
id at C = 9.58. 

V. comp. £ iJ = 180.2 X 10.33^ -9^58 Xi2.33rf ^ 



Stress = 130.8 X - 



- — 168.1 tension. 



Member H K. — ^The members H I and / K intersect at a distance 
1.33 d from B or 18,33 '^ irom A. Hence s = — 18.33 '^- * ^ 5<'> 
;nce i + a/s = 1 — .273 = 0.727. 

Placing P, at K we have G/8 — 26.9 and .727 G, = 9.1 to 27.3. 
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bence this is tbe correct poatioD. Then Ji, — 34'04 and joint Ul] 
at y - 3-33- 

V. comp. HK . 34.04 X '8-33^^-3^-33 X 13-33 ^ _ ^^^ 



I 



\/ vf + iff 
Stress - 47.0 X — ^ ^-- - 58.75 tensiOQ. 

{b) Graphical Method. — ^Fig. 37 shows a load-line and momoit 
polygon, and the truss A B outlined on a separate strip of pqxr. 
Consider the member E D. Find the point N as before described. 
Try P, at Z>, as shown, and draw the line N' L. If this cuts loul 3 
the position ^ves a maTimnm, as in Art. 154. Tbe reaction J?, = 
B' B' -^ /, and jcant load at C ~ V D" ■*- d. The work can be com- 
pleted graphicaUy by the force polygon shown in Fig. (<t). R, is 
th'^ reacdon and W^ is the joint load at C. 

For the vertical EC the point N' is a little towards tbe right htfa 
N, but tbe same position is likely to ^ve a maximum stress as for £ D. 
After getting the value of R, and joint load at C, tbe force polygon is 
drawn as shown in Fig. (a). J?, and W^ are laid off as before, and the 
stress A E found. Its H. comp. will be the same as tbe H. comp. of 
the member T £ in the actual truss. Drawing T B determines its 
stress and the stress E C = R, — W^ — V. comp. r £ as shown. 

161. Maximum Tension in a Vertical where CoufOers are U^.— 
This problem, solved by trial in Art. 96, Cbapter IV, can nuire readi^ 
be solved by the use of influence lines. Consider the vertical EC, 
Fig. 38. Its maximum tension will occur when the load moves on 
from the left and advances to such a portion that the stress in botii 
tbe diagonals, C F and E D, nill be zero. The stress in the verticil 
will then equal the difFerence of the \. comps. in H £ and E F. 

Construct the influence line for stress in C F or £ i>. In the figure 
the full graphical analysis for £i^ is given. The dead-load stress in 
E D will equal {area N K B' - area A' N L) X dead load per foot, 
anil will be tension. Suppose the live load to consist of a moni^ 
uniform load of p per unit length. Placing a live load on the p<Hti(» 
A' N »'ill cause maximum compression in ED, and equal to area 
A' 1- X X p. The net compression in E D will equal the live-load 
compression minus the dead-load tension. To reduce this to zero the 
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i toad must advance to a point T so that the area N T T' x p 
1 equal this net compression. Expressed algebraically, if m = 
Idead load per foot we must have piNTT) = p {A' L N) - w is. 
\{N K B' - A' LN). This position then gives a maximum tension in 
I EC. 

To determine the stress in £ C construct ils influence line ^ , S, C, 
j by calculating the stress for unit load at C, noting that E D is not in 
I action. {The H. comp. of both HE and HF = R^X2 d/k.) The 
I construction is also shown in the figure. Finally the desired live-load 




ftensioD in £C is the area (^i C, T, T^C^) X p. 
i the joint load at E. 

If concentrated loads arc to be used, then instead of areas the 
■ summation of products, J P y, must be used, and the position for zero 
T stress in C F determined by trial. This position ha\-ing been found, 
I the stress in C £ is obtained from its influence line. The tensile stress 
I in the vertical being of minor consequence it is sufBcicntly accurate to 
n equivalent uniform load in this calculation in place of specified 
^ wheel loads. 

162. General Treatment of Web Stresses in Trusses with Inclined 
IChmrds. — Let A B, Fig. 39, represent any single inlerseclion truss. 
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Assume the lower Joints to be the load points. Consider the member 
C F. The influence line will be of the same general form as in the 
case already considered. The point A'' is found by producing EF 
(the upper chord member cut by the section) to K L and drawing the 
lines K C and L D to intersect at M. The correctness of this construc- 
tion will now be shown. The figure K L M is an equilibrium poly^ 
for load P, with supports at A and B, and K L is the closing line. 
Likewise C M D is an equilibrium polygon for load P, with supports 
at C and D, and C D is the closing line. Hence the moment at F, 
due to i*, = A X pole distance, and moment at C == A' X pole distance. 
The horizontal components of the stresses in C O and EF are equal 



'^-,- 



to the respective moments divided by the arms h and h' 
therefore equal to each other under the assumed conditions and At 
stress in C F is zerc . 

The ordinates to the influence line at D' and C may be found, H 
in Art. 158, by placing unil loads at D and C and gelling the siresst-' 
graphically. The triangle F KC may be substituted for the truss up » 
the member C£. 

If a scries of influence lines is to be drawn for various membcre, 
it is convcnienl to construct them by locating the point A* and iheo 
ilctermining the value of an ordinate y. for each diagram, by consirucl- 
ing a stress diagram of the entire truss (or load unity at some one joinl- 
The ordinate y being known, and the point A', the entire Influence 
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1 gives the value of y for all 



line can be drawn. The stress diagrai 
members. 

An interesting relation between the influence line and the truss is 
the fact that the lines B' H and A' J intersect in the vertical through /. 
This is so because the ordinates to B' I' represent Ihe moment of the 
reaction ii| about /.due to an advancing load, and the ordinates to A' I' 
represent the moment of reaction minus the moment of the load about 
this point; when the load reaches /, if this could occur, these two 
quantities would be equal. 

Using the point N, the criterion for maximum web stress is the 
same a.s in Art. 138, and the 
stresses may be found in 
the same way as there de- 
scribed. 

A truss of the form 
shown in Fig. 40, in which 
one chord is convex to- 
wards the other, presents 
conditions unlike those of 
the usual form. Consider 
the web member E D, so 
located that the two chords cut, intersect at a point / to the left of 
the reaction. For a load advancing from the right up to F the stress 
in £i> = ^, sjt and is tensile. It will increase uniformly until the 
point F is reached. The influence line for this position is B' K. 
The ordinate to the line at A' would be s/l. For a load advancing 
from A' to E, the stress will also be tensile and equal to /f, 
(/ - j)//, a quantity which becomes equal to (I - x)// at point B'. 
The entire influence Hnc will therefore be A' HKB', drawn as indi- 
cated. The structure should be fully loaded for maximum stress. 
If the chord segments intersect outside of the abutments then the 
case is the usual one already treated. 

^SBOTioir VI. — Tbusbzs with Subdivided Panels —Tbcssss wrrr 
Mdltipij: Web Systems 

163. The Pettit Truss.— In the Baltimore and Pcttit trusses Ihe 
^bdivision of the panel afl'ects several of ihe members, causing a 
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The maximum siress \n H K'xa equal to a maximum joint load am 
ihe corresponding stress in H F is readily found from H K. The 
j»iece H F must also be considered as a counter; this is done later. 
The stress Jn CD is obtained from the maximum moment at E. These 
members require no further consideration. 

Member E F. — The centre of moments is at D, but note that the 
joint K is on ihe right of the section. The influence line for this 
moment will be the same as for moment at D, in a beam A B, except 
for the portion CD. The ordinate D' D" — aa'/l. 

As the load moves from D to ^ it is still on the right of the section 
and hence its effect will follow the law of the line B' D" up to K". The 
traight line, K" C, completes the influence line. 

To determine the criterion for a maximum, let G,, G, and G, repre- 
lent the groups of wheels on .4 C, C A' and A' B. For a maximum, 

C, Ian «! + C, tan ttj = G, tan (Vj, . . . . (i) 
The values of the tangents arc 

a' a 2d tan n.+d tan a. I A- a' . , 

■ - T' "° "' - 7' '^ "' d r <") 

hibstituting in eq. (i), and reducing, the criterion becomes 
C, + a G, C 



I 
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To satisfy this condition a load must be placed as A'. 

In calculating the moment note that the influence line A' D" B' 
is the influence line for the moment at /) in a beam A B, and the line 
C K" D", referred lo C" D" as base, is the influence line for double the 
moment at Jf in a beam CD (the ordinate K" K'" ^ d). Hence the 
total moment is readily obtained by calculating, for the given position 
of loads, the moment at D for a beam A B and twice the moment at 
K for a beam C D and adding the results. This applies lo both uni- 
form and concentrated load systems. This graphic analysis brings 
out clearly that the effect of the trussing EHF, in adding to the 
stress in E F, is ihe same as that of a trussed beam EHF. 

Member E H. — This member is the only web member in the panel 
C K and hence its stress is determined according to Art. 158. For a 
load between B and D the stress \n E H \& the same as in £ ZJ of the 
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li panel CD (H K and H F ^ o); and likewise for a load between J \ 
'' and C, The lines B' D" and A' C are ihen drawn as in An. lA I 

From D to A' the siress follows the law of ihe line B' D", hence tiie 
I influence line is completed as shown in the figure. If C, — load oa 

C X the criterion is -rrjr, = tt-di' ^ "* *^- ^3^- ^°^ minunian | 

stress, if tensile, the portion A K \s loaded, the criterion being gi\Tn 
by the influence line A' C N. If this position gives a stress which, 
combined with the dead-load stress, is compressive then the coimtef 
C H is required. 

il In calculating the maximum stress the reaction and joint load alC 

are found and then the stress in £ if by any of the methods applicable 
to trusses with inclined chords. 
Member EC.^For maximum compression in EC the loads are 
in about the same poation as for maximum tension in E H. There 
I will be no live-load stress inT E and hence E C can be treated exaclljr 
I as £ 77. 

1 Member H D. — The stress 1n this member will not be changed if 

I the separate small truss EH F [Fig. (a)], be substituted for the con- 

[ struction as given. This being done it is seen that the load at JT b 

! distributed to E and F in the same manner as if it were applied to a 

beam or stringer reaching from E to F. The effect on £ Z? is the same 

as if applied at the lower chord on a beam or stringer from C to D. 

I The stress in £ i?, or H Z) of the actual truss, will therefore be calcu- 

I lated as if the secondary members, H K and H F, did not exist. The 

I influence line is shown in Fig, 41, and the calculations are the same as 

explained in Art. 158. 

Tke Counter Members C H and H F. —There remain to be con- 
sidered the members C H and H F as counters; load headed towards 
(he right. All diagonals in the panel C D are designed and built as 
tension members and cannot carry compression except as may be pos- 
sible by means of initial tension produced in adjustment. It will be 
assumed, therefore, as in the usual case of tension diagonals, that in 
every panel the web stress is carried by that member which will be 
stressed in tension. 

Consider first the member H F. When this receives its maximum 
coimtcr stress, H D will be relieved and the member E H will st 
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B point H. The influence line for H F is then similar to that for 

, C C being the stress in H F for load at C and D' D" for load 

The complete line is A' K'D" B'. The stresses are readily 

pd as explained in Chap, IV. The criterion for maximum stress is 

1 by the influence line A' K" N, and is ■■ „. '. ; = — .■;- , - . ■ 

' K' N A' N 

I Member C H. — When this is a maximum, H F will also be stressed 
I H D will be relieved. On account of the small angle between 
f and H F the stresses in these two members {H K not acting), will 
t be quite the same but their ratio will be constant. (The angle 
I C being 90° the stress in CH = stress in H F X cos ?, Fig. 41 {b). 
Hence for loads outside of the panel C D the influence line for H F 
may be used also for C H. For loads on C Z) the effect of the hanger 
K H is the same as if held by the separate small truss, and hence, as 
shown for H D, we may neglect the sub-panelling and consider the 
main panel C D, giving the influence line A' C D" B', from which the 
criterion may be written. The stress for any given position is readily 
calculated. 

Maximum Tension in E C. — In this form of truss there will be little 
or no dead-load tension in E C, owing to the effect of the sub-tie T E, 
and the dead load applied at E. The live-load tension is found as in 
Art. 160, by using the influence line for E H and placing the live load 
so as to cause the resultant stress in this member to be zero, then 
calculate the stress in EC. With zero stress in E H {C H acting), 
the influence line for tension in £C is as shown in Fig, 41 (c). In the 
ca.se at hand a live load placed from A to X so as to cause zero stress 
vnE H will load Joint L so that the resulting tension in £ C will be little 
or noiliing. 

164. Double Intersection Trusses.— TAc Whipple Truss.— The 
influence line for either chord or web stress in a truss with a double 
system of bracing is made up of straight lines of many different inclina- 
tions. Since the criteria for maximum values contain as many terms 
as there are different inclinations in the influence lines, in this case they 
are very difhcult of application. 

For example, take the Whipple truss of Fig, 42, and consider the 
chord member F H. The centre of moments for this member for 
loads on the full system is at C. For loads at the joints of this system 
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the ordinales for moment at C are ordinates to the influence line .4' 18. 
While for loads on the dotted system, the centre of moments iotFB 
is at D, and the ordinates for moment at D are ordinates to A' Klf. 
Hence the influence line for stress m F H \s the broken line A' abtl- 
Kde. . . . B'. The points a and i are taken half-way beiwecD 




A' KB' and A' IB', assuming the loads at M and N to be equally 
di\idcd between the two systems. 

The influence line for shear in panel C£ of the full system is the 
full broken line of the lower figure, the ordinates to this line being zero 
for the loads al joints of the dotted system. Loads at M and N are 
e([ually divided. 

The inOuL-ncc line for shear exhibits in a striking manner the effect 
of concentrated loads upon the web members when the distance be- 
tween the loads is an even number of panel lengths; as, for example, 
two engine concentrations when the panel lengths are twenty-five feet, 
the length of a locomotive being about fifty feet. Panels of such length 
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: therefore, to be avoided in a double system, and a length chosen 
ftach will bring the concentrations upon different systems. 
1 The cumulative effect upon chord members is seen to be very 

' In calculating stresses in a double-intersection truss influence lines' 
ifty be used directly or an equivalent imiform load employed. The 
Kter method will be satisfactory for chords, but where the concentra- 



C D 




Fig. 4.;. 

lions arc hea\7 and widely spaced, as would be the case to a large 
degree with heavy coal or ore cars, the uniform load method would 
not give reliable results for web stress; ihe influence lines should 
be used, 

165. The Suhdividfd Double Triangular Truss. — Fig. 43 shows 
such a trvissand the influence lines for two chord and two web members. 
The student should be able to follow the construction. In such a case 
the inlluence lines are very useful c\Tn for uniform loads. 
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SlOTIOM VII.— Sksw-Bbidoss 

i66. Influence Lines. — Fig. 44 illustrates a skew-bridge amilarti) 
that shown in Art. 109. As there assumed it may be conadered thu 
the loads are applied along the centre lines a b. 




FjG. 44. 

Moment at E. — For a load placed at any point between c and/the 
joint loads on the truss A B will be the same as an ordinary truss of 
span A B, and hence the moment at E will be the same. The influence 
line from c to / will therefore be the usual influence line for bending 
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' momt-nt. A' E" B', in which E' E" = i X -r-^ — ■ ^°'' ^ ^'^^'^ 

k-iwecn c and a the moment will vary from a value C C for a load 
8t c lo zero for load at a; and for a load between / and b the moment 
varies as the straight line F' b' thus giving the complete Influence line 
0' C" E" F" b'. 

From this influence line the criterion for maximum moment may 
>e wTitien out. It is seen, however, that the true influence line differs 
JUt slightly from A' E" B', and as regards the position of the loads, it 
nay be assumed the same. Hence for a maximum moment al F the 
Lverage unit load on length A E must be equal to that on length A B. 

MometU at C— The stress mC Dis found from bending moment at 
r. The ordinalcs at C, /?', and F' are found from the influence line 
or moment at C? in a beam ^ £, as in the Warren truss, Art. 130. 

■ /^/^,/ _ . ., A'G'xC/B' 



^'^"-- A'B' 



The influence line is completed by drawing the straight lines a'C, 
y D', and F' b'. The criterion for moment at D' in a beam a' B' 
Hay be used as an approximate rule for determining posilion of loads. 

The stress in j4 C is also found from moments at C. but note that 
fce joint load at C is on the right of the seclion. The influence line for 
liis moment will be obtained in the figure by continuing the line F' G" 
« C" and drawing the line a' C". Place the loads as for moment at 
-' in a beam a' B'. 

Shrar in Panel D B. — Construct first the line for shear as in an 
Ordinary truss A B, It is A' D"E"B'. This is then modified by 
Irawing ihe lines a'C and F''b', as for moment. The position of 
nads may be taken as for a truss A B. 

Shear in Panel CD. — The ordinales at C, D' and F' are deter- 
"nined as for shear in truss A B. The lines a' C and F" b' complete 
-he line. 

167. Calculation o( Stresses. —For uniform loads (he stresses are 

-i'l'n by the areas of the respective influence lines. For concentrated 

I'Ls the approximate criteria as above noted may be used for position 

■ luads. The stresses should then be correctly calculated for the actual 

r'.iis. All loads between c and / may be treated in the same way as 
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in a sq'iarc truss A B, but loads on u c and/ 6 are best treated by cal- 
culating the actual floor -beam reaclions at i: and/ due to these loads antl 
ihcn applying one-half of each floor -beam load to joints C and F. The 
stresses are then determined by the usual methods. 



Section VIII,— Oonvemtional Load Ststzms 

i68. The Train Load. — The train load generally iissumed as the 
basis of stress calculations consists of two locomotives coupled in i 
direct position arid followed by a uniform load representing the train 
load. For double-track structures the loading is generally double. A 
great variety of engine loadings has been used by the various railroad 
companies, each road, as a rule, selecting a loading based on the weighu 
of the heaviest locomotive in service or to be anticipated in the oeir 
future. Such great variety in specifications for loads has made ihe 
calculation of stresses by exact methods a somewhat troublesome quci- 
tion, and has led to numerous proposed conventional systems of loadf 
which will give approximately the same resiUts and whereby the cil- 
dilations may be much simplified. 

These conventional loads arc of two kinds: (a) systems of siuid- 
ard locomotive loads agreeing approximately with actual loads bui a 
which the wheel weight and spacing are modified to secure grtiia 
simphcity; {b) systems in which wheel loads are not used at all, bm 
some simpler "equivalent" loads. Of the first class the loads propoxd 
by Mr. Theodore Cooper arc the only ones that have come into a- 
tensive use. Of the latter a large number have been proposed, ani 
several have been used to a considerable extent. Mr. J. A. L. Wadddl 
has proposed a system of standard wheel loads, and at the same tiw 
has derived sets of equivalent uniform loads corresponding ihervlo.* 

i6g. Cooper's Conventional Wheel Loads.— The loads propoad 
by Mr. Theodore Cooper in 1894 and now used by a large number i' 
railroads consist of a scries of standard loadings, any one of which m^ 
be obtained from any other by the use of a constant multiplier. Tl» 
wheel spacing is the same in all. One of these loadings is tabulatedti 
Art, 140. _ 

'Tlic irompromise Standard System of Live Loads for Railway Bridges knd E^^ 
aJenIi tor same. By J. A. L. Waddcll. 
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I II consists of two consolidation engines with 50,000-Ib. axle wcighls, 
bowed by a train weighing 5,000 lbs. per foot. This loading is called 
Class £-50," Other loadings are known as £-40, £-45, £-60, etc. 
I E-40 loading, for example, the axle weights are 40,000 lbs., and the 

^XIML'M MOMENTS. SHEARS, AND FLOOR-BEAM CONCENTR-WIONS 
FOR COdPER'S E-50 LOADING (1,000-POUND CNITS). 
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1 load is 4,000 lbs. per foot. The great advantage of such a sysiem 
■loads is that stresses may be calculated for any loading and reduced 
Kjmy other by multiplying throughout by a constant factor. A single 
bment table or diagram thus suffices for all classes. Where this 
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d. They would be near the head of th^ Irain for shears, and one of 1 
;m at the joint in question for moments. This is a fair substitute ' 

wheel concentrations on double-intersection trusses, as it brings 
: the effect of the driver concentrations upon the separate web j 

Second. The use of one such concentrated excess load in place of ' 
), it always being placed at the joint in question, while the train load I 
'ers the whole span for maxijnum momcnls, and reaches to a par- ' 
ilar point in the panel in question for maximum shears. This 1 
tliod has been used to a considerable extent. For moments it gives 
same results as the use of a uniform load; for shears or web ] 
the results arc nearly cor- 
t for the panels near the end, 
t are conaderably too high for 
(se near the centre.* 
Third. The use of an equivalent 
[form load. This Is the simplest 
isibic form of equivalent load, 
i this fact has led to many at- 
opts to secure its general adop- 

a. For short ^rder spans its accuracy is hardly sufficient, nor is 
use of much advantage since a table such as that given in ihe pre- 
ling article is all that is necessary with the wheel-load method. For 
ms over too feet in length it will give results accurate to within 
3 or three per cent, for most members if the load is properly 
ected. and for such spans it furnishes a desirable substitute for 
the wheel-load method. For very long spans and for complex struct- 
ures il is much preferable to the wheel-load method. Methods of 
determining the proper equivalent load will now be considered. 

172. The Single Equivalent Uniform Load. — The moment diagram 
for a uniform load acting upon a simple beam is a parabola; also the 
curve of maximum moments in a beam due to a single moving load is a 
parabola (Art. 66). For a series of concentrated loads the moment 
curve varies only a little from a parabola, the actual curve from the 
usual engine loading being a litde flattened at the centre and having a 

For a full dLscussion of this ^slem see Trans. Am. Soc. C. E., Vol. XV, p. 474, 
XXI, p. 575- 
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liltle sharper curvature towards the ends of the beam as compared toj 
parabola. If a parabola be drawn having the same average ordioatts 
as the true moment curve, the two curves will cross at about the quarter- 
point. In Fig. 45 the dotted line represents the curve of maximum 
moments, and the full line the parabola. From these considerations it 
is seen that the uniform load which will give the same average momi'iiB 
as the wheel loads is such a load as will give the same moment near the 
quarter -points. To determine such load we may then calculate the 
actual maximum moment at the quarter- point, place it equal lo 
the moment caused by a uniform load of p per foot, and solve for p. 

For a uniform load p per foot the moment at the quarter- point in 1 
beam of length / is equal lo 3/32 p I'. If M, is the actual maiiniuiii 
moment, then we have 

32 '' 1' 

whence 

^^f^- '" 

This gives a single uniform load which will give nearly the sajw 
moments in a beam or truss as the given wheel-load system. For 
points near the end the resulting moments will be somewhat too small, 
while near the centre they will be too large. At the quarler-point they 
will necessarily be correct since ihey have been made equal at this pant. 

For shears or web stresses the use of the same load as for moments 
gives loo small results, as the effect of the heavy concentrations is 
relatively greater for a partially loaded bridge. Fair results may be 
obtained by the use of the same loading if the conventional method ot 
shear calculation is used as explained in Art. 82 (a). Still belter results 
may be obtained by using the equivalent load for moments, as found 
by cq. (i), for a length of span equal to the loaded length of bridge. 

173. An Exact Equivalent Unjiorm Load System.— (u) Equiv^tM 
Load/or Moment.— In Art. 172 a single equivalent uniform load wi» 
determined by equating moments at the quarter-point. Taking the 
actual concentrated load stresses as a basis, such a load necesoriij 
gives exact results at the quarter- ixiint but only approximate results at 
other points. Exact results can evidently be obtained for any momcni 
cenire if the equivalent load used for such centre be obtained in the 
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anner above described for the quarter- point. Thus a uniform load 
^ternlined for the i/8lh point will give correct values for moment at 
lat point, and another load determined for the centre will give correct 
suits for the centre. Each moment centre will have a different 
[uivalcnt load. 
(b) Equivalent Load for Shears. — Consider the shear in panel C D 
an 8-panel truss. The influence line is shown in Fig. 46. The 







ortion N B' will be loaded for maximum shear and the criterion for 
hear is the same as that for moment at D' in a beam A'' B'. It also 
ollows that the value of the shear itself is proportional lo such moment. 
Hence the er|uivalent uniform load for shear in C Z> will be the same 
s the equivalent uniform load for moment at D' in a beam N B'. In 
a 8-panel truss the ratio N D' to N B' is i /8 for all panels, hence the 
correct equivalent load for shear in panel CD will be the equivalent 
load for moment at the i/8th point in a beam of length N B'. The 

Kaear itself will equal this equivalent uniform load per foot, multiplied 
y the area N E B' of the influence diagram. 

For any other panel, as F G, the equivalent load is that for moment 
t C in a beam N' B' {N' G'jN' B'= 1/8}. The shear = load per 
BOt X area N' H B'. 

Thus it is seen that the same system of equivalent loads can be 

I for shears as for moments by selecting the load ii accordance 
rith the form of the influence line. 

174. Equivalent Uniform Loads for Cooper's E-50 Loading. — 
t is evideot that a set of equivalent uniform loads, such as described 
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in the preceding article, is of no assistance in the calculation of o 
two trusses, as the concentrated load stresses are required as a baai 
for determining the equivalent uniform toads; but it is posdblc la 
tabulate or diagram the equivalent uniform loads for any panJcular 
engine loading, such as Cooper's standard loading, for a wide i 
of span lengths, so thai the equivalent load for any desired momeni or 
stress can be found at once. 

Fig. 47 is such a diagram of equivalent uniform loads for Coqwr's 
E-50 loading, for span lengths from 40 to 500 feet. The diagruD 
gives dircclly the proper load for moments for the i/ioth, i.'ioihs, 
3/ioths, 4/ioths, and centre points, for all the given span lengths; for 
intermediate points the load may be foimd closely by interpohtiati 
The diagram is plotted from calculations of moments from the actuj] 
concentrations and the uniform loads are those which will give ibt 
same moments as the concentrations. The loads are therefore an 
exact equivalent, and are approximate only to the extent which the 
interpolations may be approsimate. 

175. AdvatUages of such an EquwaUtU Load System. — Such i 
diagram as given in Fig, 47 is quite accurate enough for stress calcula- 
tions, or it may be used for checking calculations made by olhrr 
methods. Used in connection with influence lines constructed graph- 
ically, the system is rapid and easy of application. It is especiaUjf 
applicable for any system of loading frequently used, such as Coopcr'i 
loadings, or standards used in the bridge department of a railroad cwn- 
pany. Constructed for several loadings it shows very plainly the relali": 
influence of the different systems on the various parts of a structure. 

Thus, for example, it is noted in Fig. 47 that even for a 500-foot 
span the equivalent load for centre is considerably less than for ixrinii 
near the end. This is due to the fact that the train load of Coopcr'i 
standard is considerably lighter than the engine load. With a hcaiicr 
train load the several lines on the diagram would be closer togetbtr. 
Note also the crossing of some of the lines, at span lengths from iw 
to 200 feet. This is explained by the fact that for such spans if* 
moments near the centre arc relatively high, the hea\'y drix-cr con- 
centrations of the second engine coming near the centre of the spW- 
On the contrary, for spans of 75 to 100 ft. the loads near the ceuut 
are light and the centre moments are relatively small. 
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A different pacing or arrangement of loads would nuxlify tk 
curves very materially; and if a ^stem of eqidvaJent unifonn loidi 
was to be adopted as a standard the curves should be " smoothed at' 
somewhat, as more Ukety to represent actual conditions. Howevn, 
a set of such diagrams, constructed for some of the heaviest locomodns 
in use, would enable a proper standard equivaleat loading to be eaa^ 
selected. 

176. Application to a Pratt Truss. — Required the moments and 
shears in the Pratt truss of Fig. 48. 

MomerUs.—M^ For moment at h the equivalent load is that for 
the i/6th (or 0.17) point in a 150-ft span. Interpdating in Fig. 47 




Figs. 48 and 49.,- 

this is found to be 3,240 lbs. per ft. Then by eq. (3), Art. 78, if — X 
pd^mm'= Yi X 3,240 X 25' X I X 5 = 5,060,000 ft.-lbs. 

M^. Point c is the 2/6th {0,33) point, and from Fig. 47, p ■- 3,13a 
Hence M^ = % Y. 3,130 X 625 X (2 X 4) = 7,820,000 fL-lbs. 

Afj. For the centre point of a 150-ft. span, p — 3.135; and M^ = 
Vi X 3,135 X 625 X (3 X 3) - 8,805,000 ft.-Ibs. 

5Acar5.— The influence lines for all panels are shown in Fig. 49, 
together with the values of the ordinates at the panel pcunts. 

Panel a b. — The influence line is ab' g'and the equivalent load is 
tiial for moment at b in the span a g' which is already found to be 
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3,240 lbs, per ft. Then shear in ab = 3,240 X area al/ g •= 3,240 
(K X 5/6 X 150) - 202,500 lbs. 

Panel be. — ^The equivalent load is for moment at c in the beam 
N,g'. The ratio of N^c: Njg'= 1/6 and Njg'= 4/5 X 150 = 
120 ft. Hence the proper load is the equivalent load at the i/6th 
point in a 120-ft. span. This is 3,370 lbs. per foot; whence, shear is 
i*^ = 3.370 X area A'^jC'g' = 3,370 X C>^ X 4/6 X 120) = 134,800 
lbs. 

PanelCrf. — iV,g' — 90 ft. Load for i/6th point in a 90-ft. 
span = 3,490, and shear — 3,490 (M X 3/6 x 90) — 78,500 lbs. 

Panel de.—N^g'= 60 ft., p = 3,750. Shear - 3,750 X (>^ X 
2/6 X 60) =« 37,500 lbs. 

Panele/. — N^g'= 30 ft., ^ = about 4,500 lbs. Shear = 4,5oo{K 
Xi/6 X 30) — 11,200 lbs. (The diagram has not been extended to 
include spans less than 40 feet, as the calculations for such spans are of 
little importance except for plate girders. For these the table of Art. 
170 gives all needed information.) 

Comparing these results with those obtained in Arts. 142 and 143, 
from the actual concentrations, we have the following: 



From Concentrations 

^b 5,058,000 
-We 7,794,000 

3/j 8,805,000 



From Equivalent Loads 

5,060,000 

7,820,000 
8,820,000 



From Concentrations 
a b 202,300 
b c 134,300 
c d 78,600 
de 37,100 
e f 10,500 



From Equivalent Loads 

202,500 
134,800 

78,5^ 

37.500 

II,2CO 
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177. Applicalion to a Curved-Chord Praii JVmjj.— Required I 
stresses in E D, E C, and H K oi Fig. 50. These have been found bj I 
the concentrated load method in Art. 160. 

The influence lines for these members are shown in the tiguR. I 
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They arc con\eniently constructed by the graphical method explained 
in Art. 15S. The dinien^ons shown in the figure are all that iR 
needed in ihc calculations. 

Member £/?.— The ratio of NO' to N B' ^ 17.5/167.5 - aios- 
Hence I he equivalent load is that for the 0.105 point in a beam of 
167.5 ft. span. Fig. 47 gives this at 5.230 lbs. per foot. Hence stress 
in K /> - 3,230 X area A' G B' ■= 3,220 ( yi X 0.622 X 167.5) - 
168,000 lbs. 

Member E C. — In a ^milar manner we find p — 3,270 and stress » 
3.270 (H X 0.388 X 163.6) - 103,200 lbs. 

Member H K. — The \-aluc ot p — 3,540 and stress = 3.540 
(H X 0.464 X 73^) - 59.500 lbs. 
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^^JThe stresses obtained in An. 160 were, respectively, 168,100; 

^^B,50o; and 58,700 lbs. 

^V 17S. General Applicability of the Exact Equivalent Unifonn Load 

^e^Etem. — The cquixalent uniform load system explained in the pre- 
ceding articles is strictly applicable to all cases where the influence 
line of ihe function, or that part of the influence line which is utilized, 
is of the form shown in Fig. 51; that 
is if it is triangular in form. The sys- 
tem is, therefore, strictly applicable to all 
members but one of the Pettit truss (Fig. 
41), and to all single intersection trusses, 
excepting the moments at points in the 



unloaded chord of a Warren or similar 




Fig. 51. 



truss. For such cases a sufficiently close 
approximation to the proper load may be obtained by substituting 
for the true influence line, two straight lines drawn so as to give 
about the same average ordinates- The load being determined, the 
stress is equal to this load multiplied by Ihe area within the true in- 
fluence line. The only approximation involved in this method is in 
selecting the equivalent load, an error generally quite negligible. 

This method is also very useful in the analysis of more complex 
structures, such as swing bridges, arches, and cantilever bridges. In 
many cases, as in the cantilever bridge and the three-hinged arch, the 
method is strictly applicable; in other cases a very close value of the 
equivalent uniform load may be selected by a conaderation of the form 
of the influence line. Examples of its use are given in Part II, 
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CHAPTER VI 

LATERAL TRUSSES, TRESTLES AND TOWERS 

179. The lateral pressure upon a bridge or roof truss arising from 
wind, or the centrifugal force due to loads moving in a curve, isreasted 
by means of horizontal trusses generally called " lateral " trusses, placed 
between the chords of the vertical trusses. The chords of the vertical 
trusses thus form the chords of the lateral trusses. Roof trusses are 
usually braced laterally in pairs, the end pair taking the greater part 
of the end pressure, the others being merely stiffened against buclding, 
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according 10 the judgment of the engineer. The stresses in the end 
lateral system are computed in the same way as are those in the lateral 
systems of bridge trusses, which will be discussed in detail. 

180. Forms of Lateral Trusses for Bridges. -—The type of trusang 
adojjled for lateral trusses varies wiih the size and tyf)e of the main 
.structure. Fip. i illusiraies the usual lateral system of a through Pratt 
truss. The upper laterals arc shown in Fig. (b), and the lower laterals 
in Fif;. ((■). The viind pressure, or other external load, acting upon 
the up])er lateral irtLs>, is carried by that truss to points C C and D D' 
356 
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^^bch act as abutmciils. The loads so transferred are carried by the 
^^B or " portal" bracing, shown in Fig. ((/). lo the abutments at A and 
^B-- LoatlS'on the lower lateral system are carried direciiy to the 
^HitineniH at A A ' and B B'. 

^Vln ihe through-bridge the end bracing is incomplete, an arrange- 

^^Btt which retiuires the members A' C and A C to act as beams. In 

^B deck structure the end bracing consists of full diagonal bracing. 

^HThe diagonals are often made of ro<ls designed to act as Icnsion 

^^bnbers only, but in the best modern practice they are usuaily made 

^Bforms capable of resisting compressive stresses (rigid bracing). 

^Htarever, unless the unsupported lengths of the diagonals are com- 

^fcativcly short they should be assumed to act in tension only. Where 

they are sufficiently well supported to act as effective compression 

memliers, then the lateral shear may be assumed to be carried equally 

by Ihe two diagonals, one-half in tension and one-half in compression. 

An example of well-supported diagonals is the lower lateral system of 

a through-bridge where the diagonals are attached to the stringers and 

lo each other at the several points of intersection. Their design is fully 

considered in Part III. 

In the upper lateral system CC. EE'. etc., are compression 
members and are called " lateral struts." Where the diagonals act as 
ic-nsion members only.these struts act as the verticals of the Pratt truss 
which the lateral system then becomes. In the lower lateral system 
the floor beams act as the lateral struts. In the case of a deck-bridge 
the conditions are reversed. 

The type of lateral truss shown In Fig, 1 is generally used for all 
long-span steel bridges of whatever form. In Howe trusses the lateral 
system is generally also made of the Howe type; that is, the diagonals 
are wooden struts and the perpendicular members are rods. 

In the case of small structures, the diagonal length is not great and 
a single diagonal .system of bracing of the Warren type is often used. 
This is the type generally employed for the laterals of girder bridges, 
and, frequently, for the upper laterals of short through-bridges. 

iSi. Lateral Systems Necessary for Complete Bracing.— Consider- 
I'.wi, the entire bridge as a framed structure in space it will be found that, 
". addition lo the main vcrdcal trusses, lateral trusses placed along both 
lup and bottom chords, together with the portal or end bracing, make 
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the system of framework complete and give a rigid sinicturc. For 
sake of increased lateral stiffness, however, it is desirable in all large 
bridges to place additional transverse bracing al each panel piMnl 
between each pair of vertical posts. This bracing in through-bridges 
is made of the same form as the portal bracing. 

Often in short-span, deck-girder bridges only one lateral truss 
system is used, ihat along the top flange, in which case Iransvcrse brac- 
ing is depended upon to support and stiffen the lower flange. The end 
cross-bracing then carries the accumulated load to the abutments. In 
|iony trusses and through-girder bridges the lateral pressure at the 
is resisted by the rigidity of the vertical posts or by the web wilh its 
stiffcncrs and gusset plates. 

183. The Wind Pressure.— The wind pressure is assumed to aa u 
right angles to tlic structure and to be concentrated at joints by the 
members of the truss and floor system in the same manner as the loads 
on the vertical trusses. The wind loads arc commonly figured on the 
basis of about 50 lbs, per square foot on the unloaded structure and 
about 30 lbs. per square foot on the loaded structure and its load, the 
exjTOsed area of the bridge being taken as the exposed surface of all 
trusses and floor as seen in elevation. The wind pressure acting upon 
the live load is considered as a moving load, while that acting uptm the 
bridge is generally treated as a fixed load although sometimes thlsabo 
is considered a moving or variable load. (For a discusMon of the 
amount of pressure caused by wind, see Art. 68, of Chapter III.) 

The pressure upon the upper half of the truss is assumed to be taktn 
by ihe upper laterals, and ihat upon the lower half by the lower laterals. 
The pressure ujwn ihc load is assumed to be all taken by the Uieral 
system belonging to the loaded chord; but as this pressure is ajipttcd 
some distance above the plane of Ihe laterals, its overturning effect muS 
also be considered. This effect is separately discussed in ;\rl. njo. 

In addition to wind pressure, a bridge is subjected to considerahk 
lateral forces due to vibration and the impact of moving loads. cspcciiBy 
in the case of railway bridges; and to secure desired rigidity it is usual 
to specify, for all but the longer spans, lateral forces consldcrat^y in 
excess of those which would be obtained by the use of the imit pressure* 
above mcniioned. Thus Cooper specifies for liighway bridges a 
pressure of 150 lbs. per linear foot for the laterals of the unloaded chorl 
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and 300 lbs. per foot for those of the loaded chord. 1 50 lbs, of ilie latier 1 
to be treated as a moving load; for spans exceeding 300 feet, add to j 
each, 10 lbs. per foot for each additional 30 feet. For railway bridges'! 
he specifies 1 50 lbs. for the bracing of the unloaded chord and 600 lbs. 
for the loaded chord, 450 lbs. of the latter to be treated as a moving loail j 
and as applied at a distance of 6 feet above base of rail. For the 11 
loaded chord the same increase for long spans is provided as in highway I 
bridges. 

The specifications of the Maintenance of Way Association require J 
that all spans shall be designed for a lateral force on the loaded chord [ 
of 200 lbs. per linear fool plus 10 per cent, of the specified train load 1 
on one track, and 200 lbs. per linear foot on the unloaded chord; these I 
forces beinj; considered as moving. 

183. Stresses in the Lateral Trusses Due to Wind Pressure. — With 1 
the load [kt foot known the stresses are readily found by the methods 1 
of Chapter I\'. The loads on the lateral system of ihe loaded chord ] 
-hould be assumed as ail applied on the windward side; those on the j 
lateral system of the unloaded chord may be assumed as applied equally I 
on Ihe two sides, although to assume them all applied on the windward J 
side is sufficiently accurate, as the only effect would be to increase the 
stress in each strut by one-half panel load, a matter of no practical 
consequence. 

Where the diagonals are tension members, only one set is assumed 
to act for a given direction of wind pressure. Counter-stresses need J 
not be calculated, as the reversal of wind pressure gives greater stress 
in Ihe web members concerned than any partial loading. If the 
diagonals are assumed to take compression as well as tension, then the 
Iwo diagonals of a panel may be assumed as equally stressed. This 
^ivcs in effect a double Warren .system, the struts in this case serving ■ 
merely to equalize the joint loads on the two systems. 

The chord stresses of the lateral trusses must be combined with the 
■iresses in the chords of the vertical trusses due to dead and live loads. 
[he chord members also receive some stress from the "overturning 
riTect" menrioned in .'\rt. 182, and a still further amount from the 
action of the portal bracing, as explained later; so that the total wind 
stresses may add a very large percentage to the dead- and live-load 
Esses, or they may act to reverse those stresses. 
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Where the diagonals are assumed to take both tension and 
prcssion the chord stresses are found by taking moments at a sfciion 
through the middle of the panel. Thus in Fig. 2 a section, q, is laken 
through the intersection of the two diagonals, and moments taken about 
O to get the stress S,. Tn this equation the moments of S, and ,9, 
balance each other, as ihe [wo strrssn 
are numerically equal. Hence if if, = 
moment at O, il foOcwt 
= MJb. Also 5, =S,. 
184. Lateral Trusses for Bridgts 
^"^' ^' with Inclined Chords. —Jn this cast 

the lateral system belonging to the chord which is inclined doe.* 
not lie in one plane, but in several planes. The exact determinaiian 
of all the wind stresses is a matter of considerable difliculiy, hul the 
stresses in the lateral members themselves will be correctly delcrminwi 
by considering the truss flattened out into one plane and calculaticf; 
the stres-ses as for the ordinary case. The panel lengths will not \x 
equal, but will be the same as the actual lengths of the chord segmcois. 
The joint loads, however, may still be taken as equal and obtained by 
multiplying the specified wind load per foot by the horizontal ftand 
length. The chord stresses resulting from this method of analvaas 
will be somewhat in error, and there will also be certain stresses in tht 
web members of the vertical truss that will not be determined. These 
errors and omissions are of no practical importance. This gcnoil 
problem is treated in Part II. , 

185. Stresses in Portal Bracing, ^The wind pressure against tbc 
upper chord of a through-bridge is carried by the upper laterals as far 
as the end Joints of the upper chord. From these it must be transfeffHl 
to the abutment by means of the portal bracing in the plane of the end 
posts. Several forms of portal bracing will be analyzed. In all cases 
Ihe end posts themselves constitute an essential part of ihe brado^ 

(a) The Plalr-girdtr Porlal.— Let Fig. 3 represent such a ponil 
projected on a plane parallel lo the plane of "he end posts. Lei e be 
the actual length of the end po.sis, b the width centre lo centre of trusses, 
and e the effective depth of [tortal beam. The load broughl w the 
portal by the upper laterals may be considered as all applied U the 
windward side C. In addition lo this load, there is a panel wiad lotil 
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acting on the joints C and C, but which for simplicity will be assumed 

as all applied at C. The total load at C will then equal the shear in the 

end panel of the lateral truss, plus one panel wind load. Call this total 

load P. The only other external 

forces acting in the plane of the 

porta! are the reactions at A and 

A'. Let these be represented as 

shown. The end posts will for the 

present be assumed as hinged at A 

and A'; the question of fixed ends 

is discussed in Art. 186. 

The reactions, being four in 
number, cannot be exactly deter- 
mined by statics. It is custom- 



tv 



1^ 

Fic. 3. 
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ary, and nearly correct, to assume H = H', whence we readily g 
P 



V ^ V- 



(3) 



When we come to consider the stresses produced in the portal by 
these external forces the structure should be thought of as an irregular 
continuous beam, i4' CCA, made up of three beams rigidly connected. 
The nature of the stresses will be understood 
from an inspection of Fig, 4, which rcprcscnls 
in an exaggerated manner the distorted structure. 
Each of the end posts will be subjected to 
certain bending moments and shears besides 
the direct stress V or V. The portal girder 
will likewise have moments, shears, and direct 
It has a poiijit of inflection at the 
centre. 

**' * The bending moments in the posts will be a 

mazimum at D and D' (Fig. 3), and at those points will be equal to 
P , 




M ■= H X{c -e) - 



- (c - e). 



(.3) 
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The shear in each post is equal to H = — , and the direct stressw i 



maximum fibre stress will occur on the right side of the leeward poa 
at D', where the stress due to bending moment, the stress due to l', 
and that due to dead and live loadson the main truss are allcompressire. 
Each post must then be designed to resist this stress. The shears in 
the posts arc not often needed in designing, but it is important to know- 
that they exist. 

To find the stresses in the girder pass a section at a distance x from 
C and consider the structure on the left, Fig. 3 (a). Let F^ andf. 
be the flange stresses and S the shear, assuming the moment carried 
entirely by the flanges. Then with moment centre at the upper flange 
we derive the value 

f,- -^''j''» - ^'^' ' . ... (4) 

For -v = o,F,= — ; for x = -,F, = o: and for x^b, F,= . 

That is to say, the lower flange stress is zero at the centre and has a 



at the windward. Likewise with moment centre at the lower flan^ 

wc derive 



g'(c-f) - V: 



■(M«) 



Thi.-i stres.s is maximum Icnsiic at the left end and maximum coin- 
pre.s;;i\e at ihe riglit, and i.'j e\"erywherc equal but opposite in sign to the 
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[The variaiioD in momcnl, shear and direct stress in ihe various 
rts of ihe portal are clearly shown'by the shaded areas in Fig. 5. 
Where end floor beams are not used, a strut A A' must be inserted 
transfer a part of the load brought to A over lo A'. The total load 
>ught to A from the upper laterals and portal is equal to — . From 

the lower laterals it receives a load equal to the shear in the end panel 

of the lower laterals, plus the load applied directly at A: call this load P'. 

At Ihe fixed end of the span the load transmitted by the strut may 

be assumed to be that necessary to 

equalize the loads at A ai^d A'. 

P' 
This will be — . At the expansion 

end the horizontal resistance at A 
may be assumed as equal to the 
frictional resistance of the shoe on 
the roller^, although provision Is 
always made against lateral move- 
ment. The stress in A A' will then 

p 
be equal to P' + — minus this fric- 
tional resistance. The latter will |^. |v 
be determined from the net reaction Pj^. 
at A, adding together the reactions 

due to vertical loads, the negative reaction V cos 6 (see Art. 18S) and 
that due to the overturning effect of the wind against the train. The 
most unfavorable case will probably be when the bridge is loaded with 
a train of minimum weight (about 1,200 lbs. per foot). The coetEcient 
of friction may be taken at }4. 

(b) The Lattke Portal (Fig. 6). — ^The stresses in the end posts will 
be the same as in the plate-girder form. 

The stresses in the web members are found from the shear. As the 
shear is constant throughout the girder it follows that the stresses in the 
web members are constant and that therefore the shear on any section p 
S equally distributed among the web members cut. If n is the number 
Bit by a vertical section (number of systems of bracing), then the vertical 
nponcnt of the stress in any web member is 
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Half of ihc members will be in tension and half in compression, Irei 
when ihe wind is from ihe opposite direction the signs of the stresses 
w-ill be reversed. 

To get the flange stresses pass a section p through the poinu of 
intersection of the web members (Fig. a). Take centre of moments at (. 
The stresses in the web members being ail numerically equal and haU 
being tensile and half compressive, the sum of iheir moments about any 
point in the vertical cd is zero. We therefore derive the same expres- 
sion for F^ as in eq. (4) for the plate-girder form. Likewise F, is 
given by eq. (5). In this case, however, x is the distance to any section 
p passing exactly through the points of intersection of ihc web mem- 
bers or through Ihe centre of the panel in which the flange strcacs 
are desired. In the form assumed the least value of .v is ^frind 
the greatest value 1-% b. The maximum flange stresses are therefore 
somewhat less than in the plate-girder form, although for a portal with 
four or more panels it is accurate enough to assume them the samt 
If there are but two panels, then the maximum stresses in the lower 
flange will be one-half of those 
in the plate-girder form, and 
those in the upper flange ii3> 
" one-half, plus the constant X ''■ 
Frequently the eflective depth 
of the plate ^rder or lattice 
portal is increased at the ends 
by the use of corner brackets il 
D and D', conasting either of 
.simple knee-braces or of brad- 
"'■■ '' ets with solid web. In either 

case the bending moments in the posts are reduced in proportion » 
the unsupported length is reduced. The maximum stresses ID the 
flanges will also be somewhat reduced, but they are diflicult to calcuUn 
accurately, and the best practical solution is to assume them the sune 
as without the knee-braces. The knee-braces or bracket-flangB 
should then be made of about the same size as the main flanges and be 
well connected. 







>8B8^ 


<■ I 


6 ■ 


:. 


'-*- 4 



STSESSES IN POSTAL BRACING 265 

(c) The Portal wUk Simple Diagonal Bracing (Fig. 7) . —The stresses 
in the posts are the same asm the previous cases, except the shears above 
D and ly as noted below. If the diagonals are made tension members, 
then CC and D V nie struts. With the wind acting as shown, 
member C ly is not acting. Then, pasang section p, we have : 

StressinOC - H'- = —. (8) 

Stress in C C - H ^^^ + i» = :^ + Z. . . (q) 

Stress xaC'D - V J = P ^ . ^ (10) 

If the diagonals are made to act as compression members only, 
thai CC and DD' are tension members. 

(d) The Portal with Knee-Braces (Fig. 8). —This form is used where 
lack of head-roomprevents the use of a better 

one. The member C C is a continuous $:zr' ::=^*~?~ 

beam and resists moment, shear, and direct 
stress. The knee-braces are subjected to 
direct stress only, being two-force pieces. 
A section cannot be passed through the posts 
or the member C C except at the ends of 
these members (assumed as hinged), with- 
out involvii^ moment, shear, and direct -iC*' —^ ■■- 
stress among the unknowns. To avoid the 1^ * 
difficulty pass section p through point C ^"^' ^■ 
where there is no bending moment. Then replace stress in E Z> by 
. its horizontal aitd vertical components applied dose to the joint D; 
we then have, 

Hor. comp. tensile stress in £ /? =■ H -, 
whence 

Tension in £D - H -. ^ = — . ^. . . . (11) 
e a 2e a 

The con^jrewve stress in £' D* is the same. 

The mazimwai moments in the posts are at D and D' and arc the 

same u bdbn^' ftlso the shears and direct stresses below these points. 
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Compressive stress in C Z> — vert oomp. mED — V 
Pc Pc 
" 2d~ b 

This is greater than the compresaon inA'D* (-r-) H dis less than-. 

The tension in CD' is also pven by eq. (la). The shear b 

CD =H-- H ~h{~- A. The shear in C />' is the same. 

The stresses in the beam CC remain to be determined. The 




bending moment is zero at C and C, as the ends are mwiiiniH as hinged. 
For moment at E we have, 



■V'{b-d,-H'c-Pc{l-i^. 



(■3) 



The moment at £' is the same in amount l)ut negative, and the 

at the centre is zero. For the direct stresses in CC we have^ 

p 
Compression in E E' = P - H ~ —. (i^ 

Then with section p and moment centre at D we hKn, u in eq. {g). 
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Compression in EC = 

and similarly, 

Pi 
Tension in E' C = — 
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The shear in E E' = V'; in £C it is equal lo V — vert. comp. 



ED - 



H-, 



\6 id)' 



in C E' il is the same as in EC. 



The \-ariations in moment, shear and direct stress are fully shown 
by the shaded areas of the figure. 

If the knee-braces arc made to meet at the centre as shown in Fig, 9, 
the result is a very simple and effective form of portal. The moment 
at E is zero, and C C receives no bending moment or shear. Fre- 
quently the members shown by dotted lines are inserted for appearance's 
sake and to sdffen the members D' E and ED, but ihey receive no 
definite stress. The stresses are readily obtained from the preceding 

equations by making d = —, From eq. (11) we have 



Tension va ED = 



(■7) 



The direct stresses in £C and E D' aie given by eqs. {15) and (16). 

186. Portals with Fixed End Posts. — In the foregoing discussion the 
end [josts have been treated as hinged at their bases A and A'. Usually, 
howe\-er, they may be considered as fixed by 
virtue of their direct stress, due to the verti- 
cal loads, which prevents them from lipping 
on the pin in the plane of the portal. This 
will be true whenever the total stress in the 
end post, multiplied by one-half the distance 
centre to centre of bearings on the end pin, 
equals or exceeds the greatest bending 
moment which can be developed at A or A' 
under the assumption of fixed ends. 

If the lower ends are fixed there will be 
points of inflection / and 7' (Fig. 10), at some distance x^ above A, 
wbich may be assumed the same for each post. If these points are 




^rbich may be a 
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known then the reactions, H and V, may be applied at / and /' ind 
the analysis proceeded willi as before. The distance c' is lo be sub- 
slituted forf in all the preceding equalioM. 
The effect of this modification will bt- lo 
reduce greatly all the portal stresses. With 
a well-braced portal the point of inflcclicm 
may be taken, approximately, as tnidwa]' 
between the lower edge of the portal and the 
base of the post. The value of c' is ihen )i 
(c - (?) + e and the moments at D and & 
will be one-half of the values given by eq. (j). 
There will also be a bending moment al tfae 



foot of t-ach post equal lo H X - 
D and D'. 



the same i 



If the maximum resisting moment of the end post, calculated u 



above explained, is less than 



P{c-t) 



then the end is not fixed, but 

the bending moment developed there will be equal to the feasting 
moment. Call this moment M. The point of inSection may thtn 



be found by writing - 



, = M, where -■ 



the distance of (hit 



point above A. Where end floor beams are well connected to the 
end posts the latter may be considered as fixed in all cases. 

The preceding discussion applies also to the sway-bracillg rf 
elevated railroad structures where the columns are fixed at top ud 
bottom. For a more exact solution, where the upper ends of the poA 
are not rigidly fixed, sec Art. 199. 

187. Summary 0/ Portal Stresses.— Foy convenience in dcsigmng, 
the maximuni stresses in the various forms of portab discussed an: 
summarized in Fig. 11. The distance c is to be taken as the actual 
length of [he end post if the posts are assumed as hinged at the base- 
If they are assumed as fixed, it is the distance to the point of inflccii<Hi. 
The stresses in the posts are given on form (a) only. 

188. Effect of Portal Stresses on the Vertical Trusses.— The wind 
stresses have now been followed as far as A and A', the reactions A 
H', v. and V having been determined. These forces are in the pbnc 
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if the portal. Fig. 12 shows a side view of the joint at A where the 
•ad post is inclined. The force V is the tension in A C as already 
ouQd. To resist this force requires a downward reaction R equal to 

^, ■, V cos 6, and a compressive 

, pr _ E. _ pc_ p stress 5 in the lower chord equal 



» 



~-n 



iS 



».-|(B-e)- — ' 



Xl 



to V sin 6. On the opposite side 
of the truss an equal upward 
reaction exists and an equal 
tension S in the lower chord. 

Fig. 13 shows the lower 
chord system of the truss and 
the forces S acting at A and 
A '. If the truss is symmetrical 
there will be equal forces S' 
acting at the other end. This 
syslem of forces causes a uni- 
form compression in the chord 
A B and a uniform tension in 
the chord A' B' equal to S. If 
the portal at the right end is 
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vertical the forces 5' disappear (Fig. 14). and the forces 5 are bal- 
anced by lateral reactions R', which give rise to small stresses in 
the lower lateral system and a stress in the lower chord 

I // \'arying from 5 at the left end to zero at the right. 

[/ g No stresses are caused in the upper chord by the [wnal 

* truss, as the forces acting at C and C which have aiitidj 
been considered are in complete equilibrium. 

i8g. Skew- Portals.— Fig. 15 is a plan of the upper 
lateral system of a skew-bridge with vertical end posts, and Fig. 15 (a) 
is the vertical projection of the portal upon a parallel plane. The 
lateral force, P, applied at C, is resolved into the components Pate f 
and P tan ^, where .3 = angle of sltew. The force /" sec ^ replacn 
the force P in the discussion of the preceding article, and P \an f, 
together with a similar force at , ^.^ 

the right end, acts upon the *~rS?Ts?T>?T5?T5^T5<T^ 
main truss, producing small — -jf^ ^^ ^^ ^^ ^^ ■ 

additional stresses. "*' '^' 

Fig. 16 represents the upper * f^S^ | S.^1S^S^ I V I '" 
laterals and the portal of a skew- ^ ix^l>^l.---'^-xIx^lx^--JxN) |, 
bridge having inclined end posts. nf 
The lower laterals arc shown by ' '"'* 

doited lines. Fig. {b) shows the portal projected on a plane parallel to 
itself. The component of the force P applied in the plane of the portal 
is P sec |i as before. Thedistancec =\ A E' + h' anilA E=A Fcos.l. 
In the analysis of portal stresses the reactions are conveniently 
resolved into the components H and V, in which V is parallel to ihf 
end post. The moment in the end post at V is then // (c — t). and 
the direct stress is V. The moments in the portal will be ioaai 




as before; the shear at right angles to the flange will be few ^ 
The stress in the lower chord developed at A will be V a.n0* B 

sin^. 
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JQO. The Overturning EEFect of Wind Pressure on Trains. — Fig. 17 
represents ihe forces acting at a panel point. The panel wind load on 
the train is P. The resistance to this force is supplied by the lateral 




si'stem in the plane A A' at a distance k below the centre of wind 
{Tcssurc. The reaction H' is equal to P, but there are also vertical 

reactions at A and A', each equal to P t-. These are supplied by the 

vtnica] main trusses; that is, the wind pressure produces a downward 

foad at each panel point of the leeward truss equal lo P r, and an 

?qual upward load on the windward truss. The stresses due to these 
loads must be calculated and combined with 
the other wind stresses. Those in the wind- 
ward truss will all be equal to, but of op- 
posite sign from, those in the leeward truss, 
The stresses in the web members are small 
and may usually be neglected; those in the 
lower chords should be determined. 

On the leeward side the lower chord 
stresses are therefore increased by wind pres- 
""' '^' sure in three ways: (a) as the tension chord of 

the lower laterals, (p) a tension from the portal equal to V sin 9, and 
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(c) a tension from the vertical truss due to the overturning effect. The 
total wind stress thus bi^com^s a large percentage of the live- anddcid- 
lo ad stresses. On the windward side all these wind stresses are com- 
pressive and the total may easily exceed the tensile stresses from 
vertical loads. The most favorable condition for this reversal is 
when the bridge is loaded with a train load of minimum weight. 

191, Transverse or Sway -Bracing. ^Transverse bracing of the same 
form as jiortal bracing is usually placed at each panel point of a dcct- 
bridge and at each panel point of a through-bridge when the height is 
more than about 25 feet. This bracing is sometimes designed to catry 
the wind pressure from one chord to the other at eich panel point, in 
which case but one lateral system is needed. Th; stresses are com- 
puted in the same way as in portal bracing, the external lateral force 
being equal to the wind load u]X)n one panel. The resulting vertical 
reactions corresponding to V and V', Art, 185, act as loads, upward or 
downward, upon the miin trusses. The portal bracing itself is now 
subjected to the same l^ads as the interra^iiate sway-bracing. 

When two lateral systems are used, th:' stresses in the sway bracing 
are still often computed on the sim:; assumptions as the above, although 
if the lateral systems have equal lateral deflections these stresses are 
zero. However, with wind pressure upon the unloaded bridge, the 
lateral system of the chord supporting the floor has. in the case of 
railway bridges, only about one-third of its full load, while the other 
system is fully loaded. In this case the lateral deflections arc not equal; 
the sway-bracing will be distorted, and some stress will be thereby 
transmitted to the stiffer lateral system. The assumption that one-half 
the wind pressure upon the one system is thus transferred is on the safe 
side when the portals are properly designed, even with the most rigid 
form of sway-bracing; with a flexible form, as simple knee-braces, very 
little stress can come upon this bracing from wind pressure. 

The chief pur[>ose of the sway-bracing is lo stiffen the structure 
against lateral vibrations. It is generally constructed of minimum 
practicable sections and made as deep as the head-room will permit- 
Sometimes transverse bracing is designed to equalize the elTec! of 
eccentric loads, such as a load on one track of a double-track structure, 
so that the two main trusses will be equally deflected and hence equally 
loaded. Inasmuch as the sway-bracing depends upon the upper and 
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lower lateral trusses for its support in resisting such unequal deflections, 
and as tiie lateral trusses arc much more fit;xiblc than the vertical 
trusses, such equalization of load cannot be accomplished to any 
appreciable extent. An exact analysis of this problem requires a 
consideration of the fiexibilily of all the different trusses and will not 
be discussed further at this point. This problem is considered with 
others of a similar nature in Part II. 

192. End Bracing for Deck-bridges,— Fig, 18 (a) shows the bridge 
supported at the bottom and Fig. (i) at the lop. The bracing may be 
placed in an inclined plane, as in the usual truss-bridge, or may be in 
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a. vertical plane, as in the ordinary deck-plate girder. The diagonals 
are calculated as tension members. None but direct stresses exist, all 
of which are readily found by (he usual methods. 

There is a compression produced in A'C, in both types, equal to 

P r. If the bracing is placed in an inclined plane the effect upon the 

chord stresses due to the direct stresses in the end posts is determined 
as in .\rt. 188. In type (a) the lateral force P is large, as it results from 
the pressure ufx>n the loaded chord. The stresses in the end bracing 
and in ihe chords of the main truss arc considerable. The overturning 
effect is calculated as in Ari. 190, the overturning moment being 
calculated with reference to the plane of the upper laterals. 

153. Stresses in Bridges on Ctirves. —These differ from the stresses 
in straight bridges from two causes: first, the centrifugal force from 
rapidly moving trains; and, second, the curvature of the track whereby 
the vertical load is no longer applied along the axis of the bridge. The 
effect of cun-ature will therefore be considered in two parts. 
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194. Amount of the Centrifugal Force. — ^The centrifugal force, f, 
of a body of weight, F, moving in a curve of radius r, is equal to 



F = ~P, 



(li 



in which g = acceleration of gravity = 32.2 ft. ocr sec. per.sec. lie 
be expressed in miles per hour and the curvature expressed in lenn* 
of the degree of curve, then g =• 32.3 X 6o'/5,28o =79,100 an<! 
5-73° 



D X 5,280 



= i.o85/I>. 

v'D 



Hence 



. P = .0000117 v'D P. 



(f9) 



79,100 X 
For any given speed and curvature we may write 

F = kP (30) 

in which A is a constant and F and P are in like units. The vdociiy 
to be assumed in eq. (19) depends upon the degree of cuirature; it is 
generally taken at what is considered to be the maximum safe qxxd. 
In the specifications of the Maintenance of Way Association the 
centrifugal force is based on an assumed speed equal to 60 — 2\ V. 
According (0 this rule the values of fe in eq. (20) for different speeds 
are as follows: 



0.039 
0.071 
0.097 
0.117 
0.132 
0.142 
0.148 

&" 40 o . 149 

For all curvatures sharper than 8° it is recommended that the cen- 
trifugal force be taken as for 8° or 15% of the verlical load. 

195. Stresses due to Centrifugal Force. — We will bow consider iH* 
effect of this centrifugal force upon the laterals, the main trusses, ami 
the floor system. 

The centrifugal force F is always propordonal to the wd^t f, 
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Bing equal to k P, hence the horizontal pressure exerted upon a bridge 
by a train moving in a curve will at all points be equal to the vertical 
pressure or weight, multiplied by the constant k. If the moving load 
consists of a series of concentrated loads, then the horizontal forces will 
be a similar series of concentrated loads, each equal to k times the 
corresponding vertical load. This principle can be used to advantage 
in calculating stresses. 

The general effect of centrifgual force is exactly the same as that of 
any other lateral force, such as wind pressure, acting on the train; it 
stresses the laterals belonging to the loaded chord and it causes an 
overturning effect, as shown in Art. 190. The line of action of the 
centrifugal force is along the centre of gravity of the load and is usually 
taken as 5 feet above the base of rail. 

Fig, tg represents the forces acting at a panel point. P is the 
vertical load and F is the centrifugal force applied at a distance h 
above the lower laterals as in Fig, 17. The 
load P is eccentrically applied by reason of 
the curved track and its inclination. In the 
following analysis these forces will be assumed 
as applied at the centre of gravity of the moving 
train as this is the true condition. However, 
if the inclination of the track accords with the 

speed, the resultant of F and P will pass through '^ ■* 

the centre of the track and hence these com- Fig. 19. 

poncnis may be considered as applied at that point. This assump- 
tion is often made, but it does not meet the case of a stationary 
load, where F =0, and is not sufBciently general in its application to 
be very satisfactory. 

From the above considerations we may state the following methods 
of analysis: 

Lalerai Truss. — Calculate the stresses as for a vertical truss, for a 
series of loads each equal to k times the given vertical loads for both 
rails. The moments and shears wiU be equal to 2 A times those found 
in the usual way for the vertical main trusses. 

Vertical Trusses. — From Art. 190 the joint load on the outer truss 

due to a horizontal force F is equal to F r, where A = distance of 
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line of applicalion of the centrifugal force above the plane of the lower 
laterals, b — distance centre to centre of trusser and F = horizontal 
joint load due to cenlrifugal force. But F = k limes ihe corresponding 
vertical load P on one floor beam (both rails), hence the joiDt load on 

the outer truss due to centrifugal force 

load on the floor beam, or a A -p times the load on one rail. Then. 


dnce all joint loads bear this same ratio to the vertical loads, the stresses 

in all the members of the outer truss due to cenlrifugal force may be 

obtained by multiplying the live-load stresses, calculated in the ususl 

way, by the constant 2 ^t -7. The inner truss will receive 

opposite sign from those in the outer truss. They are of no agnl&cance 

except as contributing to the reversal of the lower chord stress. 

Stringers. — Since the stringers constitute a simple bridge of a spaa 
one panel in length, the stresses in the laterals and in the stringers them- 
selves due to overturning may be found as above described. A lateral 
system for the stringers should always be provided in bridges on curv'es; 
but. if it is not, each stringer may be assumed to carry one-half the 
lateral moment and shear due to the centrifugal force. 

Floor Beams. — These will be stressed by reason of the ovcrturaing 
effect. The half of the beam adjacent to the outer truss will rccdre 

stresses equal to z ft -7 times those calculated for vertical load, 

196. Stresses Due to Eccentricity. — The roost con\enieni method 
of calculating the stresses due to a vertical load placed on a curbed 
track is to calculate, first, the stresses for a centrally applied load in the 
usual way and then correct these stresses for eccentricity. The siresso 
due to centrifugal force require no correction as they are apfJiM! 
horizontally. 

In Fig. 19 let P represent the total load on any floor beam, and lei t 
be the average eccentricity for this load {= average eccentricity fori 
half-panel each side of this joint). This eccentricity refers 10 l(ie 
centre of gra\ity of the load, and in determining its value the Inclinstioo 
of t!ie track as well as its curvature must be considered. It will I* 
assumed as positive when towards the outer truss. The joint loads 
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I A' and A due to F will be — + P r and 



- P-j respectively. 



Only the portions + P r and 



need be considered, as these 



arc the amounts by which the loads vary from those produced by i 
central load. A plus sign represents a downward load and a minus 
sign an upward load, but as c may be plus or minus, wc may have either J 
kind of load on either side. 



Bbe 



to a series of concentrated loads, would be very difficult, as the value 
of f is different for dilTcrent panels and the position of loads for maxi- 
mum effect could not easily be determined. However, as the stresses 
imder consideration are small and in the nature of a correction, it is suffi- 
ciently accurate to substitute an equivalent uniform load calculated 
as explained in Art. 173. The one equivalent load for moments at 
the quarter point may be used for all stresses. Having obtained this 
uniform load and determined the eccentricity of each panel point, then 

ihe load on each joint of the outer truss will be P ,- and on the inner- 
will be — -Pf. where P is the panel load for both rails for the.; 



Kruss 
™iequi\ 



[uivalent uniform load. For chord stresses, assume all joints loaded; 

for web stresses load the same joints as usual in getting maximum 

stresses, irrespective of whether the loads be upwards or downwards. 

'be resulting stresses are to be combined with those found by consider- 

the track straight. 

For the stringers the eccentricity may be taken as the average for 
panel in question. This being constant for the panel, the stresses 
the outer stringer may be found by multiplying those due to the 

I wheel loads, centrally applied, by ~, and those on the inner 

Inger by 7-. For the floor beams the value of P should be takes 

; maximum floor-beam load due to the actual wheel loads. The 

The maxi- 
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mum bending moments must be determined with reference to 
spacing of the stringers, which may vary considerably at the difTereDl 
joints. The stress in the hip-vertical is equd to its maximum stress 

for vertical load, multiplied by -y-. 

If it is not desired to use an equivalent uniform load, the Ijot 
method to employ is that of influence lines, getting the total stress (rom 
vertical load and from centrifugal force at one operation. Suppose 
in Fig. 20 (a) the line .r_v represents the horizontal projection of the 
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centre of gravity of the train (not the track centre). Let c^, f,, f^ rtc, 
be the eccentricities at the several panel [loints (the average for a half 
panel each side). Consider the bending moment ate". Fig. (6), (m 
example; a' kg', Fig. (c), is the influence line for a central load. To 
construct the influence line for an eccentric load, multiply the ordinate 

to the line a' i ^ at each panel point by the value of ( 3^ + r) ^ * 

for the point in question. Then with these modified values coBStnict 
the broken line a' b" c" d", etc., which will be the true influcnct line 
for the total moment at c in the outer truss due to vertical load. For 

the inner truss the multiplier 's (K - r) X 3. The effect of cen- 
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trifugal force is now to be added to the line a" b" c", etc., by adding 
orclinatcs at each point equal to tiie ordinatcs to 0' * g'. multiplied by 

the constant 2^7-, giving the final influence line a' V" c"', etc. For 

the inner truss the centrifugal force is omitted. Calculations are then 
made graphically by trial. The same method may be used for web 
stresses and for stringers and floor beams. This method is especially 
applicable to skew-bridges on cur\'es, a form of structure which fre- 
quently occurs. 

ExAupLE. — Lei it be required lo cajculate the stressea in the outer inus of b soo-lool- 
jpan bridge localciion a 6* curve, for Cooper'a £-50 loading, assuming a speed of 40 miles 
pfi hour. Assume a panel length of aj ft., a height of 32 ft., and a width of 10 ft. centre 
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to centre of trusses. Fig. 1 1 (a) represents half oE the outer truss and Fig. 1 1 (b) Ihe lont r 
laterals and line uf the centre of gravity of l)ie tnuQ. Assume the net ecccntddlics to be 
as shown in tlie figure. 

We first calculate the stresses in the lru£s as in [be oidinary case, by Ihe usual wheel- 
load method. 

The maximum moments and shcare are as follows; Moments: at 6" — 6,784; at 
r" — 11.150; at d' — 14.010; ft! e' = 14,810. Shears; ii'5' = 371-4; ft't' = J04.7; 

L^i"— 169.5; d' c' = ^i.ij: e'/' - 56.4. The resulting stresses are given in the first lines 

K( ihc tables below. 

r CHORD STRESSES. 
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WEB STRESSES. 
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Fur a velocity of 40 miles per hour and a 6' curve the value of tot eq. (18) — .0000117 ^ 
40 X 40 X 6 " .111. For the lower laterals the moments and shcais due to centcih^at 
force will be equal to the motncnts and shears from vertical load, multiplied by 1 H ( = 
In Fig. 11 (A) the diugonaU which are in action are 6*, fi 1'. etc. The tension in £/ 
will ihcreforc — moment al d divided by ao, thai in c* d*— moment at c + 10, etc 

1,150 X »< ^ 



have Jien si 



i in rf' e- - - 



;and line of chord s 



ed' " 



etc. These stresses are given in 

For the overturning effect the distance of base of rail above laterals will be assumed si 
4 feet, making the distance of the centre of gravity above the laterals about 9 feet, which is 
the value of h al Fig. 19. The stresses in all the members due to vertical loads moat then 



be multiplied by a 



loads 01 



< — — .1008. The stress in u' 6' is therefore equal 
- aii.o X .1008 =4-21 .4, etc. The results are given in the tables. 

To calculate the corrections due to eccentricity we first gel the equivalent nnifcirm k 
ir a 200-fool span. This is given in Fig. 47, Chapter V, and 13 eqiuJ to 3,000 lbs. per foot 
ir ooe rail, or 6,000 lbs. for both rails. The panel load » 6 X 15 — 150. Tlieii the 

■r truss arc as follows; at f — 150 X • — 7.5; at e*— 150 — ^ — 

+ 5.75; at d' - 150 -~^ = + IJ.75. and at *' - ijo -^^ - + i;. The lud* 
on the right are the same. Then with these loads applied on t 
the chord stresses are to be calculated. The reaction - ifl.o. 
the table with correct signs. For web members the usual joi 
stress in the hip-vertical ~ 94,5 X ' ■■ — 9,4, thai is, 



le truss at ihe severs] jnnl* 

The stresses arc given " 

nts are to be loaded. Tbe 



L 



This is the only member I 
If the inner truss be ar 
In a 6 being 76.0, in b c i. 
<vould alt be equal to but 
stresses would occur for a zero velocity. 
One mianber only, the hip-verUcal, 



4.5 X — — — 9,4, thai is, a compressive streasof^^. 

which stresses of opposite »gn sp]>rar in the table, 
^zed, the stresses from the laterals would be compressive, tM 
o, etc. The stresses from overturning and &om ecccnnid7 
opposite sign from those given in the table. Theman'miun 
which case only cccenlridty would becoiuideml. 
lid have a stress greater duui Ihci 



197. Stresses Due to Tractive Forces.— When a train crosses I 

bridge wilh brakes set, the horizontal force exerted upon the track by 
the braked wheels may need to be considered. The amount of the 
force is generally taken at ao^c oi the vertical load. A porlic 
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IS transmitted through the track to the road-bed beyond the bridge,' 
but this amount is uncertain and will be small under some conditions, 
so that ii cannot be considered in the calculations. In the through- 
bridge, and in the deck-bridge supported at the level of the top chord, 
^^, ^ the only members stressed by this 

I/p-^ 7/^ "^ tractive force are the floor system 
7\^ j^\ *~ and the lateral truss belonging thereto, 

j^?'*\_^| including the chord members of the 

\~P^ ^"\~ ' loaded chord. With ihe usual lateral 
u (, diagonals (Fig. 22), connected to the 

"^'" '"' stringers at d and c, the tractive force 

ts resisted mainly by the bending resistance of the floor beams a a', 
b b', etc., the load on each being that for one panel length. The addi- 
tion of members d d' andc c' forms a truss of the laterals and stringers 
which will then resist the tractive force by direct stresses unimpor- 
tant in amount. The chord members receive a tensile stress when 
the train approaches from the anchored end and a compressive stress 
when it approaches from the expansion end. This stress increasesi- 
uniformly from the roller to the fixed end, receiving an increment at -I 
each panel point. 

In deck structures the tractive forces cause some modilicalion of 
the vertical reactions and hence stresses throughout the structure. If 

T = total tracrive force for the span (Fig. 23), thenff, '^ T -. The 

horizontal reaction, H, will be applied at the fixed end. If, for example, 
T = 30^ the total vertical load and h = ^/5, then Ry will equal about 
4 per cent, of the reaction for full vertical load. This indicates 
roughly the relative impor- t 

tance of these stresses, /\\ l\ (\ hi /I /I 7f\ 

198. Elevated Railroad h, / I \| \| Nj/ 1/ 1/ I \ 

Bents. —Transversely, an ele- \n\ ' "l"' 

vated railroad bent is similar '^"^^ '^' 

to the plate-girder portal already considered in Art. 185 (o). The 
posts are usually fixed at the base, giving a point of inflection 
midway between the base and the cross girder. In a longitudinal' 
d irection several posts are generally rigidly connected by the lon^- 
^Badinal girders or trusses, expansion joints being introduced about 
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every third or fourth panel. The bracing of the bents iongitudinallyis 
often accomplished by full diagonnl bracing between a pair of columns, 
thus forming a lower in each section of the structure. Where ihis 
cannot be done the bending resistance of the columns must be dejK-n'icd 
u|jon to resist the longitudinal horizontal forces in the same manner 
as they do the lateral forces. The construction thus becomes a contin- 
uous girder, fastened to vertical columns, which may be either fri-f or 
fixed at the base. 

Fig. 24 represents a 5-coIunm section in which the columns are of 
equal length and cross-section. T = total tractive force acting on the 
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Structure. Let A B he & plane through the points of inflection of the 
columns (midway between girder and base in the case of fixed columns 
and at the base for columns hinged at the base). The columns being 
equally flexible the horizontal reaction at each column will be the same 
and equal to 1/5 T. The vertical reaction will not be important, but 
may be found by taking moments of 2* about the centre of gravity of 
the (wi: columns considered as one structure. With equally spaced 
columns of ctiual cross-section the moment centre will be at the centre 
of the group. The vertical reaction at each column will be propor- 
tional to its distance from the moment centre and the moment of this 
reaction will be projioriional to the square of the distance. Thus 
\\ = 2 \\, r, = 2 r, and r, = \\. Hence 

T h = \\.2] -\-\\} + V J + V,.2l = 10 K, I; and 7, = r — - 

If the columns arc of different cross-sections their deflections for a 
given load will be inversely proportional to their moments of inertia 
about an axis perpendicular to the plane of bending. Since these 
dellections must be equal it follows that the rcastance, H, at the base, 
"ill be directly iirojKjrtional to the moment of inertia of the column. 
Hence the total force, T, will be dinded among the several columns in 
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proiKirtion to their moments of inertia. For a more general treatniLni 
of this class of problems, see Part II, 

199. Portal Frames with Posts fixed at the Base, but Upper Ends 

not fixed. — Let Fig. 25 represent a portal, or a bent of an elevateil 

, railroad or of a stccl-frame builfiiri};, 

~f J C^-i ■* haWng the posts fixed in direction at 

■ ■ ' ' the ground and ha\ing a single systent 

of diagonal bracing as shown. TIr- 

problem is to find the point of inlli-c- 

tion Xg from the base, and llien tlu- 

values of the reactions H and I' ii]H)n 

the columns. These reactions will l»e 

the same as in the portals of Art. 1S5, 





when the point of inflection is treated as the base of the column. It 
will be assumed in this analysis that the longitudinal dislonion ut the 
members of the truss is small as compared to the bL-nding of ilie 
posts, so that the former will be neglected. This is, in most casts, 
sufficiently accurate for all practical purposes. .-\ more general treat- 
ment of thesubject, taking into account all distortions, is given in Pan II. 
Under the assumption noted, the points D and C dellccl equally. 
Fig. (a) represents the column A C separated and the forces imlicated. 

iP V 
From the general differential equation of the elastic line, E I ~; = .1/, 

we have ior x <z, 



(21) 



Integrating eq. (31) between the limits o and ::, we have 
EI^-rJ^ (c-x) dx-Q f' (e-.v) rf.v=^ (<" =-t) - "^I 
wbicfa ia £ / tunes the angle of the deflected column at D. 
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For X > z, 

from which 



£/i|-R(.»-i)+C. .... te) 



in H hich C is the value of E / -7^ at i>, as given by {22). 
Hence for -v > = 

Integrating this again from = to c, vre obtain the deHection at C as 
compared to that at D. But by the condititms of the problem, D and 
C deflect equally, and hence this last integral is zero, or from (24), 

Mj-t-?)-<2(?-t0-»-- • ■<'.=' 

« hence 

^ . ll . (.6) 

Q 2C'4- 2ca-a' ^ ' 

For the point of inflection we have R{c ~ x^ =- Q (s — * J or 

R z- X, , . 

Q-rry.! ("> 

whence from (;6) and {27) 

-=H^) • • M 

This i;ivis the point of conlraflcxure at which H and V^ (as in Art 185) 
are to he ;qi]>iie(l. The remaining analysis is exactly the same as there 
given, usin,!; Iiere c — .v., in place of c. 

The reiiuisiie ^trenf^lh of anchorage may be computed from the 
bendinj; moment al the base of ihc column, = H x^ 

This problem is ii.=iially .solved by assuming the pcnnt of inflection 

,'i z from ihc baso. For the extreme case where « — * — -, eq. {28) 
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Bves Xg = H 2. When e is less than this, the point of inflection 
bproaches the middle point between A and D, so that it may be 
|id ibis point lies somewhere between >^ z and ^ z above the base 
r all cases of fixed base. Bui this base is never perfectly fixed in 
Srection, and any flexibility here would lower the point of inflection. 

^either is the web bracing above perfectly rigid, and any distortion 
ere would raise the point of inflection, so that these assumptions may j 
e considered as offsetting each other, and the formulas applied rigidly J 
S above. 

200. Framed Bents in Buildings.— The framed bent in a building,! 
ich as shown in Fig, 26, is in the nature of a portal. The colui 




iay be fixed or free at their bases. In the former case the points' of 

rclion, / and /', are closely determined by the analysis of Art. 
jiowing these points the analysis for wind pressure is simple. Ti 
horizontal comixjnents H and H' are assumed equal. The stress 
I E D is found at once, and the shear and compression in the post at C. 
^B ^mllar analysis on the left gives the forces acting at C and E'. All 
^^Be external forces acting on the roof truss are then known and its 
^^^alysis may be proceeded with. 

Graphically, the analysis of the roof-truss stresses can be proceeded 
H'ith most readily by substituting for the vertical beam. I C, a. truss, 

E', the length D F being any arbitrary length. The members of 
russ will receive direct stress only and the analysis by means of 
arce polygon can therefore be begun at / and carried through 
E same manner as for any truss, The resulting stresses will be 
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correct for all members except the posts; these are best analyzed 
directly as already explained. 

Example. — Let it be required to analyze the truss shovni in Rg. 
27 (a) for a wind pressure of 30 lbs. per sq. ft. on a vertical surface. 
The pressure normal to the roof is 22 lbs. Spadng of trusses = ij ft. 
The apex loads are as given in the figure. 

Fig. (6) gives the analysis. The load-line is A B~F-K. The 




horizontal components of ihc reactions, H and H', are i 

equal and the vertical component, V', is conveniently found i 

cally by taking moments about /. The value of 1' is then ftWil'" 

by clo^g ihe polygon by drawing K L M N A. B 

at / the stress diagram is drawn as explained by several 1 

in Chapter II. 

201. Stresses in Trestle Towers. —5/«Js« in a Single VuAtil 
Benl. — Fig. zS represents the usual form of vertical bent. The btldlg | 
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s of horizontal members A B,C D, EF, etc., capable of resisting 
ilher tension or compression, and diagonal braces which are generally 
£sigDed for tenaon only. Even if made of angles or other shapes 
their length is usually so great as to make them in- 
effective as compression members. They will there- 
fore be assumed to act in tension only. The posts 
A E and B F arc assumed to have the same inclina- 
V tion or batter, but ihcy are sometimes made of 
different inclinations in the case of trestles on 
cur\'es. It will be convenient to consider separately 
the stresses due to: (a) the vertical loads and 
ib) the horizontal forces such as wind load and 
^ centrifugal force. 
f {a) Stresses Due to Vertical Loads. — For sym- 

^l-Ir,. 3f. metrical loading, the loads 

ht to points A and B, due to live and 
weight above this level, are e(|ual, and 
y reason of symmetry the diagonal bracing 
/ill receive no stress from such loading. 
Therefore, stress in B Z) and .^ C = MP sec S 
jid stress \n A B = yi P tan &. Below D 
he additional dead load applied at D must 
le considered, and so on, 
HZf the loads are unsym metrically applied, 
^B the case of a double- track structure, or a 
Rcture on a curved track, the loads at .4 
nd B will not be equal. If the load at B is 
he greater then the diagonals .4 D, C F, etc., 
I be brought into action; the other diagonals 
J)e relieved. 
1 Fig. 29, e is the eccentricity of the load 
i reference lo the centre line, and is the 
nicrseciion of the centre line of the posts at a ^i^ 
mce d above the plane A B. The stresses r 

various members may readily be ob- ^'^' "^' 

graphically by determining the loads at A and B and construct- 
le force diagram as usual, .Analytically, the stresses can best 
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be found by moment equations. With the notation as shown, tiw 1 
stresses are as follows: 

Section q, moment centre at D, 

P Qi 6, - e) TC 

■ K' 

Moment at A , 

b, ' h. 
Moment at O, 



AC ^ 



BD =P- 



A D =P . 
Section r, moment at O , 



d + h. 



Section i, moment at F, 



^Hh-e 'CE 



, 'Al>,+e DP 



rf 4- A, + A, " bj 
etc.. elc. 

This method applies equally well to bents where the posts have uniiVt 
batters, the eccentricity being measured from the intersection point 0. 
(b) Stresses Due io Horizontal Forces. — ^Thcse include the wiml 
pressure on the train and on ihe girder resting upon the benls, the 
pressure upon the tower ilsc'lf, assumed as concentrated at the jdats, 
and the centrifugal force acting at the centre of gravity of the train. 
The simplest manner to treat these horizontal forces analytically b to 
consider them applied at the proper level as indicated in Fig. 29, Pis 
the centrifugal force acting on one bent; B^, = wind pressure on 
W, = wind pressure on bridge or girder; and W,,, W,, W^, etc., are, 
the wind loads on ihe tower itself. Tlie values of F, W, and H'j afC' 
calculated for half of each of the two spans supported by the 
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question. The distances c„ c^ and c^ arc lirst calculated. Then the 
stresses are found as before by simple moment equations. For ex- 
ample, wiih section q, and moment at D, we have 

. „ W,(rf+/(,-c.) + F((/+/(,~c,)-l-R^,((/-(-/i,-c,)+ir,/i, AC 

Graphically, the stresses may be found by a force diagram, first 
getting the forces (vertical and horizontal), acting at A and B, equiva- 
lent to the forces W„ F and W,: or, more v^ 
simply, by getting the resultant P (Fig. 30), ^) 
of these forces and considering it applied at ,'\ f*^ 
the apex of an exlcnsion, A O' B, of the bent. / \ ^) 
The diagram may then be drawn in the usual T^T \ 
manner. The stress in A B will depend upon / \ \ 
the assumption as to the manner of resisting / ^\ \ 

the pressure upon the train and ^rder. To as- cL ^d 

sume it resisted equally at the two points, A and / \^ \ 

B, is sutficicntly accurate. This is taken account ' ' 

of in the analysis by making A 0' and B O' ^"^" ^°- 

equally inclined; the resulting stress in A B will then be correct. 

In the case of a double-track structure the maximum stress in the 
bracing will occur when the track to the windward is loaded and the 
wind pressure is a maximum. 

(c) Stresses Due to Traciion.^lD a high trestle the stresses due to 
traction may be very considerable. If 7" = total tractive force per 
tower, the horizontal shears at all sections will equal T. giving the 
horizontal components in the bracing; the stresses in the posts will be 
found by moments. If the lengths of members as shown in the vertical 
projection of the tower be used in the calculation'^, then the resulting 
stresses will be the vertical components of ihe post stresses. 

J02. Inclined Benls. — If the bent itself is inclined, thus forming a 
tower in which the planes of all sides are inclined, it may conveniently 
be analyzed by considering, first, its projection on a transverse plane as 
a\'ertical beni, and finding its stresses as described in the preceding 
Article. The true stresses in all the members are then equal to the 
stresses so determined, increased "by the ratio of the true lengths of the 
members to their projected lengths. 
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203. SlressFs al the Pedestals.— Ji the resultant of the stresses in 
E H and F H, Fig, 29, is a tension, then anchorage is required 31 H. 
The stress in G if will depend u])on where the fixed point of the trestle 
tower is located. If at G, then G H must carry aJl the lateraJ force 
due io EH and F H, less the frictional resistance at H. If H 
fixed point, G H becomes stressed when the member G F acts. This 
member must also be sufficiently strong to overcome the friction at the 
expansion point under dead load. 

204. Symmetrical Towers Polygonal in Flan. — Towers for suppfwl- 
ing Bxed loads, such as water tanks, are generally made square or polyg- 

\ 

■ onal in plan. Fig. 31 represents such a tower with ax posts and tbe 

H usual diagonal and lateral bracing. The diagonals resist tension only. 

H 205. Stresses due to Vertical Loads. — For vertical loads the diagonab 

H are not stressed. \i S = angle of inclination of the posts at any bent 

B and P = total vertical load per post above any giwn slory, then the 

stress in each post = P sec fl and the horizontal component is /* lan ft 
At the top of the tower the latter comjionent mu.st be resisted brtW 
top framework or other structure; and if the [X)sts have dtSercBt 
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inclinations in successive stories the lateral struts will be stressed at 
tacli level. In Fig. (a) 5, and 5, are the stresses in two successive 
[xisls ant] 6 and ff their angles with the vertical. The necessary 
iiorizonlal reaction, 5,, in the plane of the posts, = 5j sin ^ - J, sin ^ 
- P (Ian ^ - tan fl) ; and in Fig. (6) the resulting stresses in the 
>lruts of the polygonal frame will be 5, - 14 S^sec ?. 

ao6. Stresses due to Wind Pressure. — The stresses due to wind 
pressure maybe found as follows: Consider the lowest story. Imagine 
a section q passed through the posts Just above the lower struts, but 
consider ihe diagonal rods still attached to the posts. Fig. (c) repre- 
sent-s this section. Now the lower as a whole may be considered as a 
vertical cantilever beam acted upon by lateral forces W,, W^ etc. 
The bending moment at section q is equal to the sum of the mo- 
ments of all of these forces with respect to the plane of this section. 
Call this M. Determine the moment of inertia of the posts in Fig. 
(c) with reference to a gravity line .4 B at right angles to the wind 
pressure; for this purpose each post area maybe called unity. \i a = 
distance of any post from A B, then / = - a'. The vertical compo- 
nent of the stress in any post, distant a from A B, may then be de- 
termined by the usual formula for flexure and is 

5, = M -^, (jg) 

The vertical components of the stresses in all the posts are thus found. 

In the same manner get the vertical comfwnents of the stresses at 

the lop of this same story, assuming a section r taken just below the 

lateral struts but above the diagonals. (This might also be lalten 

above the struts as the vertical coraiK>nents are not affected by these 

rizontal struts.) In this way the stress at each end of each post, 

lyond the point of attachment of the diagonals, may be determined. 

. The stresses in the diagonals must now be found. Fig. (d) repre- 

9 a horizontal plan of four of the posts together with the bracing. 

■ stresses S at each end are known. From symmetry, the stress 

kthe bracing between posts i and 2 is the same as that between i and 

■wind acting as shown; and it is also evident that 5, is greater than 

These conditions require the diagonals a b' and a c' to be in 

[Hon and to have equal stresses. From equilibrium at a we then have 
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V. comp. a fr* - V, comp. ac" = }4 {V. comp. 5, — V. comp. 5',). (30) 
The stress inal/ being known we can pass to the post b b' and deic-- 
mine the stress in ft d' by writing I V ^O lor the stresses S„ S'„ a h', 
and b d'; and so on, continuing around the tower. The same method 
applied to each story will determine the stresses in all the diagonaLi. 
The stresses in the lateral struts, ab, ac, etc., are then readily found 
by the equilibrium of all the forces at a joint, projected upon a hori- 
zontal plane. 

The direction of wind pressiu:e producing maximum stresses nill 
be that of the longer ajds of the polygon, for the moment of inertia of 
the section is the same about all axes, and hence from eq. (29) the post 
stresses will be a maximum when the distance a is a maximum. 
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CHAPTER VII 

DEFLECTION OF STRUCTURES AND STRESSES IN 
REDUNDANT MEMBERS 

Sectioh I.— Dztlection or Stkdotures 

207. The Displacement of any Joint of a Framed Structure Re- 
sulting from any Small Change of Length of any Member. — When for 
any reason ihc length of any mumber of a framfd structure is changed, 
as by stress or a change in temperature, there will result in general a 
slight shifting in position of all parts of the structure (excepting those 
'points held ri^dly to the supports), to a new position corresponding 
to the new length of the affected member. If the lengths of several 
members are changed, the inHucncc on the shape of the truss will be the 
combined result of all the individual changes. If these changes in 
length are small, it will be sufliciently exact to assume that the total dis- 
placement of any joint can be calculated by finding the displacement 
. due to the change in length of each member separately and combining 
Kpte results. That is to say, the effect of the change in any one member 
Kl practically independent of the effects produced by the others. 
'Expressed in mathematical terms, the shape of the truss and portion 
of the joinls are functions of the lengths of all the members, and if 
an increment is added to any or all the members, the total effect upon 
the position of any joint can be had by differentiating the function 
with respect to each variable member separately and adding the 
results. Two methods of procedure will now be explained. 

Let A B, Fig. 1, be any framed structure, fixed in position at A,0 
any joint, and C D any member. Suppose it is required to determine 
the movement of O in any fpven direction O Q, due to a small change of 
length in C D, and also the total movement due to changes of length 
in any number of members. 






294 DEFLECTION OF STRUCTURES 1 

Let I = length of CZ); 

z = given small change of length mC D; 

d = movement of O in the direction O Q due to the change of 

length z; 
D = I d = total movement of O due to the changes of length 
in any number of members. 

2oS. First Method of Calculation. — It is evidently pos^ble to express 
the position of O, with reference to a fixed plane N N a.t right angles 
to O Q, in terms of the length oiC D and other fixed dimensions of the 
truss. This being done, a differentiation of this expression with respect 




to the length I will give the desired relation between d and z, ^ce these 
small quantities will have practically the same ratio as the diSerentials. 
We therefore have in general 

y - function of / = / (/) . , . (i, 

and 

2 dl " 

whence 

^-^ « 

For a change of length in several members we may write 

D = Id = Iz^ (J) 

in which the product = 77 is to be calculated separately for each 
member. 
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/Po illustrate this method take the ample frame ABC, Fig. 2, and 
dt/cermlne the downward movement of B due to a change of length z, 
ir*! A B, and z, in B C. The poation of B with reference to a fixed 
t orizontal plane A D,'m terms of the lengths oiAB and B C, is given 
by the expression 

y = -/JT^^ (5) 

Consider first a change in /(. Differentiating (5) with respect to /„ we 
have 

dy I, _ ji 

dl,^ Vl,^~lt^~ y' 
Hence for a change in length of 2, in /, we have 

i il b 



d, - 



In the same maimer we find, for a cliafige of z, in /, 
d..-,^ 

y 



The total movement i 



. Id- 



(8) 



From (S) the movement of B can readily be calculated for any small 
changes z, and z,. It will be noticed in (6) and (7) that in each case 
the value of d is equal to the quantity z, 
multiplied by the differential coefGdent of y 
with respect to I. 

The method of calculation here given is 
simple in theory but is not readily applied to 
structures with numerous members. A 
much simpler method, and one especially 
adapted to use by those familiar with stress fig. 3. 

cakulations, will now be gi\'en. 

309. Second Method 0/ Calculation.— Con^der again the structi^re 
of Fig. I. Suppose a force W to be applied at O and acting in the 
direction O Q (Fig. 3). This force will cause stresses and deformations 
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in the various members of the structure and a deflection of the strucfl 
in the direction O Q, Each member stressed will contribute lowaflfcj 
this deflection and among others the member CD will be slighili 
elongated or compressed and will conlribulc a certain increment towarll] 
this movement. If this increment be determined in any manner, the I 
ratio of such increment to the distortion in C D will be only another 1 
expression for the differential of y with respect to the length o{ C Di I 
since it is immalerial what causes the change in length of C D. the effect f 
on the position of O will be the same. It is now proposed to exi 




simple process of finding, in the case assumed, the movement of due 
to the deformation oi C D. 

Let P = stress in member C D due to load W, 
X = deformation oi C D due to stress P, 
3 = movement of O due to deformation \\iiC D. 
Diying the movement of the jKiint the force W performs work, llw 
amount of which is equal to the average force, ^ W, multipBed bf 
the displacement 3, or work = ^ W d. This work is applied to the 
member C D in causing the distortion \. It can, therefore, also be 
expressed as the work done upon this member. As the average stress 
in the member is ^ P the work is equal to }4 P\. Hence we have 

;^ws = ysp\, {9) 



" r 



(10) 



. The value of 3 IX is, therefore, the desired ratio of movemcDt of 
to change of length in C D. This is seen to be equal to the ratio of 
stress P, to the load W applied at O, a quantity which is ca^ly calculated. 
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We therefore have in general 

" dy S P ,■( 

Ti=x=W ''"S ■ • ■ ■ <"' 

Returning now to the general problem of finding the movement of 
for any change of length zinC/) we have, from (3) and (11), 

In eq. (12), W is any arbitrary load, and P is the stress in the given 
member due to this load. The ratio PjW is constant. For conve- 
nience, therefore, W may be made unity. For such unit load, let u =» 
stress P, then we have, more briefly . sU ■ ■= c .> '•■- 

. = «., . .'1;h.<:/';'(;3)'^ 

and finally, for changes of iengths in several members, 

D ~ Id- I zu (14) 

It is well to repeat that in (14) z is any given change of length in a 
member and u is the stress in the member due to a load of unity appUed 
at the joint whose movement is desired and acting in the direction of 
this movement; it is the differential coefficient of the movement of the 
joint with respect to a change of length of the member. 

Applying the second method of calculadon to Fig. 2, the coefficient 
u is found by applying a load of unity at B. The coefficient w for ^4 B 

is the stress m AB due to this unit load, = i x -, and the coefficient 

y 

for CB ——IX-, exactly as given in (6) and (7). In fact, if 

y 

the methods of stress analysis for a single load W be traced back, using 
the pruici[de of moments, it will be found that the two methods here 
given are practically identical, but the short cuts learned in stress 
analyas make the second method more expeditious in its application. 
The piindple of "virtual velocities" is another form of the same thing. 
To find the total movement in space of any joint, its movement in 
two directions (conveniendy at right angles) must be found and the 
resultant movement determined. 
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210. Deflection Due to Stresses in the Structure from Api4ied 
Loads. — Suppose the changes in length z are due to stresses caused by 
a load of any kind. Let 

S = stress in any member due to ^ven load; 
A = cross-section of member; 
I ^ length of member; 
E = modulus of elasticity; '"' 

SI - 

Then s = -t^-ti and hence 
EA 

"''ii" «: 

211. Deflection Due to Temperature Changes. — Suppose the j 
changes of length z are due to temperature changes. Let | 

w •= coefficient of expansion; and | 

t = change of temperature in any member, 
then j 

z =v'tl, and hence 

D = 2c«//.« (16) 

212. Deflection Due to Looseness of Joints or Errors in Lengths.— 

If the effective length of any member when put in place is different 
from the calculated length, due to play in pin holes, errors in length 
or other cause, the resulting displacements may be obtained from eq. 
(14) by substituting for the various values of z the actual variations in 
length of the several members. 

213. The Deflection Expressed as a Function of the Work of Distor- 
tion. ^The work of distortion of a member under the stress 5 is equal 
to the distortion S I IE f^ muUipiied by one-half of the stress S; or, iE 
K = work we have, for any member 

'^''Vea ■■ (•') 

Differentiating tliis witli respect to an arbitrary load W, applied as 
heretofore explained, wc have 

(IK _ SI dS_ 

dn' ^ EA ■ (1 11" 
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1 for ail the members we r 
JK 



dOr ^ 



SI dS 
EA' dW 



... (,8J| 

This expression is the same as eq. (15), u being equal to the ratio c 
increment of stress to increment of load, = dSjdW. Hence 1 
principle that 

The deflection of a framed structure, due to any given system of loads, } 
is equal to the dijfereniial coefficient of the internal work of distortion, taketlM 
^iiith respect to a force applied at the point where the movement is desired. 
B 314. Deflection of Structures Containing Uembers Subjected to 
^WDding Moments. — The analysis of Arts. 207-209 relates only to 
members subjected to direct stress. If some or all of the members I 
act as beams, the expression for deflection takes a different forml 
although the general principle is the same. 

Suppose one of the members of the structure of Fig, 3 acts as a 1 
beam, whose moments and deflections contribute to the movement of j 
the point O. In this case we will proceed at once to get the inLemalS 
work of distortion due to these moments and differen- 
tiate this with respect to an arbitrary load W, applied as 

^^feet M = bending moment in the beam at any sec- 
^^p due to the given loads, and consider an element d x 
or the beam at this section {Fig. 4}. The stress/ on a 

fibre of cross-section d a, distant y from the neutral axis, 






n 



elongation 

iyda M ydx _ 
~1~ ■ EI ~ 



My 



work of distortion is \ 



- y^ da. Integrating this 



I 4 B, we have, for the total work on- the clement d x, 



hP 



'/a y''^''- 



M' 



rdx. 



(iQ) 



2EP ' Ja ' "" 2EI " 

Berentiating this with respect to load VT applied at O we have 

dK ^ M_dx d]4_ 

dW El dW 

£ is the deflection of the point O. due to the moment M in the I 

pent d X, The total effect of the bending moments throughout t 
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member in question is obtained by integrating (30) over the length of 
the member. Representing the total deflection due to the bending in 
this one member by d, as in eq. {3), we then have 



(21} 



f Mdx dM 
•/. El ' dW 



If d W is made unity, then i^ If is the moment at any point in the 
beam due to a load of unity placed at O. Call this momait m, corre- 
sponding to M of eq. (13). Then 



f'Mdx 
For any number of members acting as beams 



(") 



(13) 



The complete expression for the deflection of a structure composed 



1,4, 



partly of members subjected to direct stress 
only and partly of members subjected to 
bending moments is therefore 
5( . „ fifdx 



',hA, D - I 



1 + I 



fMix 
X EI ■ 



(«) 



ExAUPLE. — A single ex&mple will be given of the 
application of cq. (14). Further appUcatioos to nmnji 
special problems will be found in Pan II. 

Fig- 5 represents a portal frame with plate-girder lop 

A ~ beam. Lengths, areas and moments of inertia are as 

Fig. 5. shown. Find the lateral deflectioD of A with tcspcct to B 

du< ici the forces P. The members A C and B iJ are 

le C D is both a beam and a strat. 

nibers B D anil .4 C, origin at B and C respectively. 



.W = P j: 



ind n 



r' ii_dx _ _p_ (•■• 

X £/ "" Eh y„ ' 

M = PI, and m 
f Mdx F 
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Eh 



El, 



ea; 



Suppose F - 4,000 lbs., /, = 30 ft., t, = 16 ft., 7i — 3,000 in. 

in.', and £ = 20,000,000. We have D - a X . 79 + -86 + .oo 
.so I labi-s account of the eSect of ihe dilNl compression J 
«Mn|iarc<l to the etiecl of bending. 



/»— 3,oooin.',^,— ij" 
- a.44 in. The term 
CD. It is very small 



215. Calculfttioa of the Deflection of a Pratt Truss.— Let it be 
iquired lo determine the downward deflection of point d. Fig. 6, due 



\ 

BP ) a uniform load of 3,000 lbs. per ft., or 2,500 lbs. per ft. per trussi.! 
The calculations arc given below in convenient tabular form. TheJ 
lengths and gross cross-sections of the members are given in the table.| 




mv 




sm« (S), 




SI 




.., 


*■ 








EA 




''_! 


B 


469 




3' S 




- 651 


+ .067 


C 


300 


- 308.500 


3. .8 




- Hi 


+ 056 






- 334.500 


3' 8 


-,076 


-1.350 


+ OQS 






+ 130.000 




+ .051 


+ 417 


+ .021 
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+ 308,500 
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+ -833 


+ 04s . 
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+ .651 
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469 


+ 40,600 
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+ .651 
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360 
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- .500 
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The value of E is taken at ig,ooo,ooo lbs. per sq. in. By reason c 
symmetry, only one-half of the truss is considered, the total deSecttoa I 
being twice the result so obtained. The value of w is the stress in a 
member due to one pound a[)plicd at (/. Its sign in this case is the 
same as that of S for all members, so that the sign of 5 » IIKA is al- 
ways positive. The total deflection =- 2 X 0.430 = 0.860 in. 
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Suppose the horizontal movement of point d be required, 
a standing fast. Here the i-pound loid is to be applied at d and 
acting towards the right, reaction at a. The only members stressed I 
will he ah, be and c d, for each of which u — i. We then have, briefly, 



Member. 


a 




EA 


be 
cd 


t'4\ 

+ -DSS 


+ I.O 
+ 1.0 
+ 1.0 


+ .051 
+ .051 
+ .OSS 



The horizontal displacement of d, due to the given load, is therefwe 
0.157 in. towards the right. 

Again, suppose the temperature of the lower chord is 10° less than 
that of all the other members, what will be the resulting deflection of 
point d with reference to its [wsilion for uniform Icmperaiure condi- 
tions? The members to be considered are the lower chord members 
only, and these are to be assumed to be shortened by an amount equal 
toaitl, as in eq, (16). Take ui = ,0000065; ( = 10°, / -= 300. Then 
for each member, m tl = ,0000065 X 10 X 300 — .0195 iru The 
value of « is as given in the large table. We have, then, for one-half 
the truss. 



Member. 


-./ 


" 


-,i. 


ab 
he 
cd 


- 0155 

- .0195 

- -019s 




-.ooSn 
-.008,3 
-.o,6j5 



The deflection of d is therefore upwards and in amount is equal to 
2 X .0325 = .065 in. 

216. Deflection Formula for a Pratt Truss. — ^For approxinuie 
values of ihc deflection of any style of truss we may obtain a formuli 
which is readily evaluated, provided we may assume some a\'era^ 
values for intensities of the tenale and compresave stresses. Thid 
for a Pratt truss, finglc intersection, of an even number o[ pucli 
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let ^, - average unit stress of tension members; 

p^ =- average unit stress of compresdon members; 
E = modulus of elasticity for all members; 
h = height of truss in inches; 
rf = panel length in inches; 
n = number of panels in bridge. 




The values of u for each member are ^ven in Fig. 7 in terms of the 
dimensions. We have then, from eq. (15), 



For the Upper Chord, I ^ 

For the Lower Chord, 

For the Web Tension Members 

For the End Posts 

For the Verticals, 



Pc^ 



(» + 4) (n-2); 



= 8^[»(»-^)+8]; 



(25) 



Whence for the whole truss the total deflection of the middle point for 
a full load is 



(26) 



"-^[<» + "f + '«-">'■]• 



It will be noticed that in this case there is nothing to sum but u for 
each member, as grouped above in eqs. (25), p, I, and E being constant 
for all the members of a group. Also for such members as give a value 
of » — o, as for the middle vertical and the end hanger, they are of 
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course omitted, or rather count for nothing in the summation. Thij 
means that these two members do not in any way contribute to the 
deflection of the middle point. 

Applying this formula to the example of Art. 215, we may 
p, and p^ = 6,cxx3 lbs. per sq. in., approximately. Substituting in 
{2(1) we derive the value D = 0.77 in, 

Since the maximum stresses in the web members do not occur for 
full load tlie value of the unit stress to be assumed for these members 
for a fully loaded structure niU be less than their working stresses. 

217. Relative DeJiecHon from Web and Chord Stresses. — By adding 
the deflection increments due to web members and those due to chord 
members, we may obtain, 

For Chord, I^ ""g^ K« i«-^) +8) A+(" + 4) in-2) ?J; 

If we should assume that the average stress in the compressioa 
members is 0.7 that in the tension members or p^ = 0.7 p,, wc may 
write, 

For Chords. - ^^^ • " = g^"^ (i-7 "' - 0.6 h + 2.4) ; 

For Web, " = ^^-^ [{1.7 n - 3.4} A' + (« - 0.6) d% 

Whence 

Deflcclio. from web '^ ^ " " '^ ^' G)'+ -""-'" 
Deflection from chords i.7«' — 0.6M + 2.4 



(>;) 



(28) 



("9) 



, the number 

of panels, or length of bridge, increases. 

For a Pratt truss bridge of 200 feet span, of ten panels, and a height 
of 30 feel, this fraction becomes 80/83 ^^ 9^-4 P^"* •^'^''•- for a truss 
of eight panels and same span and height the ratio is 115 per cent. 

That is to say. for such span lengths and for the assumptions nude, 
the deflection from web dislorlion is about equal to that from chord 
distortion. 
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This is quite contrary to the condition in a solid beam where 
the shearing (or web) distortions are smali as compared to the 
moment (or flange) distortions. This is due primarily to the fact 
that in the truss there is no surplus material in the web as is gener- 
ally the case in the beam. 

A common method of calculating the deflection of trusses, and one 
formerly much used, is to consider them as beams and apply the 
formula for the deflection of a beam, using a moment of inertia of the 
truss as determined from the chord members. Obviously, in view of 
the foregoing examples, the results thus obtained are quite inaccurate 
and too small, except in the case of trusses in which the number of 
panels is large and the height relatively small. 

218. Height of Truss for Maximum Stiffness and Economy. — We 
may differentiate equation (26) for h variable and find 



dh 




{ti + 2)nd^ 


+ (»- 


.], 




-ll#t<- 


-i)ih'- 


(»rJ 


nd'\. 



(30) 

Placing this quantity equal to zero, and solving for h, we find the 
height of truss which will give a minimum deflection to be 



; IVTT 



(30 



From eq. (31) we find that for a minimum deflection, or for a 
maximum stiEFness, for given working-unit stresses, the height of this 
stiffest truss has the following values: 

TABLE OF HEIGHT OF PRATT TRUSSES OF MAXIMUM STIFFNESS. 
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centres and radii equal to the new lengths of a c and b c the new poation 
e* of c, is determined. These new lengths are shown as A* 2 and a' 4, 
the changes of lengths being 1-2 and 3-4. In the same maimer the 
new positicui of other joints in the frame might be determined. Practi- 
cally, however, the displacement cannot be determined in this way, 
as the changes in length are too small, compared to the lengths of the 
members, to be represented in this manner. The same end will be 
attained if the changes in lengths only are plotted, omitting the members 
themselves. Thus in Fig. 8, if from point c the length c-i is made 
equal to bi/ and c~^ equal to a a', and the line 1-2 drawn parallel to 
b c and equal to its elongation, and 3-4 drawn parallel to a c and equal 
to its compresMon; then if from 2 and 4 perpendiculars be erected 







(the radius of the circle being relatively very long), the intersection c' 
will represent the new position of c, and so on. 

For convenience, a separate diagram, Fig. 9, should be constructed. 
Lay oft first a' b' equal to the elongation of a b, and on a line parallel 
to ab; then V c„ equal to the elongation of be, and a'c^ equal to the 
shortening in a c. Perfwndiculars at points Ci and c, determine c'. 
Then for joint d lay off c' d^ and b' d, equal to the given deformations 
in members e d and b d; and, again, perpendiculars at points d^ and 
d, will determine d', which ^vcs the movement of joint d relative to all 
other jnnts; and so on. That is, the points a', ¥. c', d', etc., thus 
{ detemuned in Fig. 9, referred to point 0, give the amounts and direc- 
tioDs of the actual movement in space of the joints of the structure, 
the pcnnt o and the line a b standing fast. If the point and the line 
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a b shifts in position then the diagram still gives the correct relative 
movements in amount but not in direction. 

A great advantage of the graphical method over the algebraic 
method of Art. 309 lies in ihe fact ihat the former gives, in a angle 
diagram, the displacements of all joints, while the latter applies to but 
one joint at a time, and in but one direction. Where the displacement 
of a ^gle point only is needed the analytical method is very satis- 
factory. 

Example I. — A displacement diagram will be drawn for the truss of 
Art, 215. The centre vertical will be a convenient place to commence 
the diagram. Symmetrical loads require the construction of one-half 
the diagram only; Fig. 10(b) give.s the compicte construction. The 
vertical distance O d, from point D d to ]>oinl g. gives the vertical 
deflection, and the distance ^ is one-half of the total elongation of a g. 

Example 3,— Same example with unsymmetrical load. Assume 
joints d, e and / loaded with 1)2,500 lbs. each. Assuming as before 
that Dd stands fast, the diagram, Fig. (c), is constructed. The resulting 
position of points a and g gives the correct relative movements of these 
poinls referred to D d, but not the absolute movements, a^ D d does 
not remain vertical. 

To get the true direction of the displacemcnis we make use of the 
fact that points a and g should have no vertical modon. The vertical 
component, g k, Fig. (c), of the displacement of ^. relative to a, indicates 
therefore the amount by which the truss has been revolved about d in 
assuming D d lo remain vertical. This component measures 0.087 "*• 
To get the true displacements, considering the line joining the abul- 
its a and g to stand fast, we may rotate the entire truss, Fig. (a), 
iugh a small angle determined by making g g' = % X .087 =■ 
"i<»435 in. This may be done in Fig. (a) to an exaggerated scale a 
shown by the doited lines. The actual angle Is very small and there- ■ 
fore perpendiculars are used instead of arcs of circles to give the! 
diiectioD of motion. The jjoint D will move to the left a distance,] 

,jy ^ g gi X '— = 0.0174 in,, and other ]x)ints will move as showR'l 

in the figure. AH lower chord poinls move, vertically, distances 
proportional to their distances from d; all upper chord points move the 
amounts vertically and the distance 0.0174 in. horizontally. These 
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movements may be applied to Fig. (c) as corrections to the portions ' 
there given; or the point D' may be marked in Fig. (c) and a new ' 
diagram drawn with d D' &s & correct base. The same results will 
be obtained by either method. 

Instead of correcting the position of each point as above described 
in order to get the true movements, the same result may be more readily 
obtained by making all the corrections at the fixed point of reference 
and measuring all distances from the several new points thus obtained. 
Thus, if a is the fixed point, then to get the movement of g, for example, 
instead of laying off the corrections g ^ and a a', we lay oflf the whole 
distance a g" downward from a. Then g" g is the desired movement. 
Likewise for point D lay off a' D" to the right and equal to D D' of 
Fig. (a), then the distance from D" to D of Fig. (c) is the desired 
movement. If the several points so laid off be joined there will 
result a figure exactly similar to the given truss, with lower chord 
equal to a' g". 

220. Maxwell's Law of Reciprocal DeflMtions ; Influence Lines 
for Deflection. — If the vertical components of the movements of 
the lower chord joints, as corrected in Fig. lo (c), be laid off from 
a horizontal axis the resulting curve is the deflection curve for the 
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lower chord joint;;. A similar ciir\e may be drawn for the upper 
chord joints. 

Su]>])osc now that a displacement diagram dmilar to Rg. lo (b) 
be constructed for a load of one pound placed at d. Let Fig. ii (b) 
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be the deflection curve for the lower chord joints, constructed from 
this diagram. Then any ordinate, as d^, is the dellectiou of joint c 
due 10 a load of one pound placed al^^. Expressed algebraically the 
deflection is given by the equation 



' EA' 



(32) 



in which S = stress in any member due to the given loads (one pound 
at d) and u = stress in any member due to one pound placed at_c. 
Noting that in this case S is the stress due to a one-pound load at d, 
il will be seen ihal this expression for defleciion at c is identical 
with the expression for the deflection at d for one [mund placed 
at c, the quantiries S and u being interchanged. Hence the important 
principle I hat 

The defection at d for a one pound load acting at any other point c 
is equal to the deflection at (for a one-pound load acting at d. 

For a load P placed at c (he deflection at d will be P d^, and for 
any number of joints loaded the deflection al d is given by the general 
expression 

D.-IPH (33) 

The deflection curve of Fig. 11 (b) is Iherefore the influence line for 
deflection at d. from which the deflection al this point can readily be 
calculated for any given loading. It is to be seen that such an influence 
line requires the construction of but a single Williot diagram, while 
the analytical method would need to be applied separately for each 
indi\'idual Joint. 

Deflection influence lines are of special value in determining 
stresses in redundant members and reactions of swing bridges, arches 
and other structures having redundant supports. Their use (or such 
purposes is further explained in Art. 223 and in Part II. 



I 



Seotion n,— Stresses in Redundamt Membebs 



General Principles.— Redundant members of a framework are 
Ihose members which are in excess of the minimum number required 
to make the framework a rigid structure, that is, one which is fixed in 
form except for small changes due to stress. The triangle is the truss 
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element, and the least number of members, required to fix the relative 
position of a given number of points. may be determined by concciiing 
the truss made up of triangles. The first elemental triangle has three 
^des and fixes three points. To fix each additional point requires 
two additional sides, or members; hence if m °- total number of points 
and n - total number of necessary members, we have the relation 

n - 3 = 2 (m - i), whence n = 2 m - 3. . . (i) 
Whether a truss has redundant members can usually be ascertained 
by inspection, but in complicated cases it may be convenient to employ 
the foregoing rule, noting carefully, however, that every part of the 
structure has sufficient members for the stability of that part. 

Applying this rule to the trussof Fig. 15, we have m = 14 and hence 
n = 25. The actual number of members is 26, hence there is one 
redundant member. This is a familiar case. Another common 
example of redundancy is where two diagonals are used in the same 
quadrilateral. Usually they are both rods or bars and incapable of 
carrying compression, and the assumption that they act only in tendon 
enables their stress to be determined by the methods of statics. If 
they are built (o lake both tension and compression, the stresses cannot 
thus be determined. 

Every redundant member introduces one unknown quantity in 
excess of the number determinable by statics; hence a structure is said 
to be singly or doubly indeterminate as it has one or two redtmdant 
members, etc. 

The calculation of the stresses in structures with redimdant mem- 
bers is madi' jiossildc by determining the relation between the distortion 
of the mccssary members and of the redundant members. For this 
purito-se the (general formula for deflection, eq. (15), may be utilized. 
'' '^ .S- u I 

"-AK- « 

in which /) = ( lu lift t ion or movement of any joint in any ^ven direc- 
tion due to any Kiading. S = lotal slress in any member due to this 
loading, » - faciDr of rcduclion = numerically the stress in the 
membiT ihic to one pound applied at the point whose movement is 
desired am! acling in llie t;iven direction, and I, A, and £ are length, 
cross- seel ion, and modulus of elasticity of the member. 
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322. Stresses in Structures Having a Single Redundant Member.— 
Let A B, Fig. 12, represent any structure loaded in any manner (at 
joints only}, and h3\'inf5 one re- 
dundant member. In this case any 
member may be taken for the re- 
dundant member ; we will take 
member 6, The truss is hinged at 
.-1 and supported on rollers at B. 
Let S,, S„ 5,, etc.. be the stresses in 
the several members, as yet un- 
known, 5, is the stress in the 

redundant member. Represent lengths, cross-sections, and moduli of 
elasticity by /,, /,, etc.,j4„ .4,, etc.. and £,, £j, etc., respectively. 
The desired elastic relation can be obtained as follows: 
Cut the member 6 very close to one end, as at .4, Fig. 13. Let A' 
represent the free end of ihe member. Consider a 
force Sa, equal to the stress in 6, applied to Joint A 
and also to the end of the member at A'. The 
stresses in the various members will not be dis- 
turbed by this operation. If now the defJcction of 
the point A', with reference to ,4 be calculated by 
means of the dislortionsof the various members, 1-6, 
it must equal zero, the point .4' being very near. 4, This deflection 

.5 m/ 
is ^vcn by the formula D = - 1' "F j"' '" "hich i'", represents a 

summation for members 1-6, Hence we have 

-■■l^^'' <3) 

This is the desired elastic relation. By expressing S in terms of the 
external forces and the stress in the redundant member the latter may 
be calculated. 

To put this into convenient form for calculations, the stress S in 
any member may be considered as made up of two parts: (a) a stress 
S' which would be caused by the exicrnal loads with the redundant 
member 6 removed, and (b) a stress S" due to forces applied at A and 
A' equal to 5,. The first part, S', is readily calculated by the usual 
methods of statics. The second part, S". can also be calculate'! 
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when 5, is known. Noting that u is the stress in any member due to 
I pound acting towards the left at A' (reaction at A is also i pound), 
it is evident that S" is equal to 5, u. Hence we may write the general 
relation 

S = S' + S^u (4) 

For the redundant member, No. 6, 5' — o and « = i. 
Substituting in eq. {3), we have 

WhL-ncc 

^•"- yirr <5' 

In .this expression all quantities are readily calculated. Careful atten- 
tion must be paid to sign, tension being considered plus and compres- 
aon minus. The stress u is the stress in any member for i lb. Unsion 
in the redundant member. 

The value of 5, being obtained from (5), the stress in any member 
is readily got from (4), the value S' and u being already calculated. If 
E is constant it may be omitted from the calculations. 

Tlic form of expression is evidently the same no matter how many 
necessary members there may be. If » is the number of such members 
and T is the redundant member, we may write the more general ex- 
jiression 

S'ul 

S,=-^^ (6) 

EA 

in which it is tn be noted that S' is the stress in any of the n members 
due to ihe given loads, with the redundant member removed, and u is 
the stress due to a tension of i pound in the redundant member. In 
the denominator tht- redundant member itself must be included, the 
value of u beinn unity. 

EXAUPLE 1.— Lit it Ik- required to calculate the strcssos in ihe stnittute ot F^, la, 

assuming the folln'.vinK "data: Span length - ?fl ft.; height - 15 ft.', length of member 

_ J- [,.; p, =. 40,000 lbs.; P, = 10,000 lbs.; P. - 30,000 Ita. The cr — 
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will be assumed at 4 sq. i 
calculations arc given in 



, 3 sq. in. for 3, 4, and 6, and 2 sq. in. for 5. Tiie 
form in the table belon-. The first rhree columns 
S' are Ihcn calculated with member A B removed; 



Utmba. 
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S' 
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S-ul 
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5.» 
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s 




- lOd-J 


;;1 


ill 


- 9,T6o 


+ 116 


= 'Si 


+ iS.> 



also ihe stresses u due lo i pound tc 
— , and from this the values of the n 



lion in A B. It is then convenient lo calculate 
1 Iwu columns. Then from the summations o( 



s obtained. Then the values of 5gu, and finally the values of 5 fiom 



diagonals of a panel of a lateral 
struts, and 5 and 6 are diagonals, 



these values Si 
«!■ (4)- 

ExAUPLB 1. — Fig. 14 shows the 
system. Members i and 2 are chord members, 3 and 4 
assumed for the present to be able to lake cither ten- 
sion or compression. A shear of S,ooo lbs. Is assumed 
to exist in the panel, and other forces are introduced 
to give equilibrium. The other data are given in the 
table below. Member 6 is assumed to be the redun- 
dant member. The cross-sections of 1 and 2 are so 
large that they may be assumed as rigid compared 
to 5 and 6. The result shows that 6 receives a com- 
pidwHiof 6.7 andj a tension of 6.2. If members 3 
and 4 were also assumed rigid, the resulting stresses in 

5 and 6 would be numerically equal, each member carrying one-half of the shear; and 
for all practical purposes this may always be assumed lo be the case. A common example 
of stiff diagonal bracing is the usual cross-bracing between plate girders. 
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If 5 and 6 are tie-rods and ai 
tie-rod win equal the initial ten 



lion, then the resulting si 

above given. As soon 
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pressivc stress in 6 equals the Initial lensiuti, then this rod becomes idle and the othn orno 
the entire shear, as usually assumed. A similar condition eidsts with leference to ibt 
counters of a truss, excepting thai the areas of the two diagonals aie not usuallf n)uiJ. 
and the shear is carried approxiniately in proportion to their areas. 

ExAUPLE 3. — A complete analysis will be made of the double triangular truss of Fig 

15. To do this it is only necessary to calculate the stresses in all ihe members for a km! 

of unity placed succesavely on each 1^ itr 

three joinw, d, t. and /. From sfmaetn. 

[he stresses for loads 00 b and ( will il*n 

aiso be known. Knowing Uien the slnssn 

due to a load of unity at each joint, ih 

effect of any combination of loads on ti 

deicrmined as in any other out. Influrnri 

lines can also be drawa and useil forge: 

romputations are all given in the table tr>Ui>* 

The member /I 

» 40. The several values of S' due 



several joint loads are denolod by Sf, V 



5,(loadal/) -= - 



±.£5±1. 



.167; 5,(k>adatif) - 



+ 49-3 
I016 



S, (load at (0 - - 



DtbclM 



I 




757-9 _ 

The stresses in the other members are then found as before. They a 
three columns of (he table. 

Tlie effect of loading any part of ihe bridge can now be ascertained, and eoiii|ian»<ii 
made with the approximate method of calculation given in Chapter IV, bas(^ on tlwasBump- 
lion of independent web systems. We firsl note ihni a load al d causes no stress in tbt nb 
members a B. B c, etc., and these results are therefore eicactly ihc same as obtained bj 1 
approximate method. Furthermore, when (he truss is loaded symmetrically In aey nun 
it will be found that the stresses obtained by the two methods are exactly the same. Han 
for maximum chord slreasca and maximum stresses in a B and A b the mual method gi' 
correct results. For unsymmetrical loading, however, there is a small ermr in tlfe Maun 
lion of independent systems. Thus it is seen that a load of unity at r causes streSBESol «tl 
in each web member of the web system a B c. etc. For a unit load al /. the HTm 
■mall to be noticed with the precision of calculation here employed- The 
■tress in Cd, for example, is found by adding ihe stresses for loads at d,e, and/. Tin*' 
is + 3o8 + .041 + .615 — + ,874 for unity loads. By the usual method of 
it is -f- .Sj3. giving an error of .041. about 5 per cent. For membej' B c, joints (.'.<; 
and / are loaded. Sbt^as for load at c — stress in e F for load nt r — .f S74. Tool 
in B e therefore — + ,874 + 0.0 + .376 — + 1.15. The other mell>od bIsd gj' 
It is evident from these calculations that the approximate method gives results soffideiRlf 
accurate. 

333. Graphical Hethoil of Calculation. —/n/w^niv Lints for Stretsa 

in Redundant .\f embers. —The graphical method of calculating deflec 



STRESSES IN REDUNDANT MEMBERS 



u? 


...^.. 


HHffSrHK 


+ 


lllll's, 


+ + + + 


"■" 


1 ++ 1 + 1 




■S S'g Sf. ? 


^■e.sf.?? 


t;^Rw53 




?5fS?? 


++++++ 




1 + 1 ++ 1 + 


I + 1 + 1 + 


»- 


Bf^Uh 


= :rrH 


+ 


1111 J." 


++++++ 




1 + 1 +-(- 1 


;h 


0>0..~r-oo. 






„.,«_- o o 




-OC 1 B-O^S 


■»«'0«^»»'« 










,■_" 


l\^ 


+ 1 + 1 ++ 


+ 1 + + 


++++++ 


++ + + 


Jh 


+ 1 + 1 + 1 


+ 1 + 1 


IIIIIL 

++++ 1 1 


oooooo 


l\^ 


mm 

+ 1 + 1 ++ 


+ 1 + 1 + 


llllllo 

++++++ 


+ + 


B^ 


sspp 

+++++ 1 


»-^" 


1 + 1 + 1 + 


+ 1 + 1 


&)' 


p«K^oo 


^aaoo^ 


1 + 1 ++ 1 




++++++ 




oooooo 


eT 


22^K22 


sr!rs,s.K 


ntnt 


ooao^? 


+++++ 1 


1 1 1 1 1 


1 + 1 + 1 + 


+ 1 


■3K 


+ 1 + 1 + 1 


+ 1 + t + 1 


1 + 1 + 1 + 1 


+ 1 + 1 + 1 + 


, 


KEKKKK 


EKSKRK 


K'ifX'S'S'S'ff 


S'J?!?S'S'8? 


+ 1 J. 1 + 1 


+1+1+1 


1 + 1 + 1 + 1 


+ 1 + 1 + 1 + 


-< 


iOO«OD'0-a 


^0 0!C«l«-0 


-O H^ W50 « * -o 


^ 


^ 




8= - : = = 


?. 










'Si^o'iC^ 


U 1» m -,;, <m 



D.oiiiz.oB,Google 



DEFLECTION OF STRlTTlTiES 

tions, explained in Art. 220, can readily be applied to the solution ai 
stresses in redundant members. The method of calculation will be 
explained by the solution of Example 2. of the preceding .\rtide. 

To apply this method the displacement diagram will be drawn for 
the truss for a load of one pound applied at the lower end of the re- 
dundant member A a', the member being cut just above a. No other 
loads are to be considered acting. The stresses in the several members 
are given by the values of u in the preceding table and the deformatioils 



(multiplied by E), are given by the values 



ut 



The term £ bdng 



will be convenient to begin the diagram at g. The complete diagnm 
is given in Fig. 16 (i), The correction diagram is shown In dotted 
lines, assuming point a to be the fixed point. The vertical deflectioi 
of a'. Fig. (a), is measured by the distance a a' of Fig. (b). It is found 

to be iigi6 units, checking with the value of i" -j of the table. The 

measured vertical deflections of the lower chord joints are as folkws; 



Dcflfdion. 

i,2t>2 down 
50 up 
756 down 
50 down 
354 down 



I 

It ismt 



Plotting these in Fig. (c) gives the deflection influence line 
for the deflection of point a' of Fig. (a). 

To utilize this diagram for determining stresses in A 
to be noted that as the ordinate 3^ gives the downward deflection of 
point a' for a one-pound load applied at a', the length of this ordinalc 
represents also the upward deflection of a' for a one-pound load acting 
upward at a'. Consider now a load of one pound acting at ft with 
member A a cut as before. The downward deflection of a' caused 
by this load is given by the ordinate 3^^. If a sufTicient upward force 
now be applied at a' to reduce the deflection at this point tozt-ro, ihc 
amount of such upward force will be equal to 9 J 3^, This upward 
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DEFLECTION OF STRUCTURES 



force is evidently the compression which would be caused in the re- 
dundant member .4 a for a one-pound load at b. In a similar manner 
it can be shown that the stress in the redundant member due to a one- 
pound load at c is a tension equal to djd^ (the ordinate i, sbomi^ 
an upward deflection of a')- Hence in general the stress in the re- 
dundant member caused by a one-pound load at any point is equal 
\o 3,13^, where S ^ deflection of given point for a one-pound load 
acting at the cut end of the redundant member. Due attention must 
be paid to sign, it being noted [hat when the deflections H and i^ are 
of like sign, the stress in the redundant member is coropressioo, 
assuming the unit loads applied as here explained. 

Finally for any number of joint loads F, the total stress in the 
redundant member is given by the expression: 

"■' w 



S^ 

This equation is, in fact, identical with eq. {5) of Art. 222. 

In the present example, dividing the joint deflections by i,S|& 
have the following stresses for one-pound loads: 





Slrias in A 


oad at b 


- 0-832 


" '• c 


+ °-033 


" " d 


- 0.500 


" " e 


- "■"33 


" " f 


- 0..67 



>^^^^ 



These results are seen to agree very closely with those obtained by tie 
analytical method. 

It is to be noted that if the diagram of Fig. 16 {c) be rcplotled to a 
scale such that 5^ = unity the curve becomes an influenct line for 
stress in the redundant member. 

234. Stresses Due la Errors in Lenglk. — In a structure with redun- 
dant members, if such members are not of exactly the correct length, 
initial stresses will be caused throughout the structure. The effect of 
a given error in length may be calculated. In Fig. 8, if member 6 U 
made too short by an amount .r, then the deflection gjven by cq. (3) 
must be equal to x. Or, in general. 
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• -'^ = ' <«) 

As before, S = S' + S^u, but in this case S' is zero. Substituting 
in (8), we derive 

.... (9) 



(lo) 



'EA 

325. Stresses in Structures having Two or Hore Redundant Hem- 
bers. — ^The foregoing analysis has dealt with but a single redundant 
member. Suppose there are two, the number of necessary members 
being n. Let 5, and S,+ , be the stresses in the redundant members, 
/, and /,+ , their fengths, etc. S„ 5„ etc., are the actual stresses in the 
other members. Consider, first, the movement at the end of member r. 
As before, this movement may be expressed in terms of the distortions 
of the necessary members and of member r. The equation is (from {3)) 

^^^A-^E;Ar°- ■ ■ • 

io which u is the stress in any of the n members due to a one-pound ten- 
aoD in member r, the other redundatU member being removed. Likewise 
we can write a similar expression for the distortion in the direction of 
member r + i, and have 

' EA* E,^,A„, ' ^ ' 

in which v is the stress in any of the n members due to a i-pound 
tension in member r + i, member r being removed. 
In ttiis case we may also write 

S - S' + S,u + i^.f, (12) 

where S' is the stress due to the external loads, both redundant mem- 
bers being removed. From these equations we may derive the two 
r equations. 

eX^^'E-a)+^'*'-^EA---^' -EA- ■ <■•" 
'"• J. !•■ ""M !.. <t r""' T-^'"' , ^ 



^\i 



\£,+ ./l,+ , ^ EAI • EA ^ EA' 
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322 DEFLECTION OF STRUCTURES 

From these equations S^ and 5,^, may be obtained, and then 5 
fromeq. {12). 

In a similar manner any number of redundant members may be 
dealt with, it being always posable to derive as many equations as there 
are redundant members. 

336. The Principle of Least Work Applied to Structures vith 
Redtmdant Members. — By Art. 313 the expression for deflection, 

-g^, maybewntteni-^.^, 

cient of the internal work with respect to a force W applied at the 
joint in question. Taken as explained in Art. sii this deflection is 
zero; that is, the first derivative of the internal work, with respect toa 
force applied at the end of the redundant member, is zero. But if the 
lirst derivative of a function is zero, that function is either a maxtmuin 
or a minimum. In this case it must be a minimum. Hence it miy 
be said that the stresses in a structure with redundant members are 
so distributed that the internal work of distortion is a minimum. This 
is the well-known principle of Uast work. 
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See also Bridge Trusses and Roof Trasses. 
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Trealiw oa Practical and ThEoreiical .Mine VcntLlation lanto, 



m of State and 
■ (, 1806. . 



SANITARY SCIEHCB. 

National Pood and Dairy Dopnrtnu 



Jameitonn Meeting. 1907. 
■ BaMhare'ii Ouilinn of PractiuJ Suiitation. . ■ . 

Sanitation of a Country House. 
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